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Preface 


In this work, we provide a general and unified setting for a systematic and in-depth 
investigation of a broad variety of functions, including several special functions like 
the Euler gamma function, the polygamma functions, the Barnes G-function, the 
Hurwitz zeta function, and the generalized Stieltjes constants. 

We know for instance that the gamma function 


[0,6] 
r(x) -= Í ledt 
0 


satisfies several fundamental properties and identities such as Bohr-Mollerup’s 
characterization, Euler’s infinite product, Gauss’ multiplication formula, Stirling’s 
formula, and Weierstrass’ infinite product. In this book, we show through a series 
of new and elementary results that a large range of functions of mathematical 
analysis satisfy analogues of several properties of the gamma function, including 
those mentioned above. 

The starting point of our theory is the remarkable characterization of the gamma 
function on the open half-line R+ = (0, oo) by Harald Bohr and Johannes Mollerup 
[23]. It simply states that the log-gamma function f(x) = InT (x) is the unique 
convex solution vanishing at x = 1 to the equation 


fœ&+1)-— f(x) = lnx, x>0. 


This result can actually be slightly generalized as follows, where A denotes the 
classical forward difference operator. 


All eventually convex solutions to the equation Af (x) = ln x on R4 are of the form f (x) = 
c +lnT (x), where c € R. 


(Here and throughout, a function is said to be eventually convex if it is convex in a 
neighborhood of infinity.) 

This characterization was later generalized to a wide class of functions by Wolf- 
gang Krull [54] and then independently by Roger Webster [98]. They essentially 
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showed that for any eventually concave function g: R+ — R having the asymptotic 
property that the sequence n œ> Ag(n) converges to zero, there exists exactly one 
(up to an additive constant) eventually convex solution f: R+ — R to the equation 
Af = g. When g(x) = Inx, this latter result clearly reduces to the above Bohr- 
Mollerup characterization of the gamma function. 

Krull-Webster’s result constitutes an important contribution to the resolution 
of the difference equation Af = g on the real half-line R+. Indeed, it provides 
analogues of Bohr-Mollerup’s characterization for many functions, including the 
gamma function, the digamma function, and the g-gamma functions. Nevertheless, 
we can see that the asymptotic condition imposed on the function g remains rather 
restrictive. For instance, it is not satisfied by the functions g(x) = xInx and 
g(x) = lInT (x). In fact, it is not even satisfied by the identity function g(x) = x. 

In this book, we generalize Krull-Webster’s result by relaxing considerably the 
asymptotic condition into requiring that the sequence n +» APg(n) converges 
to zero for some nonnegative integer p. Each of the functions g(x) = xInx, 
g(x) = InT(x), and g(x) = x clearly satisfies this new assumption for p = 2. 
Moreover, in our generalization, the convexity and concavity properties used by 
Krull and Webster are naturally replaced with their p-order versions. On this matter, 
it is noteworthy that many of the familiar functions of real analysis are eventually 
convex or concave of any order. 

The solutions arising from Krull-Webster’s characterization are called log I-type 
functions. Those arising from our generalized version are called multiple log T-type 
functions. As we demonstrate through this work, this latter class of functions is very 
rich and includes a wide variety of special functions. 

In the diagram opposite, we describe how our result generalizes to any nonneg- 
ative integer p the special case when p = 1 obtained by Krull and Webster, who 
both generalized Bohr-Mollerup’s theorem. 

We also follow and generalize Webster’s approach and provide for multiple 
log T -type functions analogues of Euler’s constant, Euler’s infinite product, Gauss’ 
limit, Gauss’ multiplication formula, Gautschi’s inequality, Legendre’s duplication 
formula, Raabe’s formula, Stirling’s constant, Stirling’s formula, Wallis’s product 
formula, Weierstrass’ infinite product, and Wendel’s inequality for the gamma 
function. We also introduce and discuss analogues of Binet’s function, Burnside’s 
formula, Euler’s reflection formula, Fontana-Mascheroni’s series, Gauss’ digamma 
theorem, and Webster’s functional equation. Some additional properties of mul- 
tiple log T-type functions are also provided and discussed, including asymptotic 
equivalences, asymptotic expansion formulas, Taylor series expansion formulas, and 
Gregory formula-based series representations. 

Lastly, we apply our results thoroughly to several usual special functions, 
including the gamma and digamma functions, the polygamma functions, the q- 
gamma function, the Barnes G-function, the Hurwitz zeta function and its higher 
order derivatives, and the generalized Stieltjes constants. We also briefly discuss 
some further special functions such as the Gauss error function, the exponential 
integral, the regularized incomplete gamma function, the multiple gamma functions, 
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Higher order version of Krull-Webster’s theory 


Af(x) = g(x) 
g is eventually p-concave and A? g(n) > 0 
f is eventually p-convex 


Solutions: Multiple log T -type functions 


Krull-Webster’s theory 
Af(x) = g(x) 


g is eventually concave and Ag(n) —> 0 
f is eventually convex 


Solutions: log T-type functions 


Bohr-Mollerup’s characterization 


Af(x) = Inx 
f is eventually convex 


Solutions: f(x) = c + InT (x) 
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and the Bernoulli polynomials. All these examples illustrate how powerful is our 
theory to produce formulas and identities almost mechanically. 

For example, applying our results to the gamma function: Ry —> R+ itself, 
we easily retrieve the following Gauss limit 


ni n* 


T(x) = lim ——_______. 
n>oo x(x + 1)--- (x+n) 


and the Weierstrass infinite product 


e 
r(x) = 


where y is the Euler constant. We also easily establish the double inequality 


1\72 T(x) 1\2 
1+-) Se lie ey x>0, 
x ~ 20 x*~2 e-* a 


from which we immediately derive the Stirling formula 
T(x) ~ VIn x*-2eW* as x > Oo. 


To give another example, let us consider the restriction to R+ of the Barnes G- 
function (see Barnes [14—16]). That is, the function G: R+ — R+ whose logarithm 
f(x) = In G(x) is the unique 2-convex solution vanishing at x = 1 to the equation 


fa+D-—f@) = InFQ), x>0. 


Thus defined, the function In G(x) is a multiple log T-type function, and we can 
therefore state the following analogue of Bohr-Mollerup’s characterization. 


All eventually 2-convex solutions to the equation Af (x) = InT (x) on R, are of the form 
fœ) = c + In G(x), where c € R. 


Using our results, we can also easily show that the Barnes G-function satisfies the 
following analogue of Gauss’ limit for the gamma function 


G(x) = lim _ POE) TO) y nO, x>0. 
mo T(x)T(x4+1)---Ta+n) 


Moreover, it satisfies the following analogue of Weierstrass’ infinite product 


Ga) = ee) 7 TO woe) x>0 
r(x) i T(x +k) , i 
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where yı is the trigamma function defined by the equation 
Pix) = Dnr) fox > 0. 


We also establish the double inequality 
I\È GHT) A2 2r)i 1\ È 
ily Oe el, 20 
x xT V2.0) +73 x 


from which we immediately derive the following analogue of Stirling’s formula 


G(x) ~ AW? (27) 3 xB T(x)? e241 asx > 00, 


where y_2 is the polygamma function defined by the equation 


x 
y(x) = Í InT(t)dt forx > 0 
0 
and A is the Glaisher-Kinkelin constant defined by the equation 


1 
f 
¢ (—1) = D ln A. 
In this work, we also derive many other properties of the Barnes G-function simply 
as analogues of properties of the gamma function. 

To sum up, in this book, we develop a far-reaching generalization of the Bohr- 
Mollerup theorem, along lines initiated by Krull, Webster, and some others but 
going considerably further than past work. In particular, we show using elementary 
techniques that many classical properties of the gamma function have counterparts 
for a very wide variety of functions. 

In this regard, we observe what Emil Artin [11, p. vi] wrote in his outstanding 
exposition of the gamma function: 

“I feel that this monograph will help to show that the gamma function can be thought of as 


one of the elementary functions, and that all of its basic properties can be established using 
elementary methods of the calculus.” 


In writing this book, our hope is to convince the reader that Artin’s statement applies 
also to all the multiple log l -type functions. 

Lastly, since Bohr-Mollerup’s theorem dates back to 1922, this work is also an 
opportunity to mark the 100th anniversary of this remarkable result and to spark the 
interest and enthusiasm of a large number of researchers in this theory. 


Esch-sur-Alzette, Luxembourg Jean-Luc Marichal 
Liège, Belgium Naim Zenaidi 
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Chapter 1 ® 
Introduction Geek for 


Let R denote the open half-line (0, 00) and let A denote the forward difference 
operator on the space of functions from R+ to R. In this book, we are interested in 
the classical difference equation Af = g on R+, which can be written explicitly as 


fat+l)—-f@ = g(x), x > 0, 


where g: R+ — Risa given function. This equation appears naturally in the theory 
of the Euler gamma function, with f(x) = lnT (x) and g(x) = lnx, but also in 
the study of many other special functions such as the Barnes G-function and the 
Hurwitz zeta function (see Examples 1.6 and 1.7 below). 

It is easily seen that, for any function g: Ry — R, the equation above 
has infinitely many solutions, and each of them can be uniquely determined by 
prescribing its values in the interval (0, 1]. Moreover, any two solutions always 
differ by a 1-periodic function, i.e., a periodic function of period 1. 

For certain functions g, however, special solutions can be determined by their 
local properties or their asymptotic behaviors. On this issue, a seminal result is the 
very nice characterization of the gamma function by Bohr and Mollerup [23]. We 
recall this important result in the following theorem. 


Theorem 1.1 (Bohr-Mollerup’s theorem) All log-convex solutions f: Ry —> 
R to the equation 


fœ+1) = x f), x > 0, (1.1) 


are of the form f (x) = cT (x), where c > 0. 
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2 1 Introduction 


The additive, but equivalent, version of this result, obtained by taking the 
logarithm of both sides of (1.1), can be stated as follows. 


For g(x) = lnx, all convex solutions f: R} — R to the difference equation Af = g are 
of the form f(x) = c + lnT (x), where c € R. 


As we can see, this characterization enables one to single out the gamma function 
as a kind of principal solution to its equation (Nörlund [82, Chapter 5] calls it the 
“Hauptlésung”). 

It is noteworthy that the proof of Bohr-Mollerup’s characterization was simplified 
later by Artin [10] (see also Artin [11]) and, as observed by Webster [98], this 
result has then become known also “as the Bohr-Mollerup-Artin Theorem, and was 
adopted by Bourbaki [24] as the starting point for his exposition of the gamma 
function.” 


Remark 1.2 In their original result, Bohr and Mollerup actually considered the 
additional assumption that f(1) = 1, thus leading to the gamma function as the 
unique solution (see Artin [11, p. 14]). However, it is easy to see that Theorem 1.1 
immediately follows from this original result (just replace f(x) with f(x)/f(1)). > 


A remarkable generalization of Bohr-Mollerup’s theorem was provided by 
Krull [54, 55] and then independently by Webster [97, 98]. Recall that a function 
g: R+ — Ris said to be eventually convex (resp. eventually concave) if it is convex 
(resp. concave) in a neighborhood of infinity. Krull [54] essentially showed that for 
any eventually concave function g: R+ — R having the asymptotic property that, 
for each h > 0, 


g(x+h)-— g(x) > 0 as x > œO, (1.2) 


there exists exactly one (up to an additive constant) eventually convex solution 
f: R+ — R to the equation Af = g (and dually, if g is eventually convex, then f 
is eventually concave). He also provided an explicit expression for this solution as a 
pointwise limit of functions, namely 


f(x) = f+ lim figl), x > 0, 


where 


n—-1 


fill) = —g@) +(e) -ga +k) +x gin). (1.3) 


k=1 


Much later, and independently, Webster [97, 98] established the multiplicative 
version of Krull’s result. 

We can actually show that this result still holds if we replace the asymptotic 
condition (1.2) imposed on the function g with the slightly more general condition 
that the sequence n +» Ag(n) converges to zero. However, although this result 
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constitutes a very nice generalization of Bohr-Mollerup’s theorem, we note that the 
latter asymptotic condition remains a rather restrictive assumption. For instance, it 
is not satisfied by the functions g(x) = x ln x and g(x) = InT(x). 

In this work, we generalize Krull-Webster’s result above by relaxing the asymp- 
totic condition on g into the much weaker requirement that the sequence n b> 
A? g(n) converges to zero for some nonnegative integer p. More precisely, we show 
that Krull-Webster’s result still holds if we assume this weaker condition, provided 
that we replace the convexity and concavity properties with the p-convexity and 
p-concavity properties (see Definition 2.2) and the function flig] defined in (1.3) 
with an appropriate version of it, which we now introduce. 

Throughout this book, we let N denote the set of nonnegative integers and we let 
N* denote the set of strictly positive integers. 


Definition 1.3 For any p € N, any n € N*, and any g: Ry — R, we define the 
function f? [g]: Ry — R by the equation 


n—-1 


Pp 
FIIO = — 8) + e-ga) H Y E) Agn). (1.4) 


k=1 j=l 


We now state our result in the following existence theorem. It actually constitutes 
the p-order version of Krull-Webster’s result. 


Theorem 1.4 (Existence) Let p € N and suppose that the function g: Ry —> Ris 
eventually p-convex or eventually p-concave and has the asymptotic property that 
the sequence n œ> A? g(n) converges to zero. Then there exists a unique (up to an 
additive constant) eventually p-convex or eventually p-concave solution f : R4 > 
R to the difference equation Af = g. Moreover, 


fe) = f+ lim ffia), — x > 0, (1.5) 


and f is p-convex (resp. p-concave) on any unbounded subinterval of R4 on which 
g is p-concave (resp. p-convex). 


Webster [98, Theorem 3.1] also established (in the multiplicative notation) a 
uniqueness theorem, which does not require the function g to be eventually convex 
or eventually concave. In the next theorem, we provide the p-order version of this 
result. 


Theorem 1.5 (Uniqueness) Let p € N and let the function g: R} —> R have 
the property that the sequence n |> A?g(n) converges to zero. Suppose that 
f: R+ > R is an eventually p-convex or eventually p-concave function satisfying 
the difference equation Af = g. Then f is uniquely determined (up to an additive 
constant) by g through the equation 


fe) = f+ lim fPlgl@), x > 0. 
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We observe that Theorem 1.4 was first proved in the case when p = 0 by 
John [49]. As mentioned above, it was also established in the case when p = 1 
by Krull [54] and then by Webster [98]. More recently, the case when p = 2 was 
investigated by Rassias and Trif [86], but the asymptotic condition they imposed 
on the function g is much stronger than ours and hence it defines a very specific 
subclass of functions. (We discuss Rassias and Trif’s result in Appendix B.) We 
also observe that attempts to establish Theorem 1.4 for any value of p were 
made by Kuczma [58, Theorem 1] (see also Kuczma [60, pp. 118—121]) and then 
by Ardjomande [9]. However, the representation formulas they provide for the 
solutions are rather intricate. Thus, to the best of our knowledge, both Theorems 1.4 
and 1.5, as stated above in their full generality and simplicity, were previously 
unknown. 

For any solution f arising from Theorem 1.4 when p = 1, Webster [98] calls the 
function expo f a T-type function. In fact, expo f reduces to the gamma function 
(i.e., f(x) = InT'(x)) when exp og is the identity function (i.e., g(x) = In x), which 
simply means that the gamma function restricted to R+ is itself a T-type function. 
In this particular case, the limit given in (1.5) reduces to the following Gauss well- 
known limit for the gamma function (see Artin [11, p. 15]) 


n!n* 


r(x) = lim ——, 
noo x(x + 1)--- (x+n) 


x>0. (1.6) 


Similarly, for any fixed p € N and any solution f arising from Theorem 1.4, 
we call the function expo f a T p-type function, and we naturally call the function 
f a logľ p-type function. When the value of p is not specified, we call these 
functions multiple T-type function and multiple log T-type function, respectively. 
This terminology will be introduced more formally and justified in Sect. 5.2. 

Interestingly, Webster established for T-type functions analogues of Euler’s 
constant, Gauss’ multiplication formula, Legendre’s duplication formula, Stirling’s 
formula, and Weierstrass’ infinite product for the gamma function. In this work, 
we also establish for multiple T-type functions and multiple log l -type functions 
analogues of all the formulas above as well as analogues of Euler’s infinite product, 
Gautschi’s inequality, Raabe’s formula, Stirling’s constant, Wallis’s product for- 
mula, and Wendel’s inequality. We also introduce and discuss analogues of Binet’s 
function, Burnside’s formula, Euler’s reflection formula, Fontana-Mascheroni’s 
series, and Gauss’ digamma theorem. Thus, (to paraphrase Webster [98, p. 607]) 
for each multiple I-type function, it is no longer surprising for instance that “some 
analogue of Legendre’s duplication formula must hold, almost rendering a formal 
proof unnecessary!” 

All these results, together with the uniqueness and existence theorems above, 
show that the theory we develop in this book provides a very general and unified 
framework to study the properties of a large variety of functions. Thus, for each of 
these functions we can retrieve known formulas and sometimes establish new ones. 
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At the risk of repeating a large part of our preface, we now present two 
representative examples to illustrate the way our results can be applied to derive 
formulas methodically. 


Example 1.6 (The Barnes G-function, see Sect. 10.5) The restriction to R+ of the 
Barnes G-function can be defined as the function G: R+ — R+ whose logarithm 
f(x) = ln G(x) is the unique eventually 2-convex solution that vanishes at x = 1 
to the equation 


fe +1)— f@) = InP), x > 0. 


Thus, our Theorems 1.4 and 1.5 apply with g(x) = ln T (x) and p = 2, which shows 
that the function In G(x) is a log '2-type function and hence that the function G(x) 
is a I'2-type function. In particular, formula (1.5) provides the following analogue 
of Gauss’ limit for the gamma function 


KOA @. 


G(x) = in ———_——_. 
n>% P(x)P (x + 1)--- Ta +n) 


Using some of our new results, we are also able to derive various unusual formulas 
and properties. For instance, we have the following analogue of Euler’s infinite 
product 


G(x) = 


nit 


Z O rW 25 x 
Kd +1/K)® 
ree cag ee 


and the following analogue of Weierstrass’ infinite product 


G(x) = 7 DO i TO eww) 
ræ) T@+ i 


where y is the Euler constant and y is the digamma function. We also have the 
following analogue of Stirling’s formula 


G(x) ~ A? (2n) i xB Tœ)? ett asx > 00, 
where y_2 is the polygamma function defined by the equation 
X 
y(x) = f lnT(t)dt forx > 0, 
0 
and A is Glaisher-Kinkelin’s constant defined by the equation 


t'(=1) = Si. 
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(Here the map s +> ¢’(s) denotes the derivative of the Riemann zeta function.) We 
can also easily derive the following analogue of Wendel’s double inequality 


=|(*5') 
(als ere liE) 


D| 
which holds for any x > O and any a > 0. As a corollary, this inequality 


immediately provides the following asymptotic equivalence 


G(x +a) 
G(x) 


~ ro x asx > Oo, 


which reveals the asymptotic behavior of G(x + a)/G(x) for large values of x. 4 


Example 1.7 (The Hurwitz zeta function, see Sect. 10.6) Consider the Hurwitz zeta 
function s > ¢(s, a), defined when R(a) > 0 as an analytic continuation to C \ {1} 
of the series 


[0,6] 
Yia@th™, R(s) > 1. 
k=0 


This function is known to satisfy the difference equation 
(s, a+ 1) ag f(s, a) = a’. 


Thus, it is not difficult to see that, for any s € R \ {1}, the restriction of the map 
x > ¢(s, x) to Ry is a log I’ps)-type function, where 


p(s) = max{0, [1 —sJ}. 


Theorem 1.5 then tells us that all eventually p(s)-convex or eventually p(s)-concave 
solutions fs: R+ — R to the difference equation 


Lor) fa) = -x 
are of the form 
Fs (x) = Cy + ġ¢ (s, x), 


where cs € R. Moreover, equation (1.5) provides the following analogue of Gauss’ 
limit for the gamma function 


n—1 p(s) ; 
C(s,x) = f(s) +x + Em > ((x +o k~*) — > (C) Ajn S 


k=1 j=l 
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where s +> f(s) = f(s, 1) is the Riemann zeta function. Some of our results also 
enable us to derive the following analogues of Stirling’s formula 


xis p(s) : 
ECs, x) + i -Gj Ai'x$ 30 asx —> o, 
= 
p(s) B, 
Hek Al) a >0 asx>o, 
è X 
j=0 


where Gn is the nth Gregory coefficient and B, is the nth Bernoulli number. For 
instance, setting s = -3 in these asymptotic formulas, we obtain 


e ($x) tg- pta as x > œO, 


eh- x) tgx- 40324 3x1? + 0 as x — OOo. 


Many more formulas and properties involving the Hurwitz zeta function will be 
provided and discussed in Sect. 10.6. © 


The two examples above illustrate the scope of our theory and the diversity of 
our results. These examples and many others will be explored and discussed in the 
last chapters of this book. However, in the first chapters we will almost always use 
the basic function g(x) = ln x as the guiding example to illustrate our results. 


Outline of the Book Let us now see how this book is organized. On the whole, 
Chaps.2 to 8 are devoted to the conceptual part: we develop our theory and 
establish our results. Chapters 10 to 12 focus on applications to a large number of 
functions, including several classical special functions. In between, Chap. 9 presents 
an overview and a summary of our results. After reading this introduction, the reader 
interested by such an overview can go immediately to Chap. 9. 

In Chap.2, we present some definitions and preliminary results on Newton 
interpolation theory as well as on higher order convexity properties. 

In Chap.3, we establish Theorems 1.4 and 1.5 and provide conditions for the 
sequence n +> f? [g](x) to converge uniformly on any bounded subset of R+}. We 
also examine the particular case when the sequence n +> g(n) is summable, and we 
provide historical remarks on some improvements of Krull-Webster’s theory. 

In Chap.4, we investigate the functions that satisfy the asymptotic condition 
stated in Theorems 1.4 and 1.5. We also investigate those functions that are 
eventually p-convex or eventually p-concave. 

In Chap.5, we introduce, investigate, and characterize the multiple log T-type 
functions. 

Chapter 6 is devoted to an asymptotic analysis of multiple log l -type functions. 
More specifically, in that chapter we show how Euler’s constant, Stirling’s constant, 
Stirling’s formula, and Wendel’s inequality for the gamma function can be gener- 
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alized to the multiple T-type functions and multiple log l -type functions and we 
introduce and discuss analogues of Binet’s function and Burnside’s formula. We 
also show how the so-called Gregory summation formula, with an integral form of 
the remainder, can be very easily derived in this setting. 

In Chap.7, we discuss conditions for the multiple log T-type functions to 
be differentiable and establish several important properties of the higher order 
derivatives of these functions. 

In Chap. 8, we explore further properties of the multiple log T-type functions. 
Specifically, we provide asymptotic expansions of these functions as well as 
analogues of Euler’s infinite product, Fontana-Mascheroni’s series, Gauss’ multi- 
plication formula, Gautschi’s inequality, Raabe’s formula, Wallis’s product formula, 
and Weierstrass’ infinite product for the gamma function. We also discuss analogues 
of Euler’s reflection formula and Gauss’ digamma theorem, and we define and solve 
a generalized version of a functional equation proposed by Webster. 

Chapter 9 is the transition from the theory to the applications. It provides a 
catalogue of our most relevant results, which can be used as a checklist to investigate 
the multiple log T-type functions. Chapter 9 is self-contained and can be read right 
after this introduction. 

In Chaps. 10 to 12, we apply our results to a number of multiple T-type functions 
and multiple log I-type functions, some of which are well-known special functions 
related to the gamma function. 

In Chap. 13, we make some concluding remarks and propose a list of interesting 
open questions. 


Notation and Basic Definitions Throughout this book, we use the following 
notation and definitions. Further definitions will be given in the subsequent chapters. 

Unless indicated otherwise, the symbol J always denotes an arbitrary interval of 
the real line whose interior is nonempty. 

The symbol S represents either N or R. For any S € {N, R}, the notation x —>s oo 
means that x tends to infinity, assuming only values in S. We sometimes omit the 
subscript S when no confusion may arise. 

Two functions f: R+ — R and g: Ry — R such that f(x)/g(x) > 1 as 
x —>s œ are said to be asymptotically equivalent (over S). In this case, we write 


fx) ~ g(x) as x >s &. 
For any x € R, we set 
x+ = max{0, x}. 
As usual, we also let |x] denote the floor of x, i.e., the greatest integer less than or 
equal to x. Similarly, we let [x] denote the ceiling of x, i.e., the smallest integer 


greater than or equal to x. When no confusion may arise, we let {x} denote the 
fractional part of x, i.e., {x} = x — |x]. 
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For any x € Rand any k € N, we set 


r(x +1) 


k — — 1)... (x — SL ee A 
x= = x(x -1) (x -—k+1) Ta —k+D 


and we let 
Ek(X) € {—1,0, 1} 


denote the sign of x£. 

For any k € N and any nonempty open real interval 7, we let C* (I) denote the 
set of k times continuously differentiable functions on J, and we set Ck = C*(R,). 
We also introduce the intersection sets 


CYT) = MED and C% = ME. 


k>0 k>0 


We let A and D denote the usual difference and derivative operators, respectively. 
We sometimes add a subscript to specify the variable on which the operator acts, 
e.g., writing A, and Dy. 

Recall that the digamma function y is defined on R+ by the equation 


W(x) = DInT (x) for x > 0. 


The polygamma functions Y, (v € Z) are defined on R+ as follows (see, e.g., 
Srivastava and Choi [93]). If v € N, then 


Wa) = Dya) = yha). 


In particular, Wọ = w is the digamma function. If v € Z \ N, then we introduce the 
functions 


y-i&) = InP) 


and 


x x (x = tye! 
Wv-1(%) = Ww Odt = a At InI(t) dt. 
0 o (—=»-!1)! 
Recall also that the harmonic number function x > Ay is defined on (—1, co) 
by the equation 
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Clearly, this function has the property that 


1 
ArH; = —., x>-tl. 
x+1 
Moreover, both functions Hy and (x) are strongly related: we have 


Ay-) = W(x)+y, x>0, 


where y is Euler’s constant (also called Euler-Mascheroni constant). 
We end this first chapter by introducing some new concepts that will be very 
useful in this book. 


Definition 1.8 For any a > 0, any p € N, and any g: Ri — R, we define the 
function of [g]: [0, 00) —> R by the equation 


p—!1 


lgie) = gœ +a) -9 C) Aisa) forxz0. (1.7) 
j=0 


Identity (1.7) clearly shows that the function pe [g] is actually defined on the 
open interval (—a, 00). However, in this work we will almost always consider it as 
a function defined on the interval [0, 00). We also note that pe [g](O) = 0. 


Definition 1.9 For any p € N and any S e {N, R}, we let RE denote the set of 
functions g: Ry — R having the asymptotic property that, for each x > 0, 


petg|(x) > 0 asa —>s ©. 


We also let DY denote the set of functions g: R+ —> R having the asymptotic 
property that 


APg(x) > 0 as x sg ©O. 


We immediately observe that the inclusion DY = DE +! holds for every p € N. 


We will see in Sects. 3.1 and 4.1 that the inclusion RE Cc RE + also holds for every 
peEN. 
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Chapter 2 ® 
Preliminaries Cheek for 


This chapter is devoted to some basic definitions and results that are needed in this 
book. We essentially focus on the Newton interpolation theory and the higher order 
convexity and concavity properties. 

Recall that, unless indicated otherwise, the symbol J always denotes an arbitrary 
real interval whose interior is nonempty. 


2.1 Newton Interpolation Theory 


In this first section, we recall some basic facts about Newton interpolation theory 
and divided differences. We also establish a result on the derivatives of interpolating 
polynomials. For background see, e.g., de Boor [32, Chapter 1], Gel’fond [39, 
Chapter 1], Quarteroni et al.[85, Section 8.2.2], and Stoer and Bulirsch [94, Section 
2:13); 


Letn € N and let x0, x1,..., Xn be any (not necessarily distinct) points of J. 
Let also f: I — R be so that Dasa exists fori = 0, ..., n, where m; is the 
multiplicity of x; among the points x9, x1, ...,Xn- 

We let 

fixo, 1, + Xn] 
denote the divided difference of f at the points xo, x1,..., Xn, and we let the map 
X M> Pal f] (xo, x1, te -> Xn; x) 
© The Author(s) 2022 13 
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denote the interpolating polynomial of f with nodes at x0, x1, ...,Xn, i.e., the 
unique polynomial P satisfying the equations 


D‘ P(x) = D f(x), O<k<m—1, i=0,...,n. 
This polynomial has degree at most n. 
Recall that f[xo, x1, ..., Xn] is precisely the coefficient of x” in the interpolating 


polynomial P a[f](xo, x1, ..., Xn; x). More precisely, the Newton interpolation 
formula states that 


n k-1 
PAPC X1,- Xn x) = Y flo diy. pel | @— x. (2.1) 
k=0 i=0 


Moreover, the corresponding interpolation error at any x € J can take the following 
form 


f(x) — Pal flo, x1,- --, Xn; x) = fixo, X1, ..-, Xn, x] | [@ - x». (2.2) 
i=0 


Recall also that the map 


ZZi Zn) RR? fizo, z1,- .-, Zn] 


is symmetric, i.e., invariant under any permutation of its arguments. Moreover, the 
divided differences of f can be computed via the following recurrence relation. For 
any k € {0, 1,..., n}, we have f[xx] = f (xx) and 


fixi, ..., xk] — fixo, ...,xXk-1] 


if xk Æ xo, 
fixo, ..., xk] = 1 Xk — X0 
g P fo), if xo = x1 = -++ = Xk. 
l (2.3) 
When the points x9, x1, ...,Xn are pairwise distinct, we also have the following 
explicit expression 
n 
(xx) 
eee ee 1 (2.4) 


o ize te = x) 


We now establish a proposition that shows how the derivative of an interpolating 
polynomial of a differentiable function f is related to the derivative of f. 
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Proposition 2.1 Suppose that I is an arbitrary nonempty open real interval. For 


any n € N*, any system x9 < xı < +++ < Xn of n+ 1 points in I, and any 
differentiable function f : I —> R, there exist n points &,..., &,— in I such that, 
fori =0,...,n — 1, we have xi < & < xj41 and 

Dy Pal f 10, + s Xn; X)| oe = FED. (2.5) 


Moreover, we have 


Dx Pal f1&0; -< Xn x) = Pail f IĠEo, ---, eat) (2.6) 


and 


n f[xo,.--,%n] = f'Iéo, -s En-1]. (2.7) 


Proof The function g: J —> R defined by the equation 


e(x) = Palfl(xo,..-,xXn3 x) — f(x) forx ee] 


vanishes at the n + 1 points x9, x1, ..., Xn. The first part of the proposition then 
follows from applying Rolle’s theorem in each interval (x;, xj+1). Now, identity 
(2.6) immediately follows from (2.5) and the very definition of the interpolating 
polynomial. Identity (2.7) then follows by equating the coefficients of x”~! in (2.6). 

oO 


2.2 Higher Order Convexity and Concavity 


Let us recall the definitions of p-convex and p-concave functions and present some 
related results. For background see, e.g., Kuczma [58], Kuczma [61, Chapter 15], 
Popoviciu [84], and Roberts and Varberg [87, pp. 237-240]. 


Definition 2.2 (p-Convexity and p-Concavity) A function f: J — R is said 
to be convex of order p (resp. concave of order p) or simply p-convex (resp. p- 
concave) for some integer p > —1 if for any system xg < x1 < --- < Xp+1 of 
p +2 points in J it holds that 


fixo, x1, ..., Xp+1] > 0 (resp. f[xo, x1, ..., Xp+1] < 0). 


Thus defined, a function f: Z —> R is l-convex if it is an ordinary convex 
function; it is 0-convex if it is increasing (in the wide sense); it is (—1)-convex 
if it is nonnegative. 


16 2 Preliminaries 


Let us now introduce a practical notation to denote the set of p-convex functions 
and the set of p-concave functions. 


Definition 2.3 Let p > —1 be an integer. 


e We let K} (I) (resp. K? (I)) denote the set of functions f: J > R that are p- 
convex (resp. p-concave). 

e We let KÈ (resp. K? ) denote the set of functions f: R} — R that are eventually 
p-convex (resp. eventually p-concave), i.e., p-convex (resp. p-concave) in a 
neighborhood of infinity. 


We also set 
MDS KDW) and KP = KRUK. 


The following proposition shows that both sets K} (I ) and K? (I) are convex 
cones whose intersection is precisely the real linear space of all polynomials of 
degree less than or equal to p. A similar description of the sets K? and K? will be 
given in Corollary 4.6. 


Proposition 2.4 For any p € N, the sets K} (1) and K? (D) are convex cones. These 
cones are opposite in the sense that f lies in K} (D if and only if — f lies in K? (1). 
Moreover, the intersection K} (DOK? (1) is the real linear space of all polynomials 
of degree less than or equal to p. 


Proof That the sets K} (I) and K? (J) are convex cones is trivial; indeed, if fi 
and fù lie in K? (D) for instance, then so does c1 fı + c2 f2 for any c1, c2 > 0. By 
definition of K} (I) and K? (1), these cones are clearly opposite. Now, let f lie in 
KÈ (D NK? (I) and let x9 <--- < Xp be p + 1 points in Z. By (2.2), for any x € I 
we must have 


f(x) — Pol flo, x1, ..., Xp; x) = 0, 


which shows that f is a polynomial of degree at most p. Conversely, using (2.2) 
again, we can readily see that any such polynomial lies in K} (I INK). o 


We now present an important lemma. It is interesting in its own right and will 
be very useful in the subsequent chapters. A variant of this result can be found in 
Kuczma [61, Lemma 15.7.2]. 

Recall first that for any f : I > R, any p € N, and any x € J such thatx+p € 1, 
we have 


AP f(x) = p! fix,x+1,...,x+ pl. (2.8) 
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Lemma 2.5 Let p € N and let Zp, denote the set of tuples of 1?*! whose 
components are pairwise distinct. A function f : I + R lies in Ke) (resp. K? (D) 
if and only if the restriction of the map 


(Z0, ---;Zp) œ> fizo, ---,Zp] 


to Ty+1 is increasing (resp. decreasing) in each place. In particular, if I is not upper 
bounded, then for any function f lying in Ki. (I) (resp. K? (1)), the function AP f 
is increasing (resp. decreasing) on I. 


Proof Using the definition of p-convexity and the standard recurrence relation (2.3) 
for divided differences, we can see that f lies in KÈ (I) if and only if, for any 
pairwise distinct xo, ..., Xp+1 € Z, we have 


flv, x2---,Xp+i] — flxo, x2---, Xp+1] 
xı — x0 


Equivalently, for any pairwise distinct xo, ..., Xp+1 € Z, we have 
x> xo => flx, x2...,Xptil — flxo, x2...,Xp+1] = 0. 


The latter condition exactly means that the map defined in the statement is increasing 
in the first place. Since this map is symmetric, it must be increasing in each place. 
The second part of the lemma follows from (2.8). o 


We end this section with a second lemma, which provides some important 
connections between higher order convexity and higher order differentiability. In 
fact, these connections can be derived (sometimes tediously) from various results 
given in the references mentioned in the beginning of this section, especially the 
book by Kuczma [61, Chapter 15]. However, for the sake of self-containment we 
provide a detailed proof in Appendix A. 


Lemma 2.6 Let I be an nonempty open real interval and let p € N. Then the 
following assertions hold. 


(a) We have KPH! (I) c CP (D). , 

(b) Assume that I is not upper bounded. If f € K} (D), then Al f E Ki (I) for 
every j € {0,..., p+ 1}. , 

(c) If f € C(A KẸ) for some j € {0,..., p +1}, then fO € KXN). 

(d) If f € C! (I) and f' € KETI, then f € K} (D). 


Proof See Appendix A. Oo 


18 2 Preliminaries 
2.3 A Key Lemma 


Let p € N,a > 0, and f: Ry — R. Combining Newton’s interpolation formula 
(2.1) with identity (2.8), we can readily see that the unique interpolating polynomial 


of f with nodes at the p points a,a + 1,...,a + p — 1 takes the form 
p-l 
Pralsl@e+ lace pa a) = 5 (7°) A! f(a). (2.9) 
j=0 
If p = 0O, then this polynomial is naturally the zero polynomial, which is 


assumed to have degree —1. Moreover, using (2.2) we can immediately see that 
the corresponding interpolation error at any x > 0 is 


p=1 
f@)- DCA = @-@ELflaatl...,a+p—1,x]. (2.10) 


j=0 


Now, the right side of (2.10) is actually the remainder of the (p—1)th degree Newton 
expansion of f(x) about x = a (see, e.g., Graham et al. [41, Section 5.3]). Note 
also that formula (2.10) is a pure identity in the sense that it is valid without any 
restriction on the form of f (x). 

Using (2.9) and (2.10) we see that, for any a > 0, any x > 0, any p € N, and any 
g: R} —> R, the quantity p?[g](x) defined in (1.7) is precisely the interpolation 
error at a + x when considering the interpolating polynomial of g with nodes at 
a,a+1,...,a+ p— 1. We then immediately derive the following identities: 


pa lgl(x) = g(at+x)— Py-ilgla,atl,...,a+p—la+x), (2.11) 
ps lel(x) = x2 e[a,at+1,...,a+p—latx]. (2.12) 


We note that identity (2.12) also extends to the case when x € {0,1,..., p — 1}, 
even if g is not differentiable. Indeed, in this case we must have og [g](x) = 0 by 
(2.11). 

We now end this chapter with a key lemma that will be used repeatedly in this 
book. Although this lemma is rather technical, it is at the root of various fundamental 
convergence results of our theory. Recall first that, for any k € N, the symbol eg (x) 
stands for the sign of x£. 


Lemma 2.7 Let p €N, f € KP, anda > 0 be so that f is p-convex or p-concave 
on [a, œ). Then, for any x > 0, we have 


0 < epi pb Lf) < + 


ED (Afa +a- A? F@) 


[x]-1 
D| E rat, 
j=0 


<+ 
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where + stands for 1 or —1 according to whether f lies in Ki or KP. Moreover, if 
x € {0, 1,..., p} (ie, €p+1(x) = 0), then PPTI = 0. 


Proof If x € {0,1,..., p}, then we have that aia Wale) = 0 by (2.11), and then 
the inequalities hold trivially. Let us now assume that x ¢ {0,1,..., p}, which 
means that €p+1(x) # 0. Negating f if necessary, we may assume that it lies in K}. 
By (2.12) we then have 


Epix) ok Lx) = epix) xP fla,a +1,...,a + p,a +x] 20. 
Hence, using identities (2.3) and (2.8) and Lemma 2.5, we obtain 
0 < epi (2) oR" LFI) 
= epp (x) x2} ffa, a +1,...,a + p,a +x] 
= Ep41 (x) x — 1) (fla +x,a+1,...,a + p]— fla,a+1,...,a + pl) 
aaf (A? fa +x) — A? f(a)) 


< epyi(e) ("3") (A? f(a + [x1) — A? f (a)), 


IA 
v 
p 


which proves the first two inequalities. The third one can be immediately proved 
using a telescoping sum. o 
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Chapter 3 A) 
Uniqueness and Existence Results od 


In this chapter, we establish Theorems 1.4 and 1.5 and show that, under the 
assumptions of these theorems, the sequence n > f? [g] converges uniformly on 
any bounded subset of R+. We also discuss the particular case where the sequence 
n +> g(n) is summable. Lastly, we provide historical notes on Krull-Webster’s 
theory and some of its improvements. 

Although their proofs are short and elementary, the main results given in this 
chapter are of utmost importance. They constitute the fundamental cornerstone of 
the whole theory developed in this book. 


3.1 Main Results 


We start this chapter by establishing a slightly improved version of our uniqueness 
Theorem 1.5. We state this new version in Theorem 3.1 below and provide a very 
short proof. Let us first note that any solution f: R+ — R to the equation Af = g 
satisfies trivially the equations 


n—1| 
fm=f+> sh, nen’; (3.1) 
k=1 
n—-1 
fx+n)=fx)+> ga@+h, nen. (3.2) 
k=0 


Moreover, using (1.4), (1.7), (3.1), and (3.2), we can easily derive the identity 


f(x) = fC) + FPE + of LAG), ne N*. (3.3) 
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We also observe that the identity obtained by setting p = 0 in (3.3) can also be 
derived by subtracting (3.2) from (3.1). 


Theorem 3.1 (Uniqueness) Let p € N and g € Dg. Suppose that f : R} > Ris 
a solution to the equation Af = g that lies in KP. Then, the following assertions 
hold. 


(a) We have that f € REI, 
(b) For each x > 0, the sequence n t> Te [g] (x) converges and we have 


f(x) = FO) + lim ffig). 


(c) The sequence n +> f,?[g] converges uniformly on any bounded subset of R4 


to f — f (1). 


Proof We clearly have that f € De +1 Assertion (a) then follows from Lemma 2.7 
and the squeeze theorem. Assertion (b) follows from assertion (a) and identity (3.3). 
Now, let E be any bounded subset of R+. Using again identity (3.3) and Lemma 2.7, 
for large integer n we obtain 


sup | AP Lgl(x) — fe) + f| = sup [op 1/10] 
xeEE xEE 
[sup E]—1 
< sup ("5 > [arti fa tj) . 
xEE j=0 
This establishes assertion (c). o 


Example 3.2 Using Theorem 3.1 with g(x) = Inx and p = 1, we obtain that all 
solutions f: R} — R lying in K! to the equation Af (x) = Inx are of the form 
f(x) = c + lnT (x), where c e R. We thus simply retrieve both Bohr-Mollerup’s 
Theorem 1.1 and Gauss’ limit (1.6), as expected. We also observe that the set K! 
cannot be replaced with X? in this characterization. For example, the function 


f(x) = InP(x) +In(1 + 5 sin(2rx)) 


is also a solution lying in K? to the equation Af (x) = lIn x. © 


Remark 3.3 We note that the assumption that In f is convex in Bohr-Mollerup’s 
Theorem 1.1 can be easily replaced with the fact that In f lies in K af (without using 
the uniqueness Theorem 3.1). Indeed, if In f is convex on [n, co) for some n € N, 
then using (3.2) we have that 


n—-1 


In f(x) = mnfæ+n)- Y netk), x50, 


k=0 
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and hence In f must be convex on R (as a finite sum of convex functions on R+). 
We can also replace i. with X!; indeed, assuming that In f lies in KL, we would 
obtain that A ln f(x) = ln x lies in K? by Lemma 2.6(b), a contradiction. © 


Remark 3.4 (A Proof of Bohr-Mollerup’s Theorem) We have seen in Example 3.2 
how both Bohr-Mollerup’s theorem and Gauss’ limit can be retrieved using our 
results. Let us now examine our proof in a self-contained way, using the needed 
arguments only. Let f : Ry — R be an eventually convex solution to the equation 
Af (x) = ln x. The nature of this equation shows that it is actually enough to assume 
that x > 1 to find the form of f(x). For any n € N* and any x > 1, we then have 


n—l n—1 
fa) = f+ nk and f(x tn) = f(x) + In +h) 
k=1 k=0 


and hence also the identity 


n—1 n—1 


f(x) = f+ (x Ink — } Vine +k) xin) + pn(x), 


k=1 k=0 


where 


Pn(x) = f(x t+n)— fin) —xInn. 


To conclude the proof, we only need to show that, for each x > 1, the sequence 
n +> pn(x) converges to zero. Let n € N* be so that f is convex on [n, co). Using 
the convexity of f we then obtain the following two inequalities 


fatl<d-2)f@M+i fet, 
fn+x)<tfa+D+0—-4)fa@tnt+D. 


Using these inequalities and the identity f (n + 1) — f(n) = Inn, we obtain 


0< pra(x) = fwxtn)—ftrn+)D)—-@-I1)Inn 
<(w-D(f@t+n4+)—- f(x+n)-—lnn) = (x — 1)In(1 + 2). 


The proof is now complete since the latter expression converges to zero as n —> Oo. 
This shows to which extent the proofs of Bohr-Mollerup’s theorem and Gauss’ limit 
can be short and elementary. Note that a variant of this proof can be derived from 
the proof of Webster’s uniqueness theorem [98, Theorem 3.1]. © 
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Now that we have established the uniqueness Theorem 3.1, let us prepare the 
ground for the existence theorem. Using the definition of pe [g](x) given in (1.7), 
we can easily derive the following two identities 


palgl(p) = A? g(a); (3.4) 
palgl(x) — ETIE) = C) ellep). (3.5) 


These identities clearly show that the inclusions RE C DÈ and RE C REH hold 
for any p € N. We will see in Proposition 4.2 that these inclusions are actually 
strict. 

Now, the following straightforward identities will also be useful as we continue 


FEI- Fw = ef Lela); (3.6) 
P [gla +1) — fee) = g(x) — ef gl(x). (3.7) 


For any integers 1 < m <n, from (3.6) we obtain 


n—1 


Fw = flw- >> p Io), (3.8) 


k=m 


which shows that, for any x > 0, the convergence of the oe n> frigi) is 
equivalent to the summability of the sequence n > mr ‘Tg ](x). 

We now establish a slightly improved version of our existence Theorem 1.4. We 
first present a technical lemma, which follows straightforwardly from Lemma 2.7. 


Lemma 3.5 Let p € N, g € K?, andm E N* be so that g is p-convex or p-concave 
on [m, œ). Then, for any x > 0 and any integer n > m, we have 


[x]-1 
EDE Aga + jp) Agon + j). 
j=0 


< 


n—1 
Y ep Tgl@) 


k=m 


Proof For any fixed x > 0, the sequence k b> oo Tel(x) for k > m does not 
change in sign by Lemma 2.7 and hence we have 


[x]-1 


= Forts 100| z») 3 


k=m j=0 


n—1 
J Aarte + A), 
k=m 


n—1 


D Pe Ige) 


k=m 


where the inner sum clearly telescopes to A? g(n + j) — A? g(m + j). o 
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Theorem 3.6 (Existence) Let p € N and g € DÈ N KP. The following assertions 
hold. 


(a) We have that g € RẸ. 
(b) The sequence n œ> fP Ig](x) converges for every x > 0, and the function 
f: R4 —> R defined by 


f(x) = lim fPlgl@),  x>0, 


is a solution to the equation Af = g that is p-concave (resp. p-convex) on 
any unbounded subinterval I of R4 on which g is p-convex (resp. p-concave). 
Moreover, we have f (1) = 0 and 


fr Lgl) — f(x)! < [x] x>0,neINN*. 


x—1 
epar 
If p > 1, we also have the following tighter inequality 


lfr Iœ- fE) < 


fe) [AP gn +x) — AP=! g(n)| , x>0,n € INN*. 


(c) The sequence n +> fP Ig] converges uniformly on any bounded subset of Ra 


to f. 
Proof We have that g € DE (= De EL By Lemma 2.7, it follows immediately that g 


lies in RE = , and hence also in RE by (3.4) and (3.5). This establishes assertion (a). 
Now, suppose for instance that g lies in Ke Let Z be any unbounded subinterval 
of R4 on which g is p-convex and let m € J N N*. For any x > 0, the sequence 
kh pet Tel(x) for k > m does not change in sign by Lemma 2.7. Thus, since g 
lies in D , for any x > 0 the series 


3 ramet I(x) 


k=m 


converges by Lemma 3.5. By (3.8) it follows that the sequence n > ff [g a 
converges. Denoting the limiting function by f, we necessarily have f(1) = 
Moreover, by (3.7) and assertion (a) we must have Af = g. 

Since g is p-convex on I, for every n € N* the function f? [g] is clearly p- 
concave on /. (Note that the second sum in (1.4) is a polynomial of degree less than 
or equal to p in x, hence by Proposition 2.4 it is both p-convex and p-concave.) 
Since f is a pointwise limit of functions p-concave on J, it too is p-concave on 7. 
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The claimed inequalities then follow from identity (3.3), Lemma 2.7, and the 


observation that the restriction of the sequence n t+ A? g(n) to J N N* increases to 
zero by Lemma 2.5. Indeed, for any x > 0 and any n € J N N*, we then have 


LAP Lgl) — f@)1 = TIO < 


("| [Arran +x) — AP fo) 


[x]-1 
pL D A's tml s a EDLA]. 
j=0 


This proves assertion (b). Assertion (c) immediately follows from the first inequality 
of assertion (b). o 


Remark 3.7 We have shown in Theorems 3.1 and 3.6 that the sequence n > fP [g] 
converges uniformly on any bounded subset of R+. In fact, we have proved the 
slightly more general property that the sequence n > pet! [f] converges uniformly 
on any bounded subset of [0, co) to 0. © 


Theorems 3.1 and 3.6 show that the assumption that g € DÈ N KP constitutes a 
sufficient condition to ensure both the uniqueness (up to an additive constant) and 
existence of solutions to the equation Af = g that lie in K?. Nevertheless, we can 
show that this condition is actually not quite necessary. We discuss and elaborate on 
this natural question in Appendix C. 

We now present an important property of the sequence n +> f? [g]. Considering 
the straightforward identity 


Pele) — fP = (,4,) Aa), 


we immediately see that if the sequence 


n > fet glx) — fl Lgl) 


approaches zero for some x € R+ \ {0,1,..., p}, then g must lie in Di More 
importantly, the identity above also shows that if g lies in DA ae if the sequence 
ne file ](x) converges, then so does the sequence n b> a [g](x) and both 


sequences converge to the same limit. Since the inclusion DE Cc peel holds for 
any p € N, we immediately obtain the following important proposition. 


Proposition 3.8 Let p e N. [fg e€ DR and if the sequence n œ> fi [g](x) 
converges, then for any integer q > p the sequence 


n > lf lg lex) — fig ](x)| 


converges to zero. Moreover, the convergence is uniform on any bounded subset of 


Ry. 
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Let us end this section with the following observation about our uniqueness and 
existence results. In Theorem 3.1, we have proved the uniqueness of the solution f 
that lies in X? by first proving that this solution necessarily lies in RE ae Although 
this latter asymptotic condition may seem a bit less natural than the assumption that 
f lies in KP, we could as well consider it as a sufficient condition to guarantee 
uniqueness. A similar observation can be made for the existence Theorem 3.6. We 
can therefore establish the following two alternative results. 


Proposition 3.9 (Uniqueness) Let p € N and let g: Ry — R. Suppose that 
f: R+ > Risa solution to the equation Af = g that lies in Roe Then assertion 
(b) of Theorem 3.1 holds, and hence f is unique (up to an additive constant). 


Proof This follows immediately from identity (3.3). o 


Proposition 3.10 (Existence) Let p € N and suppose that the function g: R4 > 
R lies in DÄ and has the property that, for each x > 0, the sequence n œ> 
PRT Lel(x) is summable. Then g lies in RA and there exists a unique (up to an 


additive constant) solution f : R4 —> R to the equation Af = g that lies in RETE, 


Proof Since the sequence n > pe Higa) is summable, by (3.8) the sequence 
nt+> fLg](x) converges. Denoting the limiting function by f, we necessarily have 


fC) = 0. By (3.6), the function g necessarily lies in RET, and hence also in RA 
by (3.4) and (3.5). Thus, we must have Af = g by (3.7) and f lies in RET! by 
(3.3). o 
Example 3.11 Let us apply Proposition 3.9 to g(x) = lnx and p = 1. We then 


obtain the following alternative characterization of the gamma function (in the 
multiplicative notation). 


If f: R+ > R isa solution to the equation f(x + 1) = x f(x) having the asymptotic 
property that, for each x > 0, 


fatn) ~ n* fn) asn —>y Oo, 
then f(x) = cT (x) for some c > 0. 


It is easy to see that this characterization also holds on the whole complex domain 
of the gamma function, namely C \ (—N). © 


3.2 The Case when the Sequence g(n) Is Summable 


Let Da be the set of functions g: Ry — R having the asymptotic property that 
the series $2% g(k) converges. We immediately observe that (Le Cc DO. In this 
context, our uniqueness and existence results can be complemented by the following 
two theorems. 
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Theorem 3.12 (Uniqueness) Let g € De and suppose that f: R} —> Risa 
solution to the equation Af = g that lies in K°. Then, the following assertions 
hold. 


(a) f(x) has a finite limit as x —> œ, denote it by f (00). 
(b) For each x > 0, the series Eo g(x + k) converges and we have 


lo} 
f(x) = fœ- ge +k). 
k=0 
(c) The series x > X Zo g(x + k) converges uniformly on Rx to f (oo) — f. 
Proof The sequence n +> f(n) converges by (3.1). Assuming for instance that f 
lies in KÌ, for any x > 0 we obtain 


f(lx]+n) < f(x+n) < f([x]+n) for large integer n. 


Letting n —y œ in these inequalities and using the squeeze theorem, we get 
assertion (a). Assertion (b) follows from assertion (a) and identity (3.2). Now, for 
large integer n, by assertion (b) and identity (3.2) we have 


sup |X ga +| = sup [f(x+n)— f| < If) — f(oo)l. 
xER+ |p, xeR+ 
This proves assertion (c). o 


Theorem 3.13 (Existence) Let g € De N K°. The following assertions hold. 


(a) We have that g € RÌ. 
(b) The series paar g(x + k) converges for every x > O, and the function 
f: R+ > R defined by 


fa = -Yisat+h, x0, (3.9) 
k=0 


is a solution to the equation Af = g that is decreasing (resp. increasing) on 
any unbounded subinterval I of R+ on which g is increasing (resp. decreasing). 
Moreover, we have f(x) > Oas x —> œ and, for everyn € IN N*, 


Yge) = [ftnl < IfM, x>0. 


k=n 


(c) The series x > > p29 g(x + k) converges uniformly on R4 to — f. 
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Proof By Theorem 3.6, assertion (a) clearly holds (since g also lies in D?) and, 
for each x > 0, the series (3.9) converges and is a solution to the equation Af = g 
that satisfies the claimed monotonicity properties. Theorem 3.12 then shows that the 
function f vanishes at infinity. The rest of assertion (b) follows from (3.2). Assertion 
(c) is then immediate. o 


Theorems 3.12 and 3.13 motivate the following definition. 


Definition 3.14 For any S € {N, R}, we let Dy l denote the set of functions 
g: R+ > R having the asymptotic property that, for each x € S, the series 


X ge +k) 
k=0 


converges and tends to zero as x +g OO. 


Clearly, this definition is consistent with our prior definition of Da and we can 


immediately see that the inclusion Dg” Cc Dp holds. Moreover, by Theorem 3.13 
we have that 


DR NAK? = DNAR. (3.10) 


Example 3.15 (The Trigamma Function) The trigamma function yı is defined on 
R+ as the derivative w’ of the digamma function. Hence, it has the property that 


Awi(x) = DAp(x) = —1/x?  forallx > 0. 


Since the function w lies in Ds N KŁ, one can show (see Proposition 4.12 in the 
next chapter) that y lies in DÌ, NK? . Now, the function g(x) = —1/x? clearly lies 
in Dy! N K9. and hence also in DR, N KY. It also lies in Dg! N K? by (3.10). Thus, 
by Theorems 3.6, 3.12, and 3.13, we see that the trigamma function y is the unique 
decreasing solution f to the equation Af = g that vanishes at infinity. Moreover, 
we have that 


~ 1 | x? 
yix) = L RI and yı(1) = Lp = To 


Furthermore, the sequence of functions 


n—1 


= 1 
ne irae = Wx) -—W@ +n) 
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converges uniformly on R+ to the function y (x), and Theorem 3.13 provides the 
following inequalities 


CO 


< yœ +n) = eras y < < y(n), x>0,neN*. 


Finally, Theorem 3.6 provides the following additional inequalities 


0 < yı(n)— pato < H, x >0, neN*. 


We will further investigate the trigamma function yı as a special polygamma 
function in Sect. 10.3. 


3.3 Historical Notes 


As mentioned in Chap. 1, the uniqueness and existence result in the case when p = 1 
was established in the pioneering work of Krull [54, 55] and then independently by 
Webster [97, 98] as a generalization of Bohr-Mollerup’s theorem. We observe that 
it was also partially rediscovered by Dinghas [33]. In addition, we note that Krull’s 
result was presented and somewhat revisited by Kuczma [56] (see also Kuczma [59] 
and Kuczma [60, pp. 114-118]) as well as by Anastassiadis [7, pp. 69-73]. To 
our knowledge, the only attempts to establish uniqueness and existence results for 
any value of p were made by Kuczma [60, pp. 118-121] and Ardjomande [9]. 
Independently of these latter results, an investigation of the special case when 
p = 2, illustrated by the Barnes G-function, was made by Rassias and Trif [86] 
(see our Appendix B). 

We also observe that Gronau and Matkowski [44, 45] improved the multiplicative 
version of Krull’s result by replacing the log-convexity property with the much 
weaker condition of geometrical convexity (see also Guan [46] for a recent 
application of this result), thus providing another characterization of the gamma 
function, which was later improved by Alzer and Matkowski [4] and Matkowski 
[68, 69]. (For further characterizations of the gamma function and generalizations, 
see also Anastassiadis [7] and Muldoon [79].) 

Many other variants and improvements of Krull’s result can actually be found 
in the literature. For instance, Anastassiadis [6] (see also Anastassiadis [7, p. 71]) 
generalized it by modifying the asymptotic condition. Rohde [88] also generalized 
it by modifying the convexity property. Gronau [42] proposed a variant of Krull’s 
result and applied it to characterize the Euler beta and gamma functions and study 
certain spirals (see also Gronau [43]). Merkle and Ribeiro Merkle [71] proposed to 
combine Krull’s approach with differentiation techniques to characterize the Barnes 
G-function. Himmel and Matkowski [48] also proposed improvements of Krull’s 
result to characterize the beta and gamma functions. 
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Chapter 4 ® 
Interpretations of the Asymptotic peels 
Conditions 


In this chapter, we study some important properties of the sets RE and De and 
provide interpretations of the asymptotic condition that defines the set Re 

We also investigate the sets RE N KP and DË N K? and show that they actually 
coincide and are independent of S (and hence we can remove this subscript). We 
also provide an interpretation of this common set DP N KP and present some of its 
properties that will be very useful in the next chapters. In particular, we show that 
the intersection set CP N DP N KP is precisely the set of functions g € C? for which 
gP) eventually increases or decreases to zero (see Theorem 4.14). 


4.1 Some Properties of the Sets RE and D 


Although the definition of the set RE seems rather technical (see Definition 1.9), 
the following proposition shows that this set can be nicely characterized in terms of 
interpolating polynomials. We omit the proof for it follows immediately from (2.11) 
and (2.12). 


Proposition 4.1 Let p € N. A function g: R4 — R lies in Re if and only if for 
each x > 0 such that x£ £ 0, we have that 


gla,at+l,...,a+p-—l,a+x] > 0 asa >s œ. 


When S = R (resp. S = N), this latter condition means that g asymptotically 
coincides with its interpolating polynomial whose nodes are any p points equally 
spaced by 1 (resp. any p consecutive integers). 
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Interestingly, from (3.2) and (3.3) we can also immediately derive the following 
alternative characterization of the set RÄ. For any function f : R+ — R, we have 


-J Af@ +k), x> 0; 


k=0 


FERRY & fœ = f+ lim fPIAFI@),  x>0. 


FERS fæ) 


(Note that we have already used these equivalences in the proofs of the uniqueness 
Theorems 3.1 and 3.12 and Proposition 3.9.) 

We now present a proposition that reveals some interesting inclusions among 
the sets RE and DÈ . In particular, it shows that just as the sets DÌ, Di, De, re 


are increasingly nested, so are the sets R$, RL, RZ, ..., and hence each of these 
families defines a filtration. 


Proposition 4.2 For any p € N and any S € {N, R}, the sets RE and DË are real 
linear spaces that satisfy the identity 


RE = REH! ADE (4.1) 
and the strict inclusions 
RÈ G REH! and DF g DR". 
When p > 1 we also have 
RE G DE: 
Finally, when p = 0 we have 
DR = RR & Rn S Dy. 


Proof It is clear that the sets RE and DE are closed under linear combinations; 
hence they are real linear spaces. Identity (4.1) then follows immediately from (3.4) 
and (3.5). This identity also shows that RE € RE +I As already observed, we also 
have DE C DE +i trivially. Now, identity (2.11) shows that the polynomial function 
x b> x? lies in RETI \ RE and we can easily see that it lies also in pet \ DÈ. The 
inclusion RE Cc DE follows from (4.1) and we can easily see that the 1-periodic 
function x +> sin(27rx) lies in D: \ RE for any p € N* as well as in DÌ, \ RL, 
Finally, let us now show that Re g RY. Using bump functions for instance, we can 
easily construct a smooth function f: R} — R such that for any n € N*, we have 
f = 0 on the interval [n — 1, n — +] and f(n — x) = 1. Such a function clearly 
lies in RY. However, it does not vanish at infinity, i.e., it does not lie in RÌ. oO 
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We now present an important result that will be used repeatedly as we continue. 
It actually follows from the second of the following straightforward identities 


ele palfl@) = pa lAfl@), (4.2) 
PETIG + D = oh LF) = Af). (4.3) 


Proposition 4.3 Let j, p € N be such that j < p. The following assertions hold. 


(a) If f € RE, then AJ f € RETI, 
(b) fe DË if and only if A/ f € De, 


Proof If f lies in RET then Af lies in RE by (4.3). On the other hand, it is clear 
that f lies in D + if and only if Af lies in DÈ ; o 

It is easy to see that a function f : R+ —> R whose difference Af lies in RE for 
some p € N need not lie in Ro For instance, the function f: Ry — R defined 
by the equation f(x) = sin(27x) for x > 0 does not lie in Re but its difference 


Af = 0 lies in R$. However, we will see in Corollary 4.10 that, if f € KPT}, then 
the implication in assertion (a) of Proposition 4.3 becomes an equivalence. 


Remark 4.4 In view of Proposition 4.3(b), it is natural to wonder whether there 
exists a set D of functions from R+ to R having the property that f € DÌ if and 
only if Af € D. However, such a set does not exist. Indeed, identities (3.1) and 
(3.2) show that if f lies in DÌ, then necessarily Af lies in Dg n Conversely, for any 
ED; l there are infinitely many functions f: R+ — R that satisfy Af = g but 
that do not lie in De © 


It is clear that, for any p € N, if both functions h and g — h lie in the space 
RE , then so does the function g. For instance, if g: R+ — R has the asymptotic 
property that 


g(x)— P(x) > 0 as x —>s CO 


for some polynomial P of degree less than or equal to p — 1, then g must lie in 
RZ. Indeed, P clearly lies in RE and we also have that g — P lies in Re (which is 
melded i in Re by Proposition i 2). Thus, the space RE contains not only every 
polynomial af degree less than or equal to p — 1 but also every function that 
behaves asymptotically like a polynomial of degree less than or equal to p — 1. 
To give another illustration of the property above, we observe for instance that both 
functions In x and Hy — In x (the latter tends to Euler’s constant y as x —>s 00) lie 
in Rk and hence so does the function H,, which means that, for each a > 0, 


Ay+q— Hy > 0 as x —> œO 


(which, a priori, is a not completely trivial result). 
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These examples illustrate the fact that the spaces 


RE = JRE and DY=| JD; 
p20 p20 


are very rich and contain a huge variety of functions, including not only all the 
functions that have polynomial behaviors at infinity as discussed above, and in 
particular all the rational functions, but also many other functions. We observe, 
however, that they do not contain any strictly increasing exponential function. For 
instance, if g(x) = 2*, then A?g(x) = 2* for any p € N, and this function 
does not vanish at infinity. Actually, such exponential functions grow asymptotically 
much faster than polynomial functions and may remain eventually p-convex even 
after adding nonconstant |-periodic functions. For instance, both functions 2* and 
2* + sin(27x) are eventually p-convex for any p € N. 


Remark 4.5 Using (1.7) and (4.1), we also obtain RE = RY NDE for any p € N. Ọ 


4.2 The Intersection Sets RE NK? and De NP 


Let us now consider the set K? and its subsets RE N KP and DE N KP. As these 
sets will be used repeatedly throughout this book, it is important to study their basic 
properties. In this section, we present a number of results about these sets that will 
be very useful in the subsequent chapters. 

Let us first observe that the set X? is not a linear space. For instance, using 
Lemma 2.6 we can see that both functions 


f(x) = x?*! + sinx and g(x) = x?t! 


lie in K? but f — g does not. We also have that Af does not lie in K? (because 
DP Af = AD? f does not lie in K°), which shows that K? is not closed under the 
operator A. 

The following corollary shows that X? is actually the union of two convex cones. 
This result is an immediate consequence of Proposition 2.4. 


Corollary 4.6 For any p € N, the sets K? and K? are convex cones. These cones 
are opposite in the sense that f lies in K? if and only if — f lies in K? . Moreover, 
the intersection K? NK? is the real linear space of all the real functions on R that 
are eventually polynomials of degree less than or equal to p. 
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It is now clear that DÈ N K? is also the union of two opposite convex cones that 
is not a linear space. For instance, both functions 


sin x 


f(x) = 2Inx+ and g(x) = 2lnx 


x2 
lie in Dl N K! (use, e.g., Theorem 4.14(b) below) but f — g does not. 

Now, the following proposition shows that, just as the sets C°,C!,C?,... are 
decreasingly nested, so are the sets koh Ke, K}, .... Thus, this latter family defines 
a descending filtration and we can therefore introduce the intersection set 


re NK. 
p20 


Proposition 4.7 For any integer p > —1, we have KPH! Ç KP, 


Proof Let f lie in K?*! for some integer p > —1. Suppose for instance that f lies 
in Kee and let J be an unbounded subinterval of R+ on which f is (p+ 1)-convex. 
Let Zp+2 denote the set of tuples of 1? +2 whose components are pairwise distinct. 
By Lemma 2.5, it follows that the restriction of the map 


(Z0, «+ +5 Zp+1) b> For- Zp4+1] 


to Zp+2 is increasing in each place. If f does not lie in K? , then there are p + 2 
points x9 < --- < Xp41 in J such that f[xo,...,xp+41] > 0. But then, f is p- 
convex on the interval (xp+1, 00), and hence it lies in K? , which establishes the 
inclusion. To see that the inclusion is strict, using Lemma 2.6 we just observe that 
the function f : R+ — R defined by the equation 


f(x) = xP sinx — forx > 0 


lies in K? \ PHL, o 


Interestingly, Proposition 4.7 shows that the assumption that g lies in K?, which 
occurs in many statements (e.g., in Theorem 3.6), can be given equivalently by the 
condition that g lies in Ug> pK%. 

We now present two useful propositions. The first one is very important: it shows 
that the sets RE N KP and DY N KP coincide and are actually independent of S. 


Proposition 4.8 For any p € N, we have 
p _ pP _ pP _ pP 
RRAK? = DRNKP = RYO = DNO. 


Proof We already know that RE G DE (cf. Proposition 4.2) and DA C Dh. 
Moreover, we have that DË NKP C RE by Theorem 3.6. It remains to show that 
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D NKP C Dh. Let g lie in DA N KP. Suppose for instance that g lies in K} and 
let a > 0 be so that g is p-convex on [a, co). By Lemma 2.5, AP g is increasing on 
[a, oo). Thus, for any x > a + 1, we have 


APg(lx]) < A?g) < A? g([x)). 


Letting x — oo and using the squeeze theorem, we obtain that g lies in Dh. o 


Proposition 4.9 If f € KP for some p € N, then the following assertions are 
equivalent: 


O FERET, Gy fe DR", Gi) Af ERE, Gv) Af e DE. 


Proof By Proposition 4.2, we clearly have that (i) implies (ii) and that (iii) implies 
(iv). By Proposition 4.3, we also have that (i) implies (iii) and that (ii) implies (iv). 
Finally, by Theorem 3.1, we have that (iv) implies (i). o 


Combining Proposition 4.3 with Propositions 4.7 and 4.9, we immediately obtain 
the following corollary, which naturally complements Proposition 4.3. 


Corollary 4.10 Let j, p € N be such that j < p. If f € K?-!, then we have 
f € RE ifand only if AJ f € REY. 


Due to Proposition 4.8, we will henceforth write DP N KP instead of De N K. 
In view of (3.10), we will also write D7! N K° instead of Dz nK. 

Since the set DP N K? is clearly a central object of our theory (cf. our existence 
Theorem 3.6), it is important to investigate its properties. In this respect, we have 
the following two propositions. 


Proposition 4.11 Let j, p € N be such that j < p. The following assertions 
hold. 


(a) Ifg € KÈ, then Aig € KEI, More precisely, for any unbounded open interval 
I of R4, if g is p-convex on I, then A/ g is (p — j)-convex on I. 
(b) Ifg € DP AK}, then Aig € DPI NKR’. 


Proof This result immediately follows from Lemma 2.6(b) and Proposition 4.3. O 


Proposition 4.12 Let j, p € N be such that j < p and let g € CÌ. The following 
assertions hold. 


a E€ if and only if g € “I. More precise , for any unbounded open 

(a) g € K} if and only if g0 € KẸ”. More p by. y unbounded op 
interval I of R4, we have that g is p-convex on I if and only if g is (p — j)- 
convex on I. : 

(b) g € DP NK? ifand only if g9) € DPI A KY. 


Proof Assertion (a) follows from assertions (c) and (d) of Lemma 2.6. To see that 
assertion (b) holds, it is enough to show that, for any p > 1, we have g € DP N K}. 


i : =j p—1 
if and only if g' € DP" NK. 
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Suppose first that g lies in DP N KE Then g’ lies in i by assertion (a). 
Let x > 1 be so that g is p-convex on [x — 1, 00). Then A?~!g’ is increasing on 
[x — 1, oo) by assertion (a) and Proposition 4.11(a). By the mean value theorem, 
there exist £1, £? € (0, 1) such that 


AP g(x —1) = AP™!g' (x —1 4+ }) < AP! g'(x) 


< APT! g'(x + €7) = AP g(x). 


Letting x — oo, we see that g’ lies in De by the squeeze theorem. 

Conversely, suppose that g’ lies in DPT! A KET! Then g lies in KÈ by assertion 
(a). Let x > 0 be so that g’ is (p — 1)-convex on [x, oo) and let t € (x, x + 1). Then 
APT! g' is increasing on [x, 00) by Proposition 4.11(a), and hence we have 


ATEUS AP AG) s AP oe 1), 
Integrating ont € (x, x + 1), we obtain 
API glx) < APg(x) < AP leat). 


Letting x — ov, we see that g lies in Dh. o 


Remark 4.13 Ifa function f : R+ — R is such that Af lies in K? for some p € N, 
then f need not lie in K?*!, even if Af lies in DP N KP. For instance, the function 
f: R+ — R defined by the equation 


1 1 
f(x) = = (1+ 5sinx) forx >0 


lies in K° \ K!. Indeed, 2* f'(x) is 2r-periodic and negative while 2* f” (x) is 27- 
periodic and change in sign from x = % to x = x. However, the function Af lies 
in D? A K? for 2* A f'(x) is 2x -periodic and positive. This example shows that the 
implications in Proposition 4.11 cannot be equivalences. O 


If a function g: R+ — R lies in DP N KP for some p e N, then by 
Proposition 4.11 the function A? g lies in D? N K?, i.e., AP g eventually increases or 
decreases to zero. However, a function g: R+ — R that satisfies this latter property 
need not lie in DP N K?, unless g lies in K? or p = 0. The example introduced in 
Remark 4.13 illustrates this phenomenon when p = 1. On the other hand, when g 
lies in C?, by Proposition 4.12 we have that g lies in DP N K? if and only if gP) 
lies in D? K®. 
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We gather these important observations in the following theorem. 
Theorem 4.14 Let p € N. The following assertions hold. 


(a) Letg € K} (resp. K? ). Then g lies in DP A KE (resp. DP A KP ) if and only if 
A? g eventually increases (resp. decreases) to zero. 

(b) Let g € CP. Then g lies in DP NnKÈ (resp. D? NK”) ifand only if gP) eventually 
increases (resp. decreases) to zero. 


Proof Assertion (a) immediately follows from Propositions 4.3 and 4.11. Assertion 
(b) immediately follows from Proposition 4.12. o 


Remark 4.15 Itis not difficult to see that the function g(x) = ! sin x? 


z vanishes 
at infinity while its derivative does not. Theorem 4.14(b) shows that if g lies in 
C1 N DP AN K1 for some p,q € N such that p < q, then all the functions 


gP, gt) g® vanish at infinity. 0 


Propositions 4.11 and 4.12 do not provide any information on the functions Ag 
and g’ when g lies in D? N K? and C! N D? N K°®, respectively. The following 
proposition fills this gap under the additional assumptions that Ag and g’ lie in K°, 
respectively. 


Proposition 4.16 The following assertions hold. 


(a) If g lies in D? A K? and is such that Ag lies in K®, then Ag lies in D7! N Ke 
(b) If g lies in C! OD? A K? and is such that g' lies in K? (or equivalently, g lies 
in K!), then g' lies in C? A D7! N KO 


Proof Let us first prove assertion (a). Since g is eventually decreasing, Ag must 
be eventually negative. But since Ag also lies in D? N K°, it must be eventually 
increasing to zero. On the other hand, since g lies in D°, Ag must lie in De’ This 
proves assertion (a). 

Let us now prove assertion (b). Since g is eventually decreasing, g’ must be 
eventually negative. Since g’ lies in K? (and hence g lies in K! by Lemma 2.6), we 
have that g lies in D! N K! (since DÌ E Ds). Proposition 4.12 then tells us that g’ 
lies in D? N K?, and hence it must be eventually increasing to zero. 

It remains to show that g’ lies in De Let x > 1 be so that g is decreasing and 
g’ is increasing on J, = [x — 1, 00). By the mean value theorem, for any integer 
k > x there exist é € (0, 1) such that 


Ag(k— 1) = g'(k- 1+4) < g’(k). 
For any integers m, n such that x < m < n, we then have 


n—1 n—1 


g(n—1)—g(m—1) = J Agk-1)< Do e' <0. 


k=m k=m 


Letting n —>y 00, we can see that g’ lies in D.. o 
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Remark 4.17 The assumption that Ag lies in K? cannot be ignored in Proposi- 
tion 4.16(a). Indeed, take for instance the function g = Af, where f is the function 
defined in Remark 4.13. We have seen that this function lies in D? N K?. However, 
it is not difficult to see that Ag does not lie in K°. Similarly, the assumption that g’ 
lies in K? cannot be ignored in Proposition 4.16(b). Indeed, one can show that the 
same function g has the property that g’ does not lie in K°. To give another example, 
one can show that the function 


1 
g(x) = = + sin x) 
x 


lies in D? N K? whereas its derivative g’ does not lie in K°. © 


We also have the following two corollaries, in which the symbols R and D can 
be used interchangeably. 


Corollary 4.18 Let g lie in K} (resp. K? ) for some p € N. Then g lies in DÈ if 
and only if there exists a solution f : R4 — R to the equation Af = g that lies in 
piri NK? (resp. DETI N K} ). 


Proof The D-version immediately follows from Theorem 3.6 and Proposi- 
tion 4.3(b). The R-version then follows from Proposition 4.9 and Proposition 4.3(a). 
| 


Corollary 4.19 For any p € N, we have that 
DAK? c K! wid DAK? cK. 


More precisely, if g lies in DP N KP and is p-convex (resp. p-concave) on an 
unbounded interval of R4, then on this interval it is also (p — 1)-concave (resp. 
(p — 1)-convex). 


Proof Let g lie in DP a) oe Then the function f : R+ — R defined in the existence 
Theorem 3.6 is p-concave on any unbounded subinterval of R+ on which g is p- 
convex. By Lemma 2.6(b), the function g = Af is also (p — 1)-concave on this 
interval. oO 


We end this chapter by providing a characterization of the set RP NK? = DP N 
KP in terms of interpolating polynomials. We also give a corollary that will be very 
useful in the subsequent chapters. 


Proposition 4.20 Let g lie in K? for some p € N. Then we have that g lies in DE 
if and only if for any pairwise distinct xo, ..., Xp > 0, we have that 


gla+x0,...,4+XxXp] > 0 asa >s œ. 


This latter condition means that g asymptotically coincides with its interpolating 
polynomial with any p nodes. 
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Proof (Necessity) Suppose for instance that g lies in DP N K}. By Corollary 4.19, 


it also lies in K? -l Let X0, -- -, Xp > 0 be any pairwise distinct points and let a > 0 
be so that g is p-convex and (p — 1)-concave on [a, oo). Then the map 


x > glx +xo,..., x +xp] 


is nonpositive on [a, oo) and, by Lemma 2.5, it is also increasing on [a, 00). By 
(2.8), we then have 


1 
= A”g(a) = gla,at+l,...,a+p] < gla + p+xo,...,a+p+xp] < 0, 
p! 


where the left side increases to zero as a —>s œo. 
(Sufficiency) This immediately follows from Propositions 4.1 and 4.8. o 


Corollary 4.21 Let g lie in K? (resp. K? ) for some p € N, leta > Oandb > 0, 
and leth: R} — R be defined by the equation h(x) = g(ax +b) for x > 0. Then 
(a) h lies in K} (resp. K? ); 

(b) if g lies in DP N KP, then h lies in DP N K? (resp. DP A KP). 


Proof The result is trivial if p = 0. So let us assume that p > 1 and for instance 
that g is p-convex on [s, oo) for some s > 0. Using (2.4), we can easily show that 
for any pairwise distinct points xo, . . ., Xp > 0 we have 


h[xo,...,Xp] = a? g[axo + b, ...,axXp + b]. 


This immediately shows that h is p-convex on [}(s—b), oo) and hence that assertion 


(a) holds. Now, suppose that g lies in DP N ee Then A lies in K} by assertion (a). 
Moreover, for any pairwise distinct xo, ..., Xp > 0, by Proposition 4.20 we have 
that 


h{[n+xo0,...,2+xp] = a? glan +axo + b,...,an+axp +b] > 0 


asn —y oo. Hence A also lies in D? N K? by Proposition 4.20. This establishes 
assertion (b). o 
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Chapter 5 ® 
Multiple log I -Type Functions od 


In this chapter, we introduce and investigate the map, denote it by &, that carries 
any function g lying in 


Jw? nk’) 


p20 


into the unique solution f to the equation Af = g that arises from the existence 
Theorem 3.6. We call these solutions multiple log T-type functions and we investi- 
gate certain of their properties. We also discuss the search for simple conditions 
on the function g: R+ — R to ensure the existence of Xg. Further important 
properties of these functions, including counterparts of several classical properties 
of the gamma function, will be investigated in the next three chapters. 

The map © is actually a central concept of the theory developed here. Its 
definition and properties seem to show that it is as fundamental as the basic 
antiderivative operation. In the next chapter we show that both concepts actually 
share many common features. 


5.1 The Map È and Its Basic Properties 


In this section, we introduce the map & and discuss some of its basic properties. We 
begin with the following important definition. 


Definition 5.1 (Asymptotic Degree) The asymptotic degree of a function 
f: R+ > R, denoted deg f, is defined by the equation 


deg f = —1+min{q EN: f € Dh}. 
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For instance, if f is a polynomial of degree p for some p € N, then deg f = p. 
If f(x) = 0or f(x) = >, or f(x) = Ind + +), then deg f = —1. If f(x) = sinx 
or f(x) =x + sinx, or f(x) = 2”, then deg f = œ. 

It is easy to see that the identity 


deg f = 1+ deg Af 


holds whenever deg f is a nonnegative integer. However, it is no longer true when 
deg f = —1. For instance, for the function f(x) = 0 or the function f(x) = L we 
have deg f = deg Af = —1. This shows that in general we have 


(deg f)+ = 1+degAf. 


We are now ready to introduce the map £. Here and throughout, the symbols 
dom() and ran(£) denote the domain and range of X, respectively. 


Definition 5.2 (The Map £) We define the map ©: dom(X) —> ran(), where 


dom(X) = Jw’ nk), 
p>0 


by the following condition: if g € DP N K? for some p € N, then 


xg = lim ffig]. (5.1) 
n—- Oo 
It is important to note that the map is well defined; indeed, if g lies in both sets 
DP N KP and D41 N K4 for some integers 0 < p < q, then by Proposition 3.8 both 
sequences n +> fP [g] andn > f/[g] have the same limiting function. Thus, in 
view of Proposition 4.7, we can see that condition (5.1) holds for p = 1 + deg g. 
Thus defined, it is clear that the map & is one-to-one; indeed, if Xg; = Ugo for 
some functions gı and g2 lying in dom(X), then gj = AXg; = AX g2 = g2. This 
map is even a bijection since we have restricted its codomain to its range. We then 
have the following immediate result. 


Proposition 5.3 The map È is a bijection and its inverse is the restriction of the 
difference operator A to ran(X). 


Just as the indefinite integral (or antiderivative) of a function g is the class of 
functions whose derivative is g, the indefinite sum (or antidifference) of a function 
g is the class of functions whose difference is g (see, e.g., Graham et al. [41, p. 48]). 
Recall also that any two indefinite integrals of a function differ by a constant while 
any two indefinite sums of a function differ by a 1-periodic function. The map & 
now enables one to refine the definition of an indefinite sum as follows. 


Definition 5.4 We say that the principal indefinite sum of a function g lying in 
dom() is the class of functions c + Xg, where c € R. 
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Example 5.5 (The Log-Gamma Function) If g(x) = lnx, then we have Xg(x) = 
lnT (x), and we simply write 


uinx = ln(x), x > 0. 


Thus, the principal indefinite sum of the function x +> 1n x is the class of functions 
x + c +1nT (x), where c e R. With some abuse of language, we can say that the 
principal indefinite sum of the log function is the log-gamma function. Q 


Exactly as for the difference operator A, we will sometimes add a subscript to the 
symbol © to specify the variable on which the map © acts. For instance, Xy g(2x) 
stands for the function obtained by applying & to the function x > g(2x) while 
Xg(2x) stands for the value of the function Xg at 2x. 

The following proposition provides some straightforward properties of the map 
& that will be very useful as we continue. 


Proposition 5.6 Let g lie in DP N KP for some p € N. The following assertions 
hold. 


(a) Xg is the unique solution to the equation Af = g that lies in K? and that 
vanishes at 1. 

(b) Xg lies inDPt' nk? = RPH! A KP. 

(c) Xg satisfies the identities 


n—1 
Dein) =X gtk), ne N*, (5.2) 
k=1 
n—1 
Ega +n) = Ego) +Y gak, neN, (5.3) 
k=0 
and 
Ega) = fPlel(x) + oP [Egl(a), n e N*. (5.4) 


Proof Assertions (a) and (b) immediately follow from Theorems 3.1 and 3.6 and 
Proposition 4.9. Identities (5.2)-(5.4) follow from (3.1)-(G.3). oO 


Quite surprisingly, we observe that if g lies in DP NK? for some p € N, then £g 
need not lie in K?*!. The example given in Remark 4.13 illustrates this observation. 
We also have that 


deg ig = 1+degg 
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whenever deg Xg is a nonnegative integer; but this property no longer holds if 
deg Xg = —1. For instance, considering the functions 


2-—x x—1 


“5@+Da42 A OO = TOD 


g(x) G4)’ 


we have deg g = deg Ng = —1. Thus, in general we have 
(deg &g)y = 1+degg. 


We now give two important propositions, which were essentially proved by 
Webster [98, Theorem 5.1] in the special case when p = 1. 
Proposition 5.7 Let gı and go lie in DP N KP for some p € N and let cy, c2 € R. 
Tf ci gi + €2g2 lies in DP N KP, then 
U(c1gi +282) = ci Ugi +c2Xgo. 


Proof Itis clear that if g lies in DP N KP, then we have Ucg = cXg for any c € R. 
Now, suppose that g1, g2, and gı + g2 lie in DP N K? and let us show that 


X(g1 +82) = Egi t+ Ug. 


It is actually enough to consider the following two cases. 


1. If both g; and go lie in DP ghee (resp. DP NK”), then so does g1 + go. It follows 
that the function f = Xg; + Ugo is a solution to the equation Af = gı + go that 
lies in K? (resp. Lee and satisfies f(1) = 0. By the uniqueness Theorem 3.1, 
we must have X (g1 + g2) = f. 

2. If both gj + go and —g) lie in DP N K} (resp. DP N KP), then so does g2 (use 
the first case) and we have 


ug2 = U((gi +82) + (—81)) = U(gi + 82) — Xgı. 


This completes the proof. o 
Proposition 5.8 Let g lie in DP A K} (resp. DP OK?) for some p € N, leta > 0, 
and let h: R} — R be defined by the equation h(x) = g(x + a) for x > 0. Then h 
lies in DP N K} (resp. DP N K? ) and 

Ehx) = Xy g(x+a) = Ug(x+a)— Ug(at 1). 


Proof Define a function f: R+ — R by the equation 


fœ) = Ug +a)— Ug(a + 1) 
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for x > 0. By Corollary 4.21, f is a solution to the equation Af = h that lies in 
K? (resp. K}) and satisfies f (1) = 0. Hence, Xh = f, as required. Oo 


Example 5.9 (See Webster [98]) For anya > 0, consider the function ga: Ry —> R 
defined by 


ga) = IN——— = Inx—In(x+a)_ forx > 0. 
x+a 


Then ga lies in D? N K? (and also in D! N KL) and Propositions 5.7 and 5.8 show 
that 


rœ) (a++ 1) 


Uga(x) = ln roan) 


Also, since gq is concave on R+, we have that Ega is convex on R4. As Webster 
[98, p. 615] observed, this is “a not completely trivial result, but one immediate from 
the approach adopted here.” © 


Example 5.10 (A Rational Function) The function 


(x) xt +1 Pes 2x 
A — = XxX — — —— 
5 x? +x x x24] 


clearly lies in D? N K?. Using Proposition 5.7, we then have 


Ega) = (5) + H-1 — 2 Eh(x), 


Xx 1 
=H 
x24+1 x+i 


lies in D? N K°. Now, recalling that ae = H,_1, it is not difficult to see that 


x 


where the function 


A(x) = 


Ehx) = c+ RAys+i-1 
for some c € R, where the function z +> H; on C \ (—N*) satisfies the identity 


ees 
es) 


k=1 
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Indeed, the function f : R} — R defined by the equation 


lee) 
1 x+k-1 
= RH- = ) — — ————_ |], 0, 
fœ) x+i-1 BG | x> 


lies in K? and satisfies Af = h. Q 


We also have the following surprising proposition, which says that if a function 
g lies in DP N K? N K4 for some integers 0 < p < q, then it actually lies in 


KaK aK nK?” ns NKLs 


where the subscripts alternate in sign. The same property holds for Xg. 


Proposition 5.11 Let g lie in DP NK? A KPH! for some p € N. Then it lies in 
KEH and Xg lies in DPH N K? nket, 


Proof Suppose that g lies in K?*! Since it also lies in D?+! N co. by 
Corollary 4.19 it must lie in K? . By Corollary 4.6, g is eventually a polynomial 
of degree less than or equal to p. But then, using Corollary 4.6 again, g lies in 
KETE, The result about Xg is then trivial. o 


Example 5.12 Let us apply Proposition 5.11 to the function g(x) = Inx with p = 
1. We then obtain that 


g liesin D!'AKLAKE NK NAKÅN... 


while Lg liesin DOAK AKAK NAKEN- , 


where Xg(x) = lnT (x). Moreover, it is easy to see that g is 1-concave on R+, 
2-convex on R+, and so on, and similarly for Xg. © 


Example 5.13 Applying Proposition 5.11 to the function g(x) = -1 lnx with p = 
0, we obtain that 


g lies in DINKY AKLAKZAK? NA... 


while Lg liesin DINKA NKLNK2NKLN-:-, 


where Xg(x) = yı (x) — yı is a generalized Stieltjes constant (see Sect. 10.7). Now, 
for every q € N, we have g+) (x) = 0 if and only if x = e”4+!, Hence we can 


easily see that g is g-convex or g-concave on the unbounded interval (e”4+!, 00). © 


Remark 5.14 Although the asymptotic degree of a function (see Definition 5.1) 
defines an important and useful concept, it is not always easy to compute. For 
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instance, we can show after some calculus that, for any p €e N, the function 
hy: Ry — R defined by the equation (see Sect. 11.3) 


xP 


— forx>0 
In(x + 1) 


hp(x) = 


has the asymptotic degree deg hp = p — 1. Thus, it would be useful to have a simple 
formula to compute easily the asymptotic degree of any function. On this matter, let 
us consider the limiting value (when it exists) 


which is inspired from the concept of the elasticity of a function f (see, e.g., 
Nievergelt [81]). Computing this limit for the function h, above for instance, we 
easily obtain en, = p. Interestingly, we can observe empirically that many functions 
f lying in K? satisfy the double inequality 


leg. < 1+degf < [1+ ef]. 


It would then be useful to find necessary and sufficient conditions on the function f 
for this double inequality to hold. © 


5.2 Multiple log T -Type Functions 


Barnes [14-16] introduced a sequence of functions Ij, T2, ..., called multiple 
gamma functions, that generalize the Euler gamma function. The restrictions of 
these functions to R+ are characterized by the equations 


Pp+1(x) 
p(x) 


Dæ) = rœ), r) = 1, for x > Oand p € N*, 


Ppri@+1) = l 
together with the convexity condition 
(CDP DPH Inr) > 0, x> 0, 


For more recent references, see, e.g., Adamchik [1, 2] and Srivastava and Choi [93]. 
Thus defined, this sequence of functions satisfies the conditions 


InP pœ) = — UInl)(x) and deg(lnorp) = p. 
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Moreover, it can be naturally extended to the case when p = 0 by setting [o(x) = 
1/x. 
Now, these observations motivate the following definition. 


Definition 5.15 Let p € N. 


°- A p-type function (resp. a logI p-type function) is a function of the form 
expodg (resp. Lg), where g lies in D? N K? with p = 1 + degg. 

e A multiple T-type function (resp. multiple logIT -type function) is a T p-type 
function (resp. log "p-type function) for some p € N. 


When p > 1, expo%g reduces to the function I", when exp og is precisely the 
function 1/ T p—1, which simply shows that the function I’, restricted to R4 is itself 
a l p-type function. 

We also introduce the following notation. We let I’, (resp. Logl’,) denote the 
set of I p-type functions (resp. log T p-type functions). Thus, by definition the set 
ran(2) can be decomposed using the following disjoint union 


ran(X) = (J ranpa) = LJ Logr,. 
p20 p20 


Thus defined, the set of log T p-type functions can be characterized as follows. 


Proposition 5.16 For any function f: Ry — R and any p € N, the following 
assertions are equivalent. 


(i) f €Loglp. 
(ii) fU) =0, f e KP, Af € DP NKP, and deg Af = p—1. 
(iii) f = LAF, Af € DP N R, and deg Af = p — 1. 
(iv) f €ran(X) and deg Af = p- 1. 
(v) If p = 1, then f € ran(X) and deg f = p. If p = 0, then f € ran(X) and 
deg f € {—1, 0}. 


Proof The equivalence (i) = (ii) < (iii) is immediate by definition of X. The 
implications (iii) => (iv) => (ii) are straightforward. Finally, the equivalence (iv) 
<> (v) is trivial. oO 


From Proposition 5.16 we immediately derive the following characterization of 
the set ran() of all multiple log l -type functions. 


Corollary 5.17 A function f: R4 — R lies in ran(X) if and only if there exists 
p €N such that f(1) = 0, f € KP, and Af € DP A RP. 
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The uniform convergence of the sequence n b> fP [e] (cf. Theorem 3.6) shows that 
the function Xg is continuous whenever so is g. More generally, we also have the 
following result. 


Proposition 5.18 Let g lie in C? N DP N KP for some p e N. The following 
assertions hold. 


(a) Xg lies in C? A DPH! A R. 
(b) Xg is integrable at 0 if and only if so is g. 
(c) Letn € N* be so that g is p-convex or p-concave on [n, œ) and let0 <a < x. 
The following inequality holds 
x 
< fim 
a 


If p > 1, we also have the following tighter inequality 


x 
< f 
a 


Moreover, the following assertions hold. 


f ARORA 


(zlar |A? g(n)]|. 


l PEIO — SeH) at 


G) |A? gen ks A’! g(n)| dt. 


(cl) The sequence 


ne / (FP Igl(t) — Eg) dt 


converges to zero. 
(c2) The sequence 


aes | PECETO. 


converges to 


f (De(t) + g(t) dt = Í Zg + 1)dt. 


(c3) For any m € N*, the sequence 


ne / (EPIO — FELIDO) at 
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converges to 


f ERA) — finlg]@)) dt. 


Proof Assertion (a) follows from Proposition 5.6 and the uniform convergence of 
the sequence n +> fE [g]. Assertion (b) follows from assertion (a) and the identity 
Xg(x + 1) — Ug(x) = g(x). Now, for any n € N*, since PPT IEgIO) = 0 by 
(1.7), the function p? try] is clearly integrable on (0, x) and hence on (a, x). 
Using (5.4), it follows that the function fe [g] — Xg is also integrable on (a, x). The 
inequalities of assertion (c) then follows from Theorem 3.6(b); and hence assertion 
(cl) also holds. Assertion (c2) follows from assertion (c1) and the identity X g(x + 
1) — Xg(x) = g(x). Finally, using (3.8) we see that the function fete] — fi tg] is 
integrable on (a, x) and hence assertion (c3) follows from assertion (c1). oO 


Remark 5.19 Assertion (c) of Proposition 5.18 has been obtained by integrating the 
function p? x [Xg] on (a, x). The first inequality in assertion (c) then clearly shows 
that the sequences of functions defined in assertions (cl)—(c3) converge uniformly 
on any bounded subset of R+. Now, we also observe that the integral 


/ of gla) dt 


itself can be integrated on (a, x), and we can repeat this process as often as we wish. 
After n integrations, we obtain 


1 
(n — 1)! 


f “@— 1"! pot [nel at, 


and, proceeding as in Proposition 5.18, it is then clear that the following inequality 
holds 


(5) at [Are]. 


f (x — H7! EPIA — Egl) dt 


< / u- i 


In particular, this inequality shows that the left-hand integral converges uniformly 
on any bounded subset of R+ to zero. © 


Let us end this section with the following important remark. In Proposition 5.18 
we have assumed the continuity of function g to ensure that the integrals of 
both functions g and Xg be defined. Of course, we could somewhat generalize 
our result by relaxing this continuity assumption into weaker properties such as 
local integrability of both g and Xg. However, for the sake of simplicity, in this 
work we will always assume the continuity of any function whenever we need to 
integrate it on a compact interval (see also Remark 9.1). In this case, continuity 
can be regarded simply as a handy assumption to keep the results simple. We 
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then encourage the interested reader to generalize those results by searching for 
the weakest assumptions. This may sometimes lead to challenging but stimulating 
problems. 


5.4 The Quest for a Characterization of dom(Z) 


Recall that the map È is defined on the set 


dom(Z) = (J(D’ AK”). 
p20 


In this respect, it would be useful to have a very simple test to check whether a given 
function g: Ry — R lies in this set. By Propositions 4.2 and 4.7, the condition that 
g lies in DYN K? is clearly necessary. In the next proposition we show that, if g is 
not eventually identically zero, then it must also satisfy the following property 


1 
lim sup co < 1l. (5.5) 


nj CO g(n) 


We first recall the following discrete version of L’ Hospital’s rule, also called Stolz- 
Cesaro theorem. For a recent reference see, e.g., Ash et al. [12]. 


Lemma 5.20 (Stolz-Cesaro Theorem) Let n > an and n +> by, be two real 
sequences. If the second sequence is strictly monotone and unbounded, then 


. . p Ant] — 4 oa pa F a A an+1 — 4 
lim inf — Z < liminf F < limsup — < limsup Dee 


n>œ© Day, —by ~ nœ bn noo n n=>œ Dn+1 — bn 


In particular, if 


3 Gn+1 — n 
lim ——— = £ 
n—>00 bn+1 — bn 


for some £ € R, then 


Proposition 5.21 Jf g lies in dom(X) and is not eventually identically zero, then 
condition (5.5) holds. 


Proof Assume that g lies in DP N KP for some p € N. Of course we can assume 
that p = 1 + deg g. We can also assume that g is not eventually a polynomial; for 
otherwise the condition (5.5) clearly holds. If p = 0, then the function x > |g(x)| 
eventually decreases to zero and hence condition (5.5) holds. Now suppose that 
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p > 1. Then the function A” g lies in D? N K? and there are two exclusive cases to 
consider. 


(a) Suppose that the eventually monotone sequence n +> A?—!g(n) is unbounded. 
This sequence is actually eventually strictly monotone. Indeed, otherwise the 
function A?g € K? would vanish in any unbounded interval of R+, and hence 
would eventually be identically zero. Equivalently, g would eventually be a 
polynomial of degree less than or equal to p — 1, a contradiction. Using the 
Stolz-Cesaro theorem (see Lemma 5.20) and the fact that condition (5.5) holds 
for A? g, we then obtain 


p 
AP gin + 1) Z 


AP! 1 
lim sup n AC) < limsu <i. 


nj œ AP-!g(n) ~~ nN 00 AP g(n) 


Iterating this process, we see that condition (5.5) holds for g. 


(b) Suppose that the sequence n > AP | g(n) has a finite limit (which is 
necessarily nonzero by minimality of p). If p = 1, then condition (5.5) holds 
trivially. If p > 2, then the eventually monotone sequence n +> A?~7g(n) is 
unbounded and we can show as in the previous case that it is actually eventually 
strictly monotone. Using the Stolz-Cesaro theorem, we then obtain 

LEG) 2 AP-lg(n +1) 
lim sup —— =. limstp:—___, E i 
NN OOo AP g(n) nN oo AP g(n) 
Iterating this process, we see that condition (5.5) holds. 
This completes the proof. Oo 


Remark 5.22 We observe that the left side of (5.5) is not always a limit. For 
instance, the function g: R} — R defined by the equation 


1 1 
g(x) = = (1+ 5sinx) fox > 0 


lies in D? N K? (see Remark 4.13) but the function g(x + 1)/g(x) is a nonconstant 
periodic function. The first example in Remark 6.21 also illustrates this behavior. 

On the other hand, a function g € K? that satisfies condition (5.5) need not lie in 
Dx - For instance, for any q € N the function 


8q(x) = xftl + sinx 
lies in K1 \ K+! and hence also in K®, and satisfies 


1 
lim g&n +D -] 
NNO gq (n) 


However, it does not lie in DR. © 
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We observe that condition (5.5) is very easy to check for many functions g lying 
in K°. Thus, this condition provides a simple and useful test. In particular, when the 
inequality in (5.5) is strict, the sequence n +> g(n) is summable by the ratio test, 
and hence g lies in D? N K°. On the other hand, when the inequality is an equality, 
it is not known whether this condition, together with the property that g lies in K°, 
are also sufficient for g to lie in dom(%). 

Now, it is easy to see that a function g: Ry — R lies in DẸ if and only if 
there exists p € N for which the sequence n œ> AP g(n) converges. In particular, 
if we assume that g lies in X°, then g does not lie in DẸ (and hence it does not 
lie in dom()) if and only if for every p € N the sequence n œ> A? g(n) tends to 
infinity. On the other hand, we can observe empirically that condition (5.5) fails to 
hold for many functions g lying in K% \ Dx. Examples of such functions include 
g(x) = 2* and g(x) = T (x). It seems then reasonable to think that this observation 
follows from a general rule. We then formulate the following conjecture. 


Conjecture 5.23 Ifa function g: Ry —> R lies K% and is not eventually identically 
zero, then it also lies in DR if and only if condition (5.5) holds. 
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Chapter 6 A) 
Asymptotic Analysis gsti 


The asymptotic behavior of the gamma function for large values of its argument 
can be summarized as follows: for any a > 0, we have the following asymptotic 
equivalences (see Titchmarsh [96, Section 1.87]) 


r(x +a) ~ x*T(x) asx> ow, (6.1) 
T(x) ~ v27 e™*xTI asx > oo, (6.2) 
r(x +1) ~ V2rxe*x* asx > oo, (6.3) 


where both formulas (6.2) and (6.3) are known by the name Stirling’s formula. 

In this chapter, we investigate the asymptotic behaviors of the multiple log r -type 
functions and provide analogues of the formulas above. 

More specifically, for these functions we establish analogues of Wendel’s 
inequality, Stirling’s formula, and Burnside’s formula for the gamma function. We 
also introduce the concept of the asymptotic constant, an analogue of Stirling’s 
constant, and an analogue of Binet’s function related to the log-gamma function, 
and we show how all these generalized concepts can be used in the asymptotic 
analysis of multiple log T-type functions. We also establish a general asymptotic 
equivalence for these functions. 

We revisit Gregory’s summation formula, with an integral form of the remainder, 
and show how it can be derived very easily in this context. Using this formula, 
we then introduce a generalization of Euler’s constant and provide a geometric 
interpretation. 
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6.1 Generalized Wendel’s Inequality 


Recall that if a function g lies in DP N KP for some p e N, then the function Xg 


lies in RBT! by Proposition 5.6. At first glance, this observation may seem rather 
unimportant. However, its explicit statement tells us that for any a > 0 we have 


pet [xg](a) > 0 asx > oO, 


or equivalently, 


p 
Eg +a) — Ega) -Y (G) Age) > 0 asx > oo. (6.4) 
j=l 


This is actually a nice convergence result that reveals the asymptotic behavior of the 
difference Xg(x + a) — Xg(x) for large values of x. The special case when p = 1 
was established by Webster [98, Theorem 6.1]. 

When g(x) = Inx and p = 1, this result reduces to 


Inl(« +a) —Inl'(x) —alnx — 0 asx > oo, 


which is precisely the additive version of the asymptotic equivalence given in (6.1). 
We thus observe that (6.4) immediately provides an analogue of the asymptotic 
equivalence (6.1) for all the multiple log ’-type functions. 
Now, we observe that formula (6.1) was also established by Wendel [99], who 
first provided a short and elegant proof of the following double inequality 
(leo) a 2a x>0, 0<a<1l, (6.5) 
T(x) x4 


or equivalently, in the additive notation, 
(a— Din(1 + 2) < oinoT]a) < 0, x>0, O<a<1, (66) 
where 
p2[In or] (a) = lnF(x+a)-—lnr(x)—alnx. (6.7) 
We can readily see that this double inequality is actually a simple application 
of Lemma 2.7 to the log-gamma function with p = 1. Its generalization to all 


the multiple log T-type functions is then straightforward and we present it in the 
following theorem. We call it the generalized Wendel inequality. 


6.1 Generalized Wendel’s Inequality 6l 


Theorem 6.1 (Generalized Wendel’s Inequality) Let g lie in DP N KP for some 
p € Nand let + stand for 1 or —1 according to whether g lies in K} or K? . Let 
also x > 0 be so that g is p-convex or p-concave on [x, œ) and let a > 0. Then we 
have 


0 < (-1)8p41(4) PIEI) < +1) 


wl (A? Xg(x +a) — A? Xg(x)) 


< +(-) [a] 


(79| Argo), 


with equalities ifa € {0,1,..., p}. In particular, PP [De] (a) > 0asx > x. 
If p > 1, we also have 


0 < +(-Dep(@) prigl@) < +(-) 


a) (argc +a) — API g) 


IA 
Q 


HD fa [EZD A80), 


with equalities ifa € {0,1,..., p — 1}. In particular, pl g|(a) > 0asx > œ. 


Proof Negating g if necessary, we can assume that it is p-convex on [x, 00). 
By the existence Theorem 3.6, the function Xg is then p-concave on [x, oo). By 
Lemma 2.5 and Proposition 4.11, the function A’ g is negative and increases to zero 
on [x, oo). Thus, for any a > 0 we have 


fa]—1 
CD $O Agaj) < (CD [a] A? g(x). 


j=0 


We then derive the first inequalities by applying Lemma 2.7 to f = Xg. Suppose 
now that p > 1. By Corollary 4.19, we have that g is (p — 1)-concave on [x, oo). 
We then derive the remaining inequalities by applying Lemma 2.7 to f = g. o 


A symmetrized version of the generalized Wendel inequality can be easily 
obtained simply by taking the absolute value of each of its sides. This provides a 
coarsened, but simplified form of the generalized Wendel inequality. For instance, 
when g(x) = ln x and p = 1 we then obtain the following inequality 


|InP(@ +a) —InP(x) —alnx| < la—1|In(1 +5), x>0,a>0, 
Xx 
(6.8) 


that is, in the multiplicative notation, 


a\—la-ll_ — T(x+a) ay la-1l 
(+2) < o (1+5) >. x>0,a20. (69 
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We then have the following immediate corollary, which provides a symmetrized 
version of the generalized Wendel inequality. 


Corollary 6.2 Let g lie in DP NK? for some p €N. Let also x > 0 be so that g is 
p-convex or p-concave on [x, œ) and let a > 0. Then we have 


lof [EglC@) (7914801. 


zZ 


(h)larseee+a)—aPzat| < fa 


with equalities ifa € {0,1,..., p}. In particular, pet 'Txg](a) > 0asx > œ. 
If p > 1, we also have 


(jai) |A +a- area] < fal 


ino] < EDSA], 


with equalities ifa € {0, 1,..., p — 1}. In particular, p? lg(a) > 0asx > œ. 


Example 6.3 Applying Theorem 6.1 and Corollary 6.2 to the function g(x) = In x, 
for which we have p = 1 + degg = 1 and Xg(x) = InIT (x), we immediately 
retrieve the inequalities (6.5)-(6.9) and hence also the asymptotic equivalence (6.1). 
Further inequalities can actually be obtained by considering higher values of p. For 
instance, since g also lies in D? N KŻ, we can set p = 2 in Corollary 6.2 and we 


then obtain the inequalities 
a a1 
AO aA aael rera 
hee (1 £ 1+ —— ga 
( +) +) ( +) T(x) x4 


() a-i J 
<(142)° (+2144) e | 


Thus, we can see that the central function in these inequalities can always be 
“sandwiched” by finite products of powers of rational functions. For further 
inequalities involving this central function, see, e.g., Srivastava and Choi [93, pp. 
106-107]. Q 


Discrete Version of the Generalized Wendel Inequality The restrictions to the 
natural integers of the generalized Wendel inequality and its symmetrized form are 
obtained by setting x = n € N* in the inequalities of Theorem 6.1 and Corollary 6.2. 
In view of identity (5.4), the symmetrized forms then reduce to those of the existence 
Theorem 3.6. 


For instance, when g(x) = Inx and p = 1, the symmetrized version of 
generalized Wendel’s inequality is given in (6.8) while its discrete version can take 
the form 


Inr) fio < |x 1 m(1+ž), x>0,neN*, 
n 
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where 


n—-1 n—1 


fea = $ ink- Y Ine +k) +xlnn. 


k=1 k=0 


This latter inequality clearly generalizes Gauss’ limit (1.6), which simply expresses 
that 


nr) = lim fy Un](x), x>0. 


6.2 The Asymptotic Constant 


We now introduce a new important concept that will play a key role in our theory, 
namely the asymptotic constant. This concept will actually be used intensively 
throughout the rest of this book. 


Definition 6.4 (Asymptotic Constant) The asymptotic constant associated with a 
function g € en dom() is the number 


1 1 
ole] = Í Eg(t+1)dt = [ EO toar. (6.10) 


Using Definition 6.4, we can readily see that the following identity holds for any 
function g lying in C° N dom(£) 


x+1 x 
i Le(t)dt = otsl+ f edt, x>0. (6.11) 
x 1 


Indeed, both sides are functions of x that have the same derivative and the same 
value at x = 1. 


Example 6.5 (Raabe’s Formula) Taking g(x) = In x in (6.10), we obtain 


1 
olg] = I mP@+ dt = -1+5 l In(2z). 
0 


Combining this result with (6.11), we obtain the following more general identity 


x+1 1 
/ Inl(t)dt = z ee) a, ene t, x >0. 
x 
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This identity is known by the name Raabe’s formula (see, e.g., Cohen and Friedman 
[30]). We will discuss this formula and investigate its analogues in Sect. 8.5. Q 


Identity (6.11) will also play a very important role in this work. In this respect, it 
is clear that the integral 


x+1 
1 Eg(t)dt,  x>0, (6.12) 
x 


cancels out the cyclic variations of any |-periodic additive component of Xg in the 
sense that the function 


x+1 
xR f w(t) dt 
x 


is constant for any 1-periodic function w: R+ — R. Thus, the integral (6.12) can be 
interpreted as the trend of the function Xg, just as a moving average enables one to 
decompose a time series into its trend and its seasonal variation. In this light, identity 
(6.11) simply tells us that the trend of the function Xg is precisely the antiderivative 
of g (up to an additive constant). 

Let us end this section with the following two technical results related to the 
asymptotic constant. 


Proposition 6.6 Let gı and go lie in DP N K? for some p € N and let cy, cz € R. 
If cig1 + c2g2 lies in DP N KP, then 
o[cig1 + c2g2] = cio[gi] + c2o[g2]. 


Moreover, we have o[1] = > where 1: R4 — R is the constant function 1(x) = 1. 


Proof The first part of the statement is an immediate consequence of Proposi- 
tion 5.7. Now, we clearly have X1 = x — 1 and hence o[1] = 5: oO 


Proposition 6.7 Let g lie inC°Ndom(2), let a > 0, and leth: R} — R be defined 
by the equation h(x) = g(x + a) for x > 0. Then 


at+l 
o[h] = otel+ f g(t) dt — Xg(a + 1). 


Proof Using Proposition 5.8 we obtain 
1 a+2 
o[h] = f Ug(tt+a+1)dt—Xg(at+l1) = / ug(t)dt — Xg(a+ 1). 
0 at+l 


We then get the result using (6.11). o 
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6.3 Generalized Binet’s Function 


The Binet function related to the log-gamma function is the function J: Ry —> R 
defined by the equation (see, e.g., Cuyt et al. (31, p. 224]) 


J(x) = InT(x) - 5 mOr) +x- (: — 5) Inx for x > 0. (6.13) 


Using identity (6.7) and Raabe’s formula (see Example 6.5), we can easily provide 
the following integral form of Binet’s function 


1 
J(x) = -f pln or](t) dt, x>0. 
0 


This latter identity motivates the following definition, in which we introduce a 
generalization of Binet’s function. Recall first that, for any q € N and any x > 0, 
the function t > pe [g](t) is continuous whenever so is g. In this case, since it also 
vanishes at t = 0, it must be integrable on (0, 1). 


Definition 6.8 (Generalized Binet’s Function) For any g € C° and any q € N, 
we define the function J4[g]: R+ — R by the equation 


1 
Mela) = - jl dova mesi (6.14) 
0 


We say that the function J4 [g] is the generalized Binet function associated with the 
function g and the parameter q. 


Taking g = lnoľ and q = 1 + degg = 2 in identity (6.14), we thus simply 
retrieve the Binet function J (x) = J’ [ln oT] (x) related to the log-gamma function, 
as defined in (6.13). 

In the following two propositions, we collect a few immediate properties of the 
generalized Binet function. To this end, recall first that, for any n € N, the nth 
Gregory coefficient (also called the nth Bernoulli number of the second kind) is the 
number G, defined by the equation (see, e.g., [20—22, 72]) 


1 
Gn = f (') dt forn > 0. 
0 


. 1 1 1 19 
The first few values of G, are: 1, DP AW ge These numbers are 


decreasing in absolute value and satisfy the equations 


CO 
X lGa = 1 and G, = (-1)""'|G,|_ forn > 1. (6.15) 


n=1 
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Proposition 6.9 Let g € C° andq € N. Then, for any x > 0, we have 


q-l x+1 
J1ig](x) = 29) A/ g(x) — Í g(t)dt. (6.16) 
In particular, 
AJ‘[g] = J7[Ag] and JI Lg] — Ji[g] = G, Afg. (6.17) 


Proof Identity (6.16) follows immediately from (1.7). The other two identities are 
trivial. oO 


Proposition 6.10 Let g lie in C? Ndom(2) and let q € N. Then, for any x > 0 and 
anyn € N*, we have 


J#*1[ZeI@) = Zeca) —otel — f eS jA!! g(x), (6.18) 


j=! 


JONES g]M) = [ (fr [gl(t) — Eg) dt (6.19) 
In particular, 
AJ@* [Sg] = Jt Lg], Jt e+ Eg] = JU [xg], ceR, 
and 
olg] = —J'[Zg](1). 


Proof Identity (6.18) follows from (6.11) and (6.16). Identity (6.19) follows from 
(5.4) and (6.14). The remaining identities are trivial. oO 


As we will see in the rest of this book, many subsequent definitions and results 
can be expressed in terms of the generalized Binet function. 
6.4 Generalized Stirling’s Formula 


Interestingly, the Binet function J(x) = J 2E In](x) defined in (6.13) clearly 
satisfies the following identity (compare with Artin [11, p. 24]) 


T(x) = V2n x78 e~t) 


6.4 Generalized Stirling’s Formula 67 


and hence Stirling’s formula (6.2) simply states that J (x) —> 0 as x — oo. This 
observation seems to reveal a way to find a counterpart of Stirling’s formula for 
any continuous multiple log T-type function. In fact, we only need to show that the 
function J?*![Xg] vanishes at infinity whenever g lies in CCODP NK? for some p € 
N. In the next theorem and its corollary, we establish this fact by simply integrating 
each side of the generalized Wendel inequality and its symmetrized version on a € 
(0, 1). 
Let us first define the sequence n +> Gp by the equations 


Gn = D6, | = 5 IGj|  forneN. 


j=n+1 


In view of (6. h we see that the sequence n b> G, decreases to zero. Its first 


values are: 1,3 z> > D =n .... Moreover, from the straightforward identity (see, 


e.g., Graham et al. [41, p. 165]) 


(-1)"( eg DITI) 


we easily derive 


[Da r f a |f ar 


We now have the following two results, which immediately follow from Theo- 
rem 6.1, Corollary 6.2, and identities (6.20). 


Theorem 6.11 Let g lie in C°? N DP NK? for some p € N and let + stand for | 
or —1 according to whether g lies in K} or K? . Let also x > 0 be so that g is 
p-convex or p-concave on |x, œ). Then we have 


= G,. (6.20) 


1 
0 < +(-1) sago sn f (7) (P Ege +0) 
0 


—A?Xg(x)) dt 


<+ (-1)G, AP g(x). 


In particular, J?*'[Xg|(x) > Oas x > œ. If p > 1, we also have 


O< £(-1P?" JPIgia) < £(- wef G (Atg @ +) — AP) dt 


< (-1) Gp-1 AP g). 


In particular, JP [g](x) > 0 as x > œ. 
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Corollary 6.12 Let g lie in C? N DP N K? for some p € N. Let also x > 0 be so 
that g is p-convex or p-concave on [x, œ). Then we have 


< Gp |A? g(x). 


1 
ly? Zghe)| < if () (A? Xg(x +t) — A? Eg(x)) dt 


In particular, J?*+'[Xg\(x) > Oas x > œ. If p > 1, we also have 


< Gp-1 [AP g(x)]. 


1 
PIW | < f (1) (AP g+- AP-!g(x)) dt 


In particular, JP [g](x) > 0 as x > oo. 


Both Theorem 6.11 and Corollary 6.12 state that J/?+![Xg] vanishes at infinity 
whenever g lies in C? N DP N KP for some p e€ N. This result is precisely the 
analogue of Stirling’s formula for all the continuous multiple log T-type functions. 
As it is one of the central results of our theory, we state it explicitly in the following 
theorem. We call it the generalized Stirling formula. We also include the property 
that J?[g] vanishes at infinity. 


Theorem 6.13 (Generalized Stirling’s Formula) Let g lie in C? ND? NK? for 
some p € N. Then both functions J?*'[Xg] and J?[g] vanish at infinity. More 
precisely, we have 


x P 
zew- f gdt +Y Gja ga) —> ojeg] as x —> œO (6.21) 
j=l 


and 


x+1 pol f 
/ g(t) dt — > GjAlg(4) > 0 asx>o. (6.22) 


Proof By Theorem 6.11, the functions J?+![Xg] and J?[g] vanish at infinity when 
p = Oand p > 1, respectively. The function J?[g] also vanishes at infinity when 
p = 0; indeed, in this case | g(x)| eventually decreases to zero and we have 


< |g(x)| — 0 as x —> ©. 


1 
IPI = f gx +t)dt 


Formulas (6.21) and (6.22) then immediately follow from (6.16) and (6.18). oO 


The generalized Stirling formula (6.21) is actually the highlight of this chapter. 
It enables one to investigate the asymptotic behavior of the function Xg for large 
values of its argument. It also justifies the name “asymptotic constant” given to the 
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quantity o[g] introduced in Definition 6.4. Moreover, combining (6.4) with (6.21), 
we immediately derive the asymptotic behavior of Xg(x + a) for any a > 0. We 
also observe that alternative formulations of (6.21) in the case when p = 1 were 
established by Krull [54, p. 368] and later by Webster [98, Theorem 6.3]. 

In the special case when g lies in D7! N K°, the generalized Stirling formula and 
the asymptotic constant take very special forms. We present them in the following 
proposition. 


Proposition 6.14 If g lies in D7! N K?, then we have 


Iga) > Sigh) asx > oo. (6.23) 
k=1 


If, in addition, we have g € C°, then g is integrable at infinity and 
0° o0 
olg] = } 8%- f g(t) dt. 
k=1 1 


Proof By definition of the map &, we have 
[0] [0,9] 
Dex) = J eW- sak), x>0. 
k=1 k=0 
where the second series tends to zero as x — oo by Theorem 3.13. The claimed 
expression for o[g] then immediately follows from formula (6.21). oO 
Example 6.15 Let us apply our results to the concave function g(x) = lnx with 
p = 1. Using (6.16) and (6.18), we first obtain 
2 1 1 
J -[lnor](x) = J(x) = InT (x) - z Gn) +x—-(x- 5 Inx, 
1 1 
J [Inj(x) = 1-— («+ 1) Inf{1l+-—). 
x 


Now, Theorem 6.11 provides the following inequalities for any x > 0 


1 2 1 x 3 1 1 
0 < J(x) < =<(4+1)° Inf l+—-—)—-—=--— < =In(14+-)], (6.24) 
2 x 2 x 


1 1 
0< -1+@+p1n(1+2) < (1+). 
x x 
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That is, in the multiplicative notation, 


1 


T(x) a 1\ 26+)? 1\7 
jen U aN (1++) < (1+-) 6.28) 
To% x 


1\* 1 x+1 
E sre (os) 
x x 
Thus, we retrieve Stirling’s formula (6.2) and (6.3), together with the well-known 
asymptotic equivalence (compare with Artin [11, p. 20]) 


1 a 
(1+-) ~e as x —> oo. 
x 


It is actually quite remarkable that the first two inequalities in (6.24) and (6.25) 
are precisely what we get when we “integrate” the additive version of the Wendel 
inequality (6.5) on the unit interval (0, 1). 

Now, the coarsened inequality 


y'zg1@)] < Gp Ago) 


given in Corollary 6.12 takes the following simple form (in the multiplicative 


notation) 
1 1 
1\ zZ r(x) 1\?2 
1+- < —@— < [{!+-] . 
x J 27 e-* x*~2 


Note that tighter inequalities can also be obtained by considering higher values of p 
in Corollary 6.12. For instance, taking p = 2 we obtain 


1\74 2\ È T(x) 1\2 2\ -È 
1+- I+} <=- ~~ < |!+- 1+5 . 
x x A27 e—* x*72 x x 
Taking p = 3 we obtain 


13 


23 3 
1\ 2 2\ È 3\ 78 r 
re Ge a 
x X X [Ir e7*¥ x*7-2 


A 


6.4 Generalized Stirling’s Formula 71 


Thus, we see that the central function in these inequalities can always be bracketed 
by finite products of radical functions. © 


In the last part of Example 6.15, we have illustrated the possibility of obtaining 
closer bounds for the generalized Binet function J PHIS In](x) by considering in 
Corollary 6.12 any value of p that is higher than 1+ deg g. Actually, it is not difficult 
to see that this feature applies to every continuous multiple log T-type function. We 
discuss this topic in Appendix D and show that the inequalities actually get tighter 
and tighter as p increases. 


Remark 6.16 We observe that Theorem 6.11 together with the generalized Stirling 
formula (Theorem 6.13) have been immediately obtained by “integrating” the 
generalized Wendel inequality (Theorem 6.1) on the unit interval. In turn, the 
generalized Wendel inequality is a straight application of Lemma 2.7 to the function 
f = Xg. These remarkable facts show the considerable importance of Lemma 2.7 
in this theory: it was first crucial to derive our uniqueness and existence results, 
and now it provides very nice counterparts of Wendel’s inequality and Stirling’s 
formula, with short and elegant proofs. We will use Lemma 2.7 again in Sect. 6.7 
for an in-depth investigation of Gregory’s summation formula. O 


Improvements of Stirling’s Formula The following estimate of the gamma 
function is due to Gosper [40] 


1 


1\2 
T(x) ~ V2re~* xt (1 + x) asx > oO, 
x 


and is more accurate than Stirling’s formula. On the basis of this alternative 
approximation, Mortici [76] provided the following narrow inequalities 


1 1 

T z 

(+5) < a < (+£) ; for x > 2, 
2x Jn e-* x*-2 2x 


where a = t and B = (391/30)!/3 — 2 ~ 0.353. We actually observe that the quest 
for finer and finer bounds and approximations for the gamma function has gained an 
increasing interest during this last decade (see [26, 28, 29, 36, 65, 75-78, 100, 101] 
and the references therein). Some of these investigations could be generalized to 
various multiple l -type functions. New results along this line would be welcome. 


Webster’s Double Inequality We have seen that Theorems 6.1 and 6.11 provide 
very useful bounds for both quantities ee [Xg](a) and JP+! [Xg](x). Itis actually 
possible to provide tighter bounds for these quantities using again the p-convexity 
or p-concavity properties of the function g. For instance, one can show that if g lies 
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in D! NK! and if x > O anda > 0 are so that g is concave on [x + a, oo), then the 
following double inequality hold 


La] 

Sex +) + a) Dga +a) aga) < p2lEgl(a) 

k=0 
La] 

<J gx +k) -ga +a) + {a} g(x + la} +1) —a gt). (6.26) 
k=0 


This inequality was actually provided by Webster [98, Eq. (6.4)] to establish the 
limit (6.4) in the case when p = 1. 

Now, assuming that g is continuous, we can integrate every expression in the 
inequalities above on a € (0,1), and we then obtain the following bounds for 
P[Zgl(x) 


0<—-J*[gl(x) < JIE) 


1 
< —J*[g](x) -f tg(x+t)dt+ Lea +1). (6.27) 
0 


For instance, for g(x) = lIn x, we obtain (in the multiplication notation) 


i 1\742 P(x) ga 1\ 704D? 
1< e!(1i+-) < —— = < eii [1+ i 
A 2r e™* x*-2 A 

(6.28) 


which provides a better lower bound in the inequalities (6.25). 

In Appendix E, we discuss this interesting issue and provide a generalization 
to multiple log T-type functions of the Webster double inequality (6.26) and its 
“integrated” version (6.27). 


Generalized Stirling’s Constant The number v27 arising in Stirling’s formula 
(6.2) and Example 6.15 is called Stirling’s constant (see, e.g., Finch [37]). For 
certain multiple T-type functions, analogues of Stirling’s constant can be easily 
defined as follows. 


Definition 6.17 (Generalized Stirling’s Constant) For any function g € C° N 
dom() that is integrable at 0, we define the number 


1 1 
olge] = atsl- | g(t)dt = [ ug(t) dt. 


We say that the number exp(o[g]) is the generalized Stirling constant associated 
with g. 
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When g is integrable at 0, the generalized Stirling constant exists and hence the 
generalized Stirling formula (6.21) can take the following form 


x P 
zeo) - f gdt +9 Gja ga) +> Gig]  asx—>oœ. 
j=l 


It is important to note that, contrary to the generalized Stirling constant, the 
asymptotic constant o[g] exists for any function g lying in C° N dom(%), even 
if it is not integrable at 0. For instance, for the function g(x) = 1, we have that o [e] 
is the Euler constant y (see Example 8.19) while o[g] does not exist. 

This shows that the asymptotic constant is the “good” constant to consider in 
this new theory. It actually enables us to derive for multiple log T-type functions 
analogues of several properties of the gamma function. For instance, we have seen 
that it was very useful to derive the generalized Stirling formula. To give a second 
example, we will see in Sect. 8.6 that it also enables us to derive analogues of Gauss’ 
multiplication formula for the gamma function. 


6.5 Analogue of Burnside’s Formula 


Let us recall Burnside’s formula, which states that 


1 
—1\*"2 
T(x) ~ V2zx (: z) as x —> OO. (6.29) 
e 


This formula actually provides a much better approximation of the gamma function 
than Stirling’s formula. It was first established by Burnside [27] (see also Mortici 
[75]) and then rediscovered by Spouge [91]. In this section, we provide an analogue 
of Burnside’s formula for any continuous I p-type function when p = 0 and p = 1, 
and we note that such an analogue no longer exists when p > 2. 

Let us first state the following corollary, which particularizes the generalized 
Stirling formula when the function g lies in C? N D? N K°. This corollary actually 
follows immediately from (6.11) and (6.21). 


Corollary 6.18 Let g lie in C? N D? A K?. Then 
x+1 
Ug(x) -f ug(t)dt > 0 asx > œ. 
x 


Equivalently, 


Zeta) f Oar — oje] asx > œ. 
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Corollary 6.18 tells us that, when g lies in C° N D? N K}, the function Hg(x) 
coincides asymptotically with its trend (i.e., the integral (6.12)) and, in a sense, 
behaves asymptotically like the antiderivative of function g. 

It is natural to think that a more accurate trend of Xg can be obtained by 
considering the centered version of the integral (6.12), namely 


1 ad 


Xx+ x-5 
f , Ug(t)dt = olg]+ j) g(t) dt, x> 4. 
sae 

On this matter, in the following proposition we provide a double inequality that 
shows that Xg(x) coincides asymptotically with this latter trend whenever g lies in 
C°N D? nN K? orin C? N D! A KL. However, it is not difficult to see that in general 
this result no longer holds when g lies in C? ND? N K?. The logarithm of the Barnes 
G-function (see Sect. 10.5) could serve as an example here. 


Proposition 6.19 Let p € {0,1}, g € C° N DP N KP, and x > 0 be so that g is 
p-convex or p-concave on |x, œ). Then 


1 x+1 
zs (: + 5) -f Lg(t) dt 


In particular, 


< |tz] < Glag). 


x+4 
zw- f ; Xg(t)dt > 0 asx > oo, 
x F 


z 
or equivalently, 


1 


Beo- f° einat > olg] asx — oo. 


Proof Using Corollary 6.12, we see that it is enough to prove the first inequality. 


Let 
1 x+1 
h(x) = Xg (: + 5) = f Delt)dt. 


Consider first the case when p = 0 and suppose for instance that g lies in K? ; hence 
Xg is decreasing on [x, 00). If h(x) > 0, then we clearly have 


x+1 
|A(x)| = h(x) < zew- f Eglt)dt = J'[Dg](x). 
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If h(x) < 0, then we have 


x+1 1 x+4 1 1 
Ihæ)| -= f edt — ze(x+3) a] Sedi- 5E8(x+5) 


and it is geometrically clear that the latter quantity is less than J![Eg](x). 

Suppose now that p = 1 and for instance that g lies in XL; hence Dg is concave 
on [x, oo). Applying the Hermite-Hadamard inequality to Xg on the interval [x, x+ 
1], we obtain that h(x) > 0. Applying the trapezoidal rule to Xg on the intervals 
[x,x + 1] and [x + 3, x + 1], we obtain the following inequality 


x+1 1 1 
h(x) < i Eg) dt — 5 De(x + 1) — 5 Bela), 


where the right-hand quantity is exactly —J?[Xg](x). This completes the proof. o 


Applying Proposition 6.19 to the function g(x) = Inx with p = 1, we retrieve 
Burnside’s formula (6.29). Thus, Proposition 6.19 gives an analogue of Burnside’s 
formula for any continuous I" p-type function when p € {0, 1}. It also shows that this 
new formula provides a better approximation than the generalized Stirling formula 
whenever g lies in C? N DP NK? with p e {0, 1}. 


6.6 A General Asymptotic Equivalence 


The following result provides a sufficient condition for a continuous multiple log T- 
type function to be asymptotically equivalent to its (possibly shifted) trend. 


Proposition 6.20 Let g lie in C? A dom(£) and leta > Oandc € R. When c + ug 
vanishes at infinity, we also assume that 


c+ Ugin+1) ~ c+ Ug(n) asn >y œ. (6.30) 


Then we have 
x+1 
c+ Ug(x+a) ~ c+ | Ug(t) dt asx —> OO. (6.31) 
x 


If g does not lie in oe then we also have 


X 


zsa+a) ~ ct f g(t)dt asx > œ. 
1 
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Proof Let us first prove that (6.30) holds for any g lying in C° N dom(£), even 
if c + Xg does not vanish at infinity. Of course, this result clearly holds if g is 
eventually a polynomial (since so is Xg in this case). Thus, we will now assume 
that g is not eventually a polynomial. 

Suppose first that p = 1 + degg = 0. If g lies in De then (6.30) follows 
immediately from (6.23). If g lies in D?, \ Dx | then it is not integrable at infinity 
by the integral test for convergence. By the generalized Stirling formula (6.21), it 
follows that the eventually monotone sequence n +» Yg(n) is unbounded. This 
sequence is actually eventually strictly monotone; indeed, otherwise the function 
Ag = g € K? would vanish in any unbounded interval of R+, and hence would 
eventually be identically zero, a contradiction. We then obtain 


c+Egin +1) g(n) 
= ne > 1 asn >jN OO, 
c+ Xg(n) c+ Xg(n) 


and hence (6.30) holds whenever p = 0. 
Suppose now that p = 1 + degg > 1. In this case, we have that A’ g lies in 
D? A K°. By the uniqueness Theorem 3.1, we also have 


AP Eg = cpt DAs 


for some cp € R, and it is clear (by minimality of p) that this latter function cannot 
vanish at infinity. Moreover, we can show as above that the sequencen œ> YA? g(n) 
is eventually strictly monotone. In view of the first case, we then have 


APZg(n +1) — cpt LAP gin + 1) 


———___— = —__*_— | asn —>y OO. 
APXg(n) Cp + LAP gin) 


Let us now show that the sequence 


c+ AP-!YXg(n +1) 
c+ AP!Ye(n) 


exists for large values of n and converges to 1. By minimality of p, the function 
AP! 5g lies in DA \ DÀ and hence the sequence n > A?~!Xg(n) is unbounded. 
Moreover, we can show as above that this sequence is eventually strictly monotone. 
Hence, the sequence above eventually exists and, using the Stolz-Cesaro theorem 
(see Lemma 5.20), we have that 


— et AP!Ye(nt+ 1) _ APY g(n+1) 
lim —_———_ = mM —_——_— eE 
n>oo c+ AP! Eg(n) n>% APXg(n) 


Iterating this process, we finally see that condition (6.30) holds for any p € N. 
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We can now easily see that 
c+ Uga+a) ~ c+ Xg(x) as x —> OOo. (6.32) 
Indeed, this result clearly holds if both x and a are integers. For instance we have 
c+ iUgn+2) ~ c+ Ugin4+1) ~ c+ gn) asn —>y OO. 


Otherwise, assuming for instance that Xg is eventually increasing and nonnegative, 
for sufficiently large x we have 


c+ Egileta) | ctEg@+a) — ct ¥a((x +a) 
CHAM T ctis) ~ c+ ¥a(le) 


and (6.32) then follows by the squeeze theorem. 
Finally, assuming again that Xg is eventually increasing and nonnegative, for 
sufficiently large x we have 


c+ Bex) — e+ St Dec) dt = c+ Eger +l) 
c+ gax) ~ c+ Xg(x) ~ c+ glx) 


and, using again the squeeze theorem, we immediately obtain the first claimed 
asymptotic equivalence. 

Now, if g does not lie in De then X g(x) tends to infinity as x — oo. Using 
(6.11), we then have 


w t = x41 5 t 
e+ fi goat sdt = £L Tl ols] ph Raat sid —> 1 asx > oO, 
Iga ta)  Ega+a) Ega +a) 


which completes the proof. o 


Remark 6.21 Let us show that the assumption on the function c + Xg cannot be 
ignored in Proposition 6.20. Consider the functions f: R} — R and g: Ry > R 
defined by the equations 


1 


Xx 


f(x) = = (1+; sinx) and g(x) = Af(x)  forx>0. 


It is clear that f lies in pY and that g lies in Dy ' Moreover, it is not difficult to see 
that the inequalities 


-FPA >x and 2 *49'(x) > x 
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eventually hold, which shows that both f and g lie in K°. By the uniqueness theorem 
it follows that f = Xg. However, we can readily see that the sequence 


Eg(n+ 1) 
Xg(n) 


does not converge, which shows that (6.30) does not hold when c = 0. It is then 
possible to show that the equivalence (6.31) does not hold either. 

Now, to see that the last asymptotic equivalence in Proposition 6.20 need not 
hold if g lies in Dy 7 take for instance 


2 x—1 
x) = —— and “e(x) = —. 
i= Ge aD SN 
We then have 
c+ [* g(t) dt 
ct fi sat aia: 
x>00 ~Yg(x +a) 4 
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Let g € C°,q € N, and let 1 < m < n be integers. Integrating both sides of identity 
(3.8) on x € (0, 1), we immediately obtain the following identity 


n—-1 


f gt) dt = T05 o, (Ailg) — Al! g(m)) + Rinnlgl, (6.33) 


k=m 


where 


pn-l 


1 
Rb al i= f Soft tel) at = f HIRIO — FARNO) dt. (6.34) 


k=m 


Identity (6.33) is nothing other than Gregory’s summation formula (see, e.g., 
[17, 50, 73]) with an integral form of the remainder. Note that, just like identity 
(2.10), Eq. (6.33) is a pure identity in the sense that it holds without any restriction 
on the form of g(x), except that here we asked g to be continuous. 

Combining (6.14) with (6.34) we immediately see that this identity can be simply 
written in terms of the generalized Binet function as 


2 JIH el(k) + Rinnlg] = 0. (6.35) 


k=m 
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Equivalently, if g lies in Cn dom(Xg), using (6.19) and (6.34) we see that this 
identity can also take the form 


JID el(n) — JI [Xgl(m) + Rf nlg] = 0. (6.36) 


The next lemma, which is yet another straightforward consequence of 
Lemma 2.7, provides an upper bound for |R% nig]| when g is q-convex or q- 
concave on [m,oo). Under this latter assumption, we can then use Gregory’s 
formula (6.33) as a quadrature method for the numerical computation of the integral 
of g over the interval [m, n). 


Lemma 6.22 Let g lie in C? N K4 for some q € N and letm € N* be so that g is 
q-convex or q-concave on [m, œ). Then, for any integer n > m, we have 


[Rinnlgll < Gg |A%g(n) — A%g(m)|. (6.37) 


Proof This result is an immediate consequence of Lemma 2.7. Indeed, we can write 


n—-1 1 n—-1 
1 — 
Riala = [E h aoar = Gy [Y ated), 
k=m 0 k=m 
where the latter sum clearly telescopes to A? g(n) — A1 g(m). o 


Example 6.23 Let us compute numerically the integral 


20 
l= f Inxdx = 4.809854526737... 
x 


using Gregory’s summation formula (6.33) and the upper bound (6.37) of its 
remainder. Using an appropriate linear change of variable, we obtain 


n T T 
I = | g(t) dt, where g(t) = In @—1)+ x) : 
1 n—1 n—1 


Taking n = 20 and q = 10 for instance, we obtain 


19 10 
T= $g +Y Gj(A!~!g(20) — AM“! 9(1)) = 4.809854526746... 
k=1 j=l 
and (6.37) gives |R% o[g]] < 5.9 x 1071. > 


In the following result, we give sufficient conditions on the function g for the 
sequence q b> Rf, n [g] to converge to zero. Gregory’s formula (6.33) then takes a 
special form. 
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Proposition 6.24 Let g € C°NK™, p € N, and let 1 < m < n be integers. Suppose 
that, for every integer q > p, the function g is q-convex or q-concave on [m, œ). 
Suppose also that the sequence q œ> A4g(n) — A4 g(m) is bounded. Then we have 


Ri, nlg] > 0 as qd 77N OF, 


or equivalently, 


n—1 


f g(t)dt = Yah + D6) (AF! a(n) — Al“! g(m)). 


k=m 


If g lies in C? N dom(Xg), then the latter identity also takes the form 


Dgn) — Eg(m) = f g(t) dt — ya; (AF! g(n) — Al“! g(m)). 


j=l 


Proof Under the assumptions of this proposition, the sequence q + R% nig] 
converges to zero by Lemma 6.22. (Recall that the sequence n > Gn converges 
to zero.) The result then immediately follows from Gregory’s formula (6.33). The 
last part then follows from identity (5.2). oO 


Example 6.25 Taking g(x) = lnx and m = p = 1 in Proposition 6.24, we obtain 
the following identity 


E E E at! ieee Li (Ane 4) 
nn: = —n nn — —— | — — In | ——_- 
ta 12 2n 24 (3m + 1)2 


which holds for any n € N*. Q 


A Geometric Interpretation of Gregory’s Formula For any g € C° and any 
q € N, we let Pa [e]: [1, co) —> R denote the piecewise polynomial function whose 
restriction to any interval [k, k + 1), with k € N*, is the interpolating polynomial of 
g with nodes at k, k + 1, ..., k + q. That is, 


Palgl(x) = Palgi(k,k+1,...,k +q; x), x E€ [k,k+ 1), (6.38) 
or equivalently, using (2.9), 


Palgi) = Palgl(x), Lx] +1,-.-, Lx] +g; x) 
q 


ery MArgix), x21 
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In the following proposition, we provide an integral expression for the remainder 
R}, nlg] in terms of the function Po [e]. 


Proposition 6.26 For any g € C°, any q € N, and any integers 1 < m < n, we 
have 


Rhnlg] = / (g(t) — Palg](t)) dt. (6.39) 


Proof Using (2.11) and (6.14) we then obtain 


1 k+1 
—JT [g](k) = f Pi Lgl) dt =, (g(t) — Palgl(t)) dt. 


The result then follows from (6.35). oO 


Proposition 6.26 immediately provides an interesting interpretation of Gregory’s 
formula as a quadrature method. It actually shows that Gregory’s formula approx- 
imates the integral of g over the interval [m, n) by replacing g with the piecewise 
polynomial function Palgl. In particular, the remainder R$, ,[g] reduces to zero 
whenever g is a polynomial of degree less than or equal to q. 

We also observe that Gregory’s formula reduces to the “left” rectangle method 
(eft Riemann sum) when q = 0, and the trapezoidal rule when q = 1. However, it 
does not reduce to Simpson’s rule when q = 2. In fact, Gregory’s formula does not 
correspond to a Newton-Cotes quadrature rule when g > 2. 

Now, if g is q-convex or g-concave on [m, oo), then for any k € {m,m + 
1,...,n — 1} and any t € [0, 1), using Lemma 2.7 and identity (2.11) we obtain 


0 < £0) AIO = +CD (gk + —Pylglk+o), 


where + stands for 1 or —1 according to whether g is g-convex or q-concave on 
[m, oo). This observation provides the following additional geometric interpreta- 
tion. It shows that, on the interval [k, k + 1), the graph of g lies over or under that 
of Palgl according to whether +(—1)? is 1 or —1. As an immediate consequence, 
the quantity |/4+![2](k)| is precisely the surface area between both graphs over the 
interval [k, k + 1) while the remainder [Re nLell is the surface area between both 
graphs over the interval [m, n). 


Example 6.27 With the function g(x) = In x and the parameter q = 1 we associate 
the piecewise linear function 


Pigs ieie pin(1+—). 
E 
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Since g is concave, for any integer n > 1 the graph of g on [1, n) lies over (or 


on) that of Pı[g], which is the polygonal line through the points (k, g(k)) for k = 
1,..., n. The value (see (6.36)) 


Ri fg] = J0)—s(n) = —mT(n) + (»-5) ee 


where J(x) is Binet’s function defined in (6.13), is then nothing other than the 
remainder in the trapezoidal rule on [1, n) with the integer nodes 1, ...,n. Geo- 
metrically, it measures the surface area between the graph of g and the polygonal 
line. 


Alternative Integral Form of the Remainder The following proposition yields 
an alternative integral form of the remainder Ri, nlg] when g lies in C1+! for some 
q € N*. Consider first the (kernel) function K, A n: Ry — R defined by the equation 


1 
Kaa = q! Ral i t)4] fort € R+. 


It is not difficult to show that this function lies in C97! and has the compact support 
[m,n+q-— 1]. 


Proposition 6.28 Suppose that g lies in C4*! for some q € N* andlet1<m <n 
be integers. Then we have 


n+q-1 i 
Ri nlg] = / KA.) Dit g(t) dt. 


m 


Proof By Taylor’s theorem, the following identity 


n+q-1 (x — aie 


6x) = Psy f OE DH gmat 


m 


holds on the interval [m,n + q — 1] for some polynomial P, of degree less than or 
equal to q. The result then follows from the definition of the remainder R$, „[g] and 
the fact that R$, »[P,] = 0. o 


Interestingly, if the function K/, „ does not change in sign (and we conjecture that 
(—1)1 K EA n is nonnegative), then by the mean value theorem for definite integrals 
the remainder also takes the form 


n+q-1 
Ri alg] = D1! g() i Ki a(t) dt 
m 


for some € € [m,n +q — 1]. 
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Remark 6.29 We observe that Jordan [50, p. 285] claimed that 
“Rhnlg] = Gq (n — m) AT! g(&)” 


for some € € (m,n). However, taking for instance g(x) = x? and (q,m,n) = 
(0, 1,2), we can see that this form of the remainder is not correct. Nevertheless, 
several examples suggest that Jordan’s statement could possibly be corrected by 
assuming that € € (m — 1,n — 1). This question thus remains open. © 


General Gregory’s Formula and Euler-Maclaurin’s Formula The following 
proposition provides Gregory’s formula in its general form using our integral 
expression for the remainder. 


Proposition 6.30 (General Form of Gregory’s Formula) Leta € R,n,q EN, 
h > 0, and f € C°([a, 00)). Then we have 


n—-1 


1 at+nh 
if f(jdt = ie 


ro (aja Aa +nh) = Ahi DO) + RI pga Lf], 


j=l 


where 


RÍ cil ta =f Daf dt and f(x) = flat(— Dh). 


Moreover, if f is q-convex or q-concave on |a, œ), then 
IRI nil fll < Gy [Af Da + ah) = Af, NO], 


Here, Ajn denotes the forward difference operator with step h > 0. 


Proof This formula can be obtained immediately from (6.33) and (6.34) replacing 
n with n + 1 and then setting m = 1 and g(x) = f(a + (x — Dh). The last part 
follows from Lemma 6.22. oO 


The general Gregory formula is often compared with the corresponding Euler- 
Maclaurin summation formula. We will use the latter in Chap. 8, so we now state it 
in its general form (for background see, e.g., Apostol [8], Gel’ fond [39], Lampret 
[62], Mariconda and Tonolo [67], and Srivastava and Choi [93]). 
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Recall first that the Bernoulli numbers Bo, Bı, B2, ... are defined implicitly by 
the single equation (see, e.g., Gel’fond [39, Chapter 4] and Graham et al. [41, 
p. 284]) 


DOIE = 0”, meN. (6.40) 
j=0 
The first few values of B, are: 1, ,—3, z, 0, -5> 0, .... Recall also that, for any 


n € N, the nth degree Bernoulli polynomial B, (x) is defined by the equation 


n 
B,(x) = > (i) Bng x" for x € R. 
k=0 
Proposition 6.31 (Euler-Maclaurin’s Formula) Let N € N*, f e C!({a,b)), 


and h = (b — a)/N, for some real numbers a < b. Then we have 


h 3 fla+kh) = [ Foy dr +5 F@ + FO) 


k=0 


N 
+f By ({t}) f'(a +th) dt. 


If, in addition, f € C*4({a, b]) for some q € N*, then 


N b h 
ny patkn = f F@)dx +5 (fa) + FO) 
k=0 a 


h?i fO 1) (2j-1) 
+h ean L- (FCM) - fa) +R 
where 


N 
R = -at f AD padca t 1h) dt 


and 


[Ba] f’ 
IR] < h% l FP (x)| de. 
* a 


Here f € C¥([a, b]) means that f € CFD) for some open interval I containing 
la, b]. 
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Remark 6.32 We observe (to paraphrase Jordan [50, p. 285]) that Euler-Maclaurin’s 
formula is more advantageous than Gregory’s formula if we deal with functions 
whose derivatives are less complicated than their differences. However, there are 
functions for which Euler-Maclaurin’s formula leads to divergent series while the 
corresponding Gregory’s formula-based series (see Proposition 6.24) are conver- 
gent. T instance, this may be due to the fact that, i any x > 0, the sequence 
nb D" - is unbounded while the sequence n b> Ans z converges to zero. © 


6.8 Generalized Euler’s Constant 


In this section, we introduce and discuss an analogue of Euler’s constant for any 
function g lying in C? N dom(Z). We first consider a lemma. 


Lemma 6.33 Let g lie in C? ND? A KP for some p € N and letm € N*. Then the 
sequence n +> Re [g] for n > m converges. Denoting its limit by RE lal we 
have 


Re olg] = J?* [Dg]¢n). 


Proof The proof is an immediate consequence of (6.36) and the generalized Stirling 
formula (Theorem 6.13). oO 


Under the assumptions of Lemma 6.33, using (6.34), (6.35), and (6.39) we 
immediately obtain the following identities 


Rincol a=> f o PHI e\t)dt = [ So o'l] (t) dt 


k=m k=m 
= f GPG — Seja 


and 
RP, olg - Y5 PQ] Ik) = / (g(t) — Ppl glia) dt. (6.41) 
k=m m 


Moreover, if g is p-convex or p-concave on [m, oo), the inequality (6.37) reduces 
to 


IRh colgll = IPTE) < Gp lA? g(m)|, (6.42) 


which is also an immediate consequence of Corollary 6.12 (where a tighter 
inequality is also provided when p > 1). 
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Let us now provide a geometric interpretation of the remainder R}, ..[g] when 
g iS p-convex or p-concave on [m, oo). Suppose for instance that g is p-convex on 
[m, oo). The interpretation of Gregory’s formula discussed in Sect. 6.7 shows that, 
on the whole of the interval [m, 00), the graph of g lies over or under that of P plg] 
according to whether p is even or odd, and the remainder |R/, ..[g]| is precisely 
the surface area between both graphs. Interestingly, the fact that this surface area 
converges to zero as m —>yn © by (6.42) provides a direct interpretation of the 
restriction of the generalized Stirling formula to integer values. 

This interpretation is particularly visual when p = O or p = 1. Consider for 
instance the case p = 1 and suppose that g is concave on [m, 00) (e.g., g(x) = ln x). 
Then, the graph of g on [m, oo) lies over (or on) the polygonal line through the 
points (k, g(k)) for all integers k > m. The value IRE ool alll is then the surface area 
between the graph of g and this polygonal line. It is also the absolute value of the 
remainder in the trapezoidal rule on [m, 00). 

We are now able to introduce an analogue of Euler’s constant for any function g 
lying in C° N dom(£). We call it the generalized Euler constant. 


Definition 6.34 (Generalized Euler’s Constant) The generalized Euler constant 
associated with a function g € C? N dom() is the number 


yig] = —R?,,[g] = —J?*[Zg](), 


where p = 1 + deg g. 


For instance, if g lies in C? N D? A K°, then using (6.33) we obtain 


n—l1 n 
vig] = lim $3 gk) — i g(t) i) (6.43) 
k=1 
oo k+1 
=) (2% -f ew) dr), 
k=1 k 


and this value represents the remainder in the “left” rectangle method on [1, 00) with 
the integer nodes k = 1, 2, . . .. Similarly, if g lies in C? N D! N K! and deg g = 0, 
then we get 


[g] = lim x -f (t)dt + gm- te (6.44) 
v= ie, (208 a zn — 58 


and this value represents the remainder in the trapezoidal rule on [1, 00) with the 
integer nodes k = 1,2,.... 
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Thus defined, the number y[g] generalizes to any function g lying in C? N 
dom() not only the classical Euler constant y (obtained when g(x) = +) but 
also the generalized Euler constant y[g] associated with a positive and strictly 
decreasing function g as defined in (6.43) (see, e.g., Apostol [8] and Finch [37, 
Section 1.5.3]). Moreover, as we will see in Sect. 8.2, this number plays a central 
role in the Weierstrassian form of Xg (which also justifies the choice m = 1 in the 
definition of y[g]). 

The definition of y [g] does not require g to be p-convex or p-concave on [1, 00). 
However, if this latter condition holds, then by (6.42) we have the inequality 


lvigll < Gp|A?g()| (6.45) 


and by Corollary 6.12 the following tighter inequality also holds when p > 1 


1 
Iv[ell < f 
0 


We also provide and discuss finer bounds for y [g] in Appendix E (see Remark E.7). 


(PD [Arge + D- Ago) ar. (6.46) 


Example 6.35 If g(x) = 1/x, then y [g] reduces to Euler’s constant y, as expected. 
Indeed, in this case we obtain 


yig] = —J'[W1d) = y. 


Using (6.43), we then retrieve the well-known formula 


and its classical geometric interpretation. If g(x) = lnx, then the associated 
generalized Euler constant is 


vig] = —J*fnol]() = -J(1) = -1+5 In@z) ~ —0.081 


and we can see that it coincides with the associated asymptotic constant o [g] (see 
Example 6.5). Moreover, using (6.44) we obtain the following formula 


vig] = lim (Inn! +n-1- (n + 3) Inn) ; 
n—> o0 

The value |y[g]| = —y [g] can then be interpreted as the surface area between the 

graph of g on the unbounded interval [1, oo) and the polygonal line through the 

points (k, g(k)) for all integers k > 1. Moreover, Eq. (6.46) provides the following 

inequality 
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A Conversion Formula Between y[g] and o[g] The following proposition, 
which immediately follows from (6.18) and the identity 


vig] = —J?*'[x¢](1), 


shows how the numbers y[g] and o[g] are related and provides an alternative way 
to compute the value of y [e]. 


Proposition 6.36 For any function g lying in C? N dom(), we have 
P 
olg] = yigl+ G; A’'g(1), 
j=l 
where p = 1+ deg g. 


An Integral Form of y[g] The following proposition shows that the classical 
integral representation of the Euler constant 


Ly] 1 
pel ae) A 


can be generalized to the constant y[g] for any function g lying in C? N dom(Z). 


Proposition 6.37 For any g € C° N DP N KP, where p = 1 + deg g, we have 


oo P , 
yig] - | (E OAD- 80) ar 


j=0 


In particular, when deg g = —1, we have 


yig] - f (e(lt]) — g(t)) dt. 


Proof Using (6.16) and (6.41), we obtain 


oo o0 P ; k+1 
lel = Y PUO = Yo (GA/e- [gwar]. 
k=1 k=1 \j=0 k 
which immediately provides the claimed formula. o 


The Principal Indefinite Sum of the Generalized Binet Function If g lies inC°N 
DP N KP for some p € N, then the function J?*![Xg] lies in D9, by Theorem 6.13, 
and hence so does 


Asse) = JPH [g]. 
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If, in addition, J?+![Xg] lies in K?, then by the uniqueness Theorem 3.1 we have 
that 


rset tg] = JPHIEg] — JPH Lag (1). 
Thus, if p = 1 + deg g, then we obtain the identity 
rye Eg] = JPH [og] + yig]. (6.47) 


Now, suppose that we wish to show that a given function f: R+ — R satisfies 
the equation f = J?+![Xg] for some function g lying in C? N DP N KP, with 
p = 1+ deg g. Using the uniqueness theorem with identity (6.47), we see that it is 
then enough to show that Af = J?*![g], fA) = —y[g], and f € K?. 


Example 6.38 Let f: R+ — R be defined by the equation f(x) = W(x) — lnx 
for x > 0. To see that f = J'[w], it is enough to observe that f lies in K°, that 
fC) = —y, and that 


1 1 
Af(x) = ~-in(1+-) 


x 


is precisely the function J 'Tgl(x) when g(x) = I/x. © 


Example 6.39 Binet established the following integral representation (see, e.g., 
Sasvari [89]) 


[no ](x) = Jœ) = I ( i -1+3) aA 
0 et —1 t 2 


Equation (6.47) then provides a possible (though not immediate) proof of this 
identity. © 
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Chapter 7 ® 
Derivatives of Multiple log I -Type PES 
Functions 


In this chapter, we discuss the higher order differentiability properties of &g when 
g lies in C” N DP N K™*P-"} for any p,r e N. In particular, we show the 
fundamental fact that Xg also lies in C” and that the sequence n œ> D" f/’[g] 
converges uniformly on any bounded subinterval of R+ to D” Èg. 

We also show that the functions (Xg)") and Ng") differ by a constant and 
we investigate some properties of these functions, including asymptotic behaviors 
and an analogue of Euler’s series representation of the constant y. We present and 
discuss a procedure, that we call the “elevator” method, to compute Xg by first 
evaluating Zg”. Finally, we provide an alternative uniqueness result for higher 
order differentiable solutions to the equation Af = g. 


7.1 Differentiability of Multiple log T -Type Functions 


In this first section we investigate the higher order differentiability of the function 
Zg when g is of class C” for some r € N. We start with the following preliminary, 
but very important result. 


Proposition 7.1 If g lies in C" VDP AK®®P:” for somer, p € N, then the function 
De lies inc’ N DPH! Nn emante rt} 


Proof If g lies in C" ND? N KIXI"? for somer, p € N, then clearly it also lies in 
crn Dmaxtp.r} f maxen). By Proposition 5.6, Zg must lie in DPH! A CMM P»7}, 
Let us now show that it also lies in C”. 

We first observe that g0 lies in C? N D?—")+ A K'P—+, This is clear if r < p 
by Proposition 4.12. If r > p, then we first see that g) lies in C’-? N D? A KP, 
and hence also in X? N K!. Using Proposition 4.16(b) repeatedly, we then see that 
g0 lies in C? A D7! A KP. 
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By Proposition 5.18, Ng must lie in C? N DP++! A KP-"+, Hence, there 
exists F € C” such that F”) = Eg’. By Proposition 4.12, F must lie in C™*'?.7}, 
Now, we also have 


DAF = AF” = Adg™ = g0, 


which shows that A(F + P) = g for some polynomial P of degree at most r. By 
Corollary 4.6 we have that F + P lies in K™*'?-"}, But then, by the uniqueness 
Theorem 3.1 we must have F + P = Xg + c for some c € R. Hence Xg lies in 
Cc’. Oo 


Remark 7.2 If g liesinC’ ND? NK? for some integers 0 < r < p, then the function 
Xg lies in C” by Proposition 7.1. Interestingly, this result can also be established 
very easily using the following argument. Let n € N be so that Xg is p-convex or 
p-concave on I, = (n, co). By Lemma 2.6(a), the function Xg lies in cP-!(1,) and 
hence also in C’ (In). Using (5.3), we immediately obtain that Xg lies in C”. © 


We now present the following important and very surprising result. It shows that 
Proposition 7.1 no longer holds when r > p if we ask g to lie in X? instead of 
kcmaxtP.'}, Since the proof is somewhat technical, we defer it to Appendix F. 


Proposition 7.3 For every p € N, there exists a function g lying inC?*! ND? NK? 
for which Xg does not lie in C?*!. Thus, the operator © does not always preserve 
differentiability when the order of differentiability exceeds that of convexity. 


Proof See Appendix F. Oo 


The next theorem is the central result of this section. In this theorem, we recall 
the fundamental result given in Proposition 7.1 and we show that, under the same 
assumptions, the sequence n +> D” fP [g] converges uniformly on any bounded 
subinterval of R+ to D” Xg. We first consider a technical lemma. 


Lemma 7.4 Let g lie in C” ND? N K? for some integers 0 <r < p. Then, for any 
n € N the function pet [Xg] lies in C". Moreover, the sequence n œ> D" p? [xg] 
converges uniformly on any bounded subset of R4 to zero. 


Proof By Proposition 7.1, we have that Xg lies in C”. Using (1.7) it is then clear 
that, for any n € N, the function ppt! [Xg] lies in C”. 

Let us now show the second part of the lemma. Negating g if necessary, 
we may assume that it lies in K?. In this case, D’ Sg must lie in oa by 
Proposition 4.12. Let n > p be an integer so that g is p-concave on [n, oo). Using 
Proposition 2.1 repeatedly, we can see that there exist p — r + 1 pairwise distinct 
points &),..., pcr € (0, p) such that 


D? P [£g], ... n+ p; n+x) = Pp-r[D" Eg] (n + $0- -on + Ep- n +x). 
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Let us now fix x > 0. Using (2.11) and then (2.2) and (2.3), we obtain 


p-r 
D' ph [Zgl(a) = D" Egin + &,....n+E"_,.n +x] [E-E 
i=0 


p-r 
= An [[o = ér), 
i=l 


if x #&" fori =0,..., p — r, and D' pL [Eg] a) = 0, otherwise, where 
An = D" Zgln + éf, ... n Peg n+x] — D Dgln + ég, ... n+ Ep ]. 


por 


Now, on the one hand, we clearly have 


por 
[ [ix 4r sc”. 
i=l 


where cx = max{p, [x]}. On the other hand, using Lemma 2.5 (with the fact that 
D" £g lies in KZ”) and then (2.8), we obtain 


|An| < |D" Egin + cx,... n +cx + p—r]— D" Egin- p+r,...,n]| 


|A?" D" Xg(n + cy) — AP TD’ Xg(n -— p+ r)| 


“ra! 
1 Cx—1 
= pr Yo IAP Dg + j). 
PO pper 


Thus, for any bounded subinterval E of R+, we obtain the inequality 


por Csup E—1 

Cy 
sup |D' of Eo] < PS jar’ gin j). 
xEE (p—r)! j=—ptr 


But the latter sum converges to zero as n —>y œ since Dg lies in DPT” N KPT 
by Proposition 4.12. This completes the proof of the lemma. o 


Theorem 7.5 (Higher Order Differentiability of Multiple log T-Type Func- 
tions) Let g lie in C" ND? NnK™™'P-") for somer, p € N. The following assertions 
hold. 

(a) Xg lies in C” N DPH! A Kratp:r), 


(b) The sequence n +> D" fP Ig] converges uniformly on any bounded subset of 
R, to D" Xg. 
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Proof Assertion (a) immediately follows from Proposition 7.1. When r < p, 
assertion (b) immediately follows from Lemma 7.4 and identity (5.4). Let us now 
assume that r > p. Using (5.4) and then (1.7) and (5.3) we obtain 


n—1 


D" fPlgl(x) = D Eg) — D Ega +n) = -X 8+kk). 
k=0 


By Proposition 4.12, we have that g(P? lies in C"7P N D? N K"7P, and hence also 
in K? A K!. Using Proposition 4.16(b) repeatedly, we then see that g“) lies in C? N 
D-!K°. Thus, we can apply Theorem 3.12 to the function g, with f = D" Dg. 
Since f lies in C°? N D? N K? by assertion (a) and Proposition 4.12, it follows from 
Theorem 3.12 that the sequence n +> D” f,?[g] converges uniformly on R+ to 
f — floc) = f = D" Eg. o 


Example 7.6 The function g(x) = lnx clearly lies in C® N D! N K”. Using 
Theorem 7.5, we now see that the function £g(x) = In T (x) lies in C% AD? NK. 
Moreover, for any r € N*, we have 


Wr-1x) = D nT) = lim D” f, o) 


n—1 
1 
_ E; r—1 1) _ ! n 
= im, (0 Inn +(-1)'(r nyo). 
k=0 
If r = 1, then we obtain 


n—1 
1 
= ii 1 — g 
pe tin, (mn S) 


k=0 


Ifr > 2, then we get (compare with, e.g., Srivastava and Choi [93, p. 33]) 
Wr_i(x) = CDr — DIGG, x), 


where s +> ¢(s, x) is the Hurwitz zeta function (see Example 1.7). © 


7.2 Some Properties of the Derivatives 


In this section, we investigate the functions (Xg)) and Xg") and some of their 
properties. We also show how the asymptotic behaviors of these functions can be 
analyzed from results of Chap. 6, including the generalized Stirling formula. Finally, 
we provide a series representation of the asymptotic constant o[g] as an analogue 
of Euler’s series representation of y. 
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In the next proposition, we essentially establish the fact that the functions (Xg)” 
and £g” are equal up to an additive constant. This result will have several 
important consequences in this and the next chapters. 


Proposition 7.7 Let g lie in C" ND? NK™*'P-") for some p € N andr € N*. Then 
g lies in C? A DP-+ A KP=+, Moreover, for any x > 0 we have 


(Lg) EgO = VPM = gA) - olg]. (7.1) 


Ifr > p, then 


ofa] = M+) OW. 
k=1 


Proof As already observed in the proof of Proposition 7.1, the first claim follows 
from Propositions 4.12 and 4.16(b). Moreover, we have that £g lies in C" NADPH! A 
kcmaxtP-r} Let us now prove (7.1). By Proposition 4.12, the function gy, = (Zg)” 
is a solution in K'?—")+ to the equation Ag = g”. By the existence Theorem 3.6, 
the function g2 = Eg” is also a solution in K‘’-"+. Thus, by the uniqueness 
Theorem 3.1, we must have (Xg)) — Eg") = c for some c € R, and hence we 
also have (Xg)")(1) = c. 
Now, for any x > 0, using (6.11) we then get 


x+1 
n= ofa] = ga) - 1 EgO (1) dt 


x 


x+l 
= e+e) - / (EgO Hdt. 


x 


Evaluating the latter integral, we then obtain 


gP) — alg] = c +g?) (Lg) @ + DH (Bg) P@) 
= et g(x) — As) P@) 
= c+ g" M(x) — (AEs) YQ) 
= C, 
which proves (7.1). Finally, ifr > p, then we have that g“— lies in C! ND°n K! 


and that g0 lies in C? N DT! N K? by Proposition 4.16(b). The last part of the 
statement then follows from applying Proposition 6.14 to the function g“, o 
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Example 7.8 The function g(x) = 1 lies in C N D? N K% and all its derivatives 
lie in K°. By Theorem 7.5, the function 


= 1 


1 
Zg(x) = (4-7) = Ay-1 = Y) +y 


lies in C® N D! N K”. Moreover, the series can be differentiated term by term 
infinitely many times and hence, for any r € N*, we have 


[0,6] 


Oy = +o e = 
Œg)" (x) = Ley GEO = Wr (x). 
By Proposition 7.7, we also have 
X l 
ae =O eG DS oe 
k=1 
=(=)" (= Digcrs i= 1), 
where s +> f(s) is the Riemann zeta function. © 


In the next proposition we show the remarkable fact that the asymptotic 
equivalence (6.31) still holds if we differentiate both sides. 


Proposition 7.9 Let g lie in C" ND? NK™*?-"} for some p € N andr € N*, and 
leta > 0. When D" Xg vanishes at infinity, we also assume that 


D'Xg(n+1) ~ D” Eg(n) asn >y 0. 
Then we have 


x+1 
D'Xg(x+a) ~ o f Eglt)dt = g(x) asx > ©. 
x 


Proof By Proposition 7.7, we have that g” lies in C? N DP—P+ A KPH+, 
Moreover, for any x > 0 we have 


D'Xg(x +a) = c+ Ug" (x +a) 
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and, using (6.11), 


x+1 x+1 
D; / zeod =e") = f (Dg) (t) dt 


x 


x+1 
=c+ f EgO (t)dt, 
& 


where c = g“—))(1) — o[g]. The result then immediately follows from applying 
Proposition 6.20 to the function g. o 


Example 7.10 Applying Proposition 7.9 to the function g(x) = ln x, for any a > 0 
we obtain the equivalences 


lnT(x +a) ~ xlnx, W(x +a) ~ lnx as x —> oo, 


and for any v € N, 


p U! 
W4i%e +a) ~ (-1) TS as x > œo. © 
x 

In the next two propositions, we mainly investigate how the convergence results 
in (6.4) and (6.21) are modified when the function g is replaced with one of its 
higher order derivatives. The second proposition can be regarded as the “integrated” 


version of the first one, and hence it naturally involves the generalized Binet 
function. 


Proposition 7.11 Let g lie in C” ND? NnK™™?."} for some p € N andr € N*, and 
let a > 0. The following assertions hold. 


(a) g0 lies in RPN and both £g”) and (£g)® lie in RE 


(b) For any q € N, the function x œ> pit! [Xg](a) lies in C" and we have 


Dip "[Zgla) = pl [Zg]@). 


(c) We have that p?~**![ De (a) > 0 and D! p? ISga) > 0 as x > co. 


Proof By Proposition 7.7, the function g” lies in C? A DP=+ A KP +, This 
immediately proves assertion (a). Now, using (1.7) and then (7.1) we get 


q 
DZAT IEg a) = EgO (x +a) — EgO) — J (4) Ag (x) 
j=) 


1 x 
= pf [ze] @), 
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which proves assertion (b). Assertion (c) follows from assertions (a) and (b) and the 
fact that 1 € RE, o 


Proposition 7.12 Let g lie in C” ADP NK™*?-"} for some p € N andr € N*. The 
following assertions hold. 


(a) For any q €N, the function J+! [£g] lies in C” and we have 
D" IT [dg] = Jt Tyg), 


In particular, we have o [g0] = —D" J'[Dg] (1). 

(b) We have that J?-")+*![Dg](x) > Oand D" J?+![Xg](x) > Oas x > oo. 
In particular, ifr > p, then (£g) — 0 as x > ov. 

(c) We have 


1 1 
D? f pe zgldt = f D} o? IEI) dt. 
0 0 


Proof Using (6.18) and (7.1), we get 


x q 
D" JIH Egle) = Bg (x) — olg] - / gO dt+ >) GA enG) 
1 : 
j=l 


= ITN ERO), 
which proves assertion (a). Now, setting q = p in these equations we obtain 


p 
DFP dex) = JOH at Yo Gag Oa). 
j=(p—-r)++1 


Since g“ lies in C? N DP")+ A K(P—+, this latter expression vanishes at infinity. 
This proves assertion (b). Finally, using Proposition 7.11 and assertion (a) we get 


1 1 
f D! pP! [Eg](t) dt = f Taga dt = — I? [Dg](x) 
0 0 
1 
= -DHE = D, f HEAO dr 
0 


which proves assertion (c). o 


Assertion (c) of Proposition 7.11 reveals a very important fact. It shows that the 
convergence result in (6.4) still holds if we replace g with g and p with (p — r)+. 
But it also says that this new result can also be obtained by differentiating r times 
both sides of (6.4) and then removing the terms that vanish at infinity. 
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Similarly, assertion (b) of Proposition 7.12 shows that this property also applies 
to the generalized Stirling formula (6.21). 


Example 7.13 The function g(x) = Inx lies inC® N D! AN KÙ and its derivative 
(x= 1 lies in C® N D? NK. For any a > 0, the limit in (6.4) reduces to 


Inl(x +a)—-InT(x) -—alnx > 0 asx > oo. 
If we replace g with g’ and set p = 0 in (6.4), we get 
w(x +a)—W(x) > 0 asx o0. 
However, this latter limit can also be obtained by differentiating both sides of the 
previous limit and then removing the term (— £) that vanishes at infinity. 


Now, applying the generalized Stirling formula (6.21) to the function g(x) = 
In x, we clearly retrieve the classical Stirling formula 


1 1 
InP(x) = 5 nm) +4 ~ (x= 5) mx > 0 as x > OOo. 


Proceeding similarly as above, we then obtain 
w(x)-Inx > 0 as x > 00, 


which is actually the analogue of Stirling’s formula for the digamma function. Q 


Remark 7.14 To emphasize the similarities between Propositions 7.11 and 7.12, we 
could for instance extend our formalism a bit further as follows. For any p € N and 
any S € {N, R}, let oe denote the set of continuous functions g: R+ — R having 
the asymptotic property that 

J?’[g|(t) > 0 ast gs ©. 


This new definition enables one to formalize some results more easily. For instance, 
using (6.17) we clearly obtain that 


INDE = I NDS 


and this identity could be used to establish assertion (b) of Proposition 7.12 from 
assertion (a). To give another example, we can see that (6.22) actually means that 


COADPAKP C ZR. 


Note also that the generalized Stirling formula simply states that Xg lies in IÈ = 
whenever g lies in COnDPAK?. © 


100 7 Derivatives of Multiple log r -Type Functions 


Taylor Series Expansion of £g Suppose that g lies in C° N DP N K” for some 
p € N. We know from Proposition 7.12 that 


olg®] = —D*s'[de]), kEN. 


Thus, the exponential generating function (see, e.g., Graham et al. [41, Chapter 7]) 
for the sequence n +> o[g”] is defined by the equation 


[0,6] 


k 
Diels 1S = -Ige +1) (7.2) 
k=1 ` 


x+1 
= olei + f g(t) dt — Eg(x + 1). 
1 


Denoting this exponential generating function by egf, [g](x), the previous equation 
reduces to 


egf,[glx) = — J'[Egl( +1). 
If the function J! [xg] is real analytic at 1, then the series in (7.2) converges in some 


neighborhood of x = 0. Similarly, if the function Xg is real analytic at 1, then the 
following Taylor series expansion 


o0 k 
X 
Eg(x +1) = Leora a (7.3) 


holds in some neighborhood of x = 0, where the numbers (xg) (1) fork e N* 
can also be computed through (7.1). 


Example 7.15 Consider again the functions g(x) = ln x and Ug(x) = ln T (x). We 
know from Example 7.6 that 


n 
: 1 
DHr) = WU) = lim (nme) = =y; 
k=1 
and that for any integer k > 2 


DE mrA) = y-1(1) = (1) k- DIC. 


We then obtain the following Taylor series expansion 


reris Ea iii 
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The values of the sequence n t> o[g”] can be obtained using (7.1) or (7.2). We 
get 


ri 


1 
alg) = — 1s mr), olg] = y, 


and for any integer k > 2 


o[g] = (DÉ - 2)! (1 — (k — DEC). © 


Analogues of Euler’s Series Representation of y Integrating both sides of (7.3) 
on (0, 1) (assuming that the series can be integrated term by term), we obtain the 
identity 


(k) 
= Dee (1) ——— T TA (1.4) 


Similarly, integrating both sides of (7.2) on (0, 1) (assuming again that the series 
can be integrated term by term), we obtain the identity 


Co 
9) 2-1) g(t) dt. 7.5 
Dol = fi 70) (7.5) 
k=0 
Taking for instance g(x) = 1 in (7.4), we immediately retrieve Euler’s series 


representation of y (see, e.g., Srivastava and Choi [93, p. 272]) 
-= 
y= - X- n= 


This formula can also be obtained taking g(x) = + in (7.5) and using the 
straightforward identity 


ofg] = (-1*k! (sa+0-2). keN’. 


Considering different functions g(x) in (7.4) and (7.5) enables one to derive 
various interesting identities. A few applications are given in the following example. 


Example 7.16 Taking g(x) = w(x) in (7.5) and using the straightforward identity 


olg™] = oly] = CDTI- Dk- IiE KEN, k= 2, 
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we obtain 
E ed ae A 
xe) ae tlk) = 2—InQ2z). 
k=2 


Similarly, taking g(x) = ln x and then g(x) = ln T (x) in (7.4) and (7.5) we obtain 
the identities 


5 Cp t(k) = Sani + 1 nm) 
ME Oe 2 i 
k=2 


= | abae buo 
LOY appara Ozta” 2nd, 


—1 5 1 
1) —— Fh) = | = — nr) = Fi A, 
2 ave a a 
where A is Glaisher-Kinkelin’s constant; see also Srivastava and Choi [93, Section 


3.4]. © 


7.3 Finding Solutions from Derivatives 


Given r € N* and a function g € C”, a solution f € C” to the equation Af = g 
can sometimes be found more easily by first searching for an appropriate solution 
o € C? to the equation Ag = g and then calculating f as an rth antiderivative of 
Q. 

Let us first examine a very simple example to illustrate to which extent this 
approach can be easily and usefully applied. 


Example 7.17 Let g: R, — R be defined by the equation 
x 
g(x) = f Int dt forx > 0. 
1 


Suppose that we search for a simple expression for the indefinite sum £g. We can 
apply Proposition 7.7 and observe that g’ lies in C® N D! N K% and hence that g 
lies in C® N D? N K”. Moreover, we have 


(Zg)'(x) = c+ g'(x) = c+ In) 
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for some c € R. Thus, we obtain 
x 
Ug(x) = cx - +f InT(t) dt. 
1 


To find the value of c, we then observe that 
2 
0 = (1) = AXg(l) = c+ | InT(t) dt 
1 


and hence c = 1 — 5 In(27r) (see Example 6.5). Alternatively, this value can also be 
obtained directly from (7.1); we have 


1 
c = g(1)- olig] = —olg'] = l= een) 


Thus, this approach amounts to first searching for a simple expression for Xg’, and 
then computing Xg using an antiderivative of £g’. 
Finally, we get 


Ega) = -1+ (: = znew) x + y(x), 


where y_2 is the polygamma function Y—2(x) = Jo lnT(t)dt. © 


The approach described in Example 7.17 is rather simple and can sometimes be 
very efficient. We will refer to this technique as the elevator method. In very basic 
terms, to find £g one proceeds as follows. 


Step 1. We take the elevator, go down from the ground floor to the rth basement level, 
and get the function Xg“” easily. 

Step 2. We go back to the ground floor by converting the latter function into the function 
sought Xg using an rth antiderivative. 


Af =8 f = &g 
4 
Ap = g +g = 2g” 


To our knowledge, this trick was investigated thoroughly by Krull [55] and then 
by Dufresnoy and Pisot [34]. 

In the next theorem we provide a general result based on this idea. This result is 
actually very general: it applies to any function g € C”, even if Xg is not defined 


(e.g., g(x) = 2"). 
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We first observe that if g € C° is a solution to the equation Ag = g“”, then the 
map 


x+l1 
xb I ot) dt — g7" (x) 
x 


has a zero derivative and hence it is constant on R+. In particular, it has a finite right 
limit at x = 0. 


Theorem 7.18 (The Elevator Method) Letr €e N*,a > 0, g € C", and let 
g: Ry > R be a continuous solution to the equation Ag = g. Then there exists 
a solution f € C" to the equation Af = g such that f = ¢ if and only if 


at+l 
J g(t)dt = gh (a). (7.6) 


If any of these equivalent conditions holds, then f is uniquely determined (up to an 
additive constant) by 


_ rol 
fœ) = rot So Ep +f 7 y(t) dt, (7.7) 


where, fork =1,...,r—1, 


rok-1 p, a+1 r—j—k 
=- 54 (eda - f CELD wind). (1.8) 
j=0 J! a (r =J —k)! 


Proof Condition (7.6) is clearly necessary. Indeed, we have 


a+1 
I odt = fP (a +1) - f(a) = g(a). 


Let us show that it is sufficient. Since g is continuous, there exists f € C” such 
that f = g. Taylor’s theorem then provides the expansion formula (7.7) with 
arbitrary parameters ck = f(a) for k = 1, ...,r — 1. Now we need to determine 
the parameters c1, ..., Ck for f to be a solution to the equation Af = g. To this 
extent, we need the following claim. 


Claim The function f satisfies the equation Af = g if and only if f O) satisfies the 
equation Af = g” and Af“ (a) = g(a) for j =0,...,7—1. 


Proof of the Claim The condition is clearly necessary. To see that it is sufficient, 
we simply show by decreasing induction on j that Af) = g, Clearly, this is 
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true for j = r. Suppose that it is true for some integer j satisfying 1 < j < r. For 
any x > 0 we have 
Ap =A (a) = f AfA dt = f PA dt 
a a 
= gD) -= ga) = gTa) - Af Ia), 


which shows that the result still holds for j — 1. o 


By the claim, f satisfies the equation Af = g if and only if Af (a) = g(a) 
for j = 0,...,r — 1. When j = r — 1, the latter condition is nothing other 
than condition (7.6) and hence it is satisfied. Applying Taylor’s theorem to fO’, 
we obtain 


r=j—1 
oe ar tte | ti! 
Teri- gs 2 T OE [ p-je- oo 


and hence we see that the remaining r — 1 conditions are 


where 


a+l (a +1- t)i! 
aj = 9a) - | ———_— 9(t) dt, j=0,...,r— 2, 
a r-=-j-1)! 


cr = fP (a), k=1,...,r—1. 


It is not difficult to see that these r — 1 conditions form a consistent triangular system 


ofr — 1 linear equations in the r — 1 unknowns c),..., c-—1. This establishes the 
uniqueness of f up to an additive constant. 
Let us now show that formula (7.8) holds. For k = 1,...,7 — 1, we have 
r—k—-1 r 1 B; r—j—k 


Bj 1 
T T Ci+j+k—1.- 


i=1 


—k— —k— 
2, dj+k- 1= = 
j=0 j=0 


Replacing i with i — j — k + 1 and then permuting the resulting sums, the latter 
expression reduces to 


r—k-1 B; r—l1 r-1 i-k 

(i ki 
> a D Z= yo _ eae 
i=0 J! e ee j T — (i ery = 
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that is, using (6.40), 


r-1 


Ci i—k 
i ee 
D G-k! “k 


i=k 


This completes the proof of the theorem. o 
Adding an appropriate constant to g if necessary in Theorem 7.18, we can always 
assume that condition (7.6) holds. More precisely, the function g* = y + C, where 


a+ 


1 
C = g*Va)- / y(t) dt, 


a 


satisfies 


at+l 
J Hdt = g(a). 


Example 7.19 Let us see how we can apply Theorem 7.18 to somewhat generalize 
Example 7.17. Let g € C?, let G € C! be defined by the equation 


G(x) = f g(t)dt forx>0, 
1 


and let f € C? be any solution to the equation Af = g. To find a solution F to the 
equation AF = G such that F’ = f, we just need to apply Theorem 7.18 to the 
function G with r = 1 anda = 1. Defining the function 


2 
peat] foa, 


we then obtain that the function F € C! defined by the equation 


x x 2 
F(x) = / f*@dt = f fod-¢-1 f f(t)dt for x > 0, 
1 1 1 
is the unique (up to an additive constant) solution to the equation AF = G such that 
F' = f. For similar results, see Krull [55, p. 254] and Kuczma [58, Section 2]. © 


The next corollary particularizes the elevator method when the function g lies 
in C” N DP n K™*?P-7} for some p € N andr € N*. We omit the proof, since it 
immediately follows from Theorem 7.5, Proposition 7.7, and Theorem 7.18. 


Corollary 7.20 (The Elevator Method) Let g lie in C” ND? NK™™*'P-") for some 
p € Nandr e N*. Then Xg lies in C” O DPH! A KIP: and we have 


(xg) — EgO = gA) -olg™). 
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(This latter value reduces to — X% gO (k) ifr > p.) Moreover, for any a > 0, we 
have 


Eg = fa— fall), 
where fa € C" is defined by 
r-1 
fal) = Tao +f =O" SAd 
and, fork =1,...,r—1, 
L St Bi (guo oles Cl eat! re 
c(a) = 2, F (« (a) — f aa a Oe (dr). 


Corollary 7.20 has an important practical value. It provides an explicit integral 
expression for Xg from an explicit expression for Xg. Setting a = 1 in this result, 
we simply obtain 


—1 


Ega) = rae ref ay (Ze) (dt, 


k= 
with, fork = 1,...,r — 1, 


r—k-l p. 2 09 — pr-j—k 
=) B; (ea) - a COPO d). 
ma 1 C=j-k)! 


The following three examples illustrate the use of Corollary 7.20. In the first one, 
we revisit Example 7.17. 


Example 7.21 The function 


g(x) = f Int dt 
1 


lies in C® N D? NK. Choosing r = 1 and a = 1 in Corollary 7.20, we get 
g(x) = Inx, 
Ug (x) = nr (x), 
(Zg)'(x) = mnr (x) + 1 — }In(27), 
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and 


X 


1 P, 
Ug(x) = (: — = In2z)) (x — 1) +f InT(¢) dt. © 
1 
Example 7.22 The function 
x 
g(x) = i (x — t)Intdt 
0 


lies in C® N D? N K”. Choosing r = 2 and a = 0 (as a limiting value) in 
Corollary 7.20, we get 
g(x) =Inx, 
he" (x) = nr (x), 
(28)" (x) = nT (x) — 5 n27), 


and 


Le(x) = —(InA)x— inom) x? + fo -Hnr Hdt, 
0 


where A is Glaisher-Kinkelin’s constant and the integral is the poly gamma function 
w_3(x). (Here we use the identity y_3(1) = In A + I ln(27).) 

We can also investigate the asymptotic properties of Xg using our results. For 
instance, using the generalized Stirling formula (6.21), we also obtain the following 
asymptotic behavior of Xg 


1 1 
De(x) + a (22x? = 27x? + 9x) = g — 15) lnx 


1 2 1 2 ¿(3) 
— etd Ina + 1) + zt? ln(x +2) > 32 asx > œ. 0 


Example 7.23 The function g(x) = arctan(x) lies in C® ND! NK”. Choosing r = 
1 and a = 0 (as a limiting value) in Corollary 7.20, we get (see also Example 5.10) 


gw = aD = 3647p", 
Eg (x) = IYA +i) — Iy (x +i), 
(Eg) (x) = c — Iy (x + i), 


for some c € R, and hence 


Ege) = cx —1) 4+ 91 +i) -— IP +i). 
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Applying the operator A to both sides of this identity and then setting x = 1, we 
obtain c = 5. Thus, we have 


Eg) = Za- 1 +93nPrd +i) -Inr +i). 


Some properties of Xg can be investigated. For instance, using Corollary 6.12 
together with the identity 


A: 1 1 
f arctan(t)dt = x arctan(x) — 5 In(x? +1)- Z + 5 In2, 
1 


we obtain the inequality 
1 1 2 To f 
Ze(x)—{x— 5 arctan(x) + z ine +1)-1+ ae Sind +i) 
1 
< x= arctan —————. 
2 x2+x41 


and hence the left side approaches zero as x — oo, which provides the asymptotic 
behavior of the function Xg for large values of its argument. © 


7.4 An Alternative Uniqueness Result 


The following theorem provides a uniqueness result for higher order differentiable 
solutions to the equation Af = g. These solutions can be computed from their 
derivatives using Theorem 7.18. We first state a surprising and useful fact. 


Fact 7.24 A periodic function œw: R4 — R is constant if and only if it lies in K?. 
In particular, if 91, ¢2: R+ — R are two solutions to the equation Ag = g such 
that gı — ¢2 lies in K?, then gı — @2 is constant. 


Theorem 7.25 (Uniqueness) Letr € N* and g € C", and assume that there exists 
g € C" such that Ag = g andy" € Ri. Then, the following assertions hold. 


(a) For each x > Q, the series Eo g(x + k) converges and we have 


[0,6] 
pa = -80 a+k). 
k=0 
(b) For any f € C" N K"! such that Af = g, we have f = c + ọ for some c € R. 


Proof Assertion (a) follows immediately from (3.2). Now, let f € C” N K"! be 
such that Af = g. By Lemma 2.6(c), f must lie in K7!. Setting w = f — ọ and 


110 7 Derivatives of Multiple log r -Type Functions 


using (3.2) again, we then obtain 


0 (x) = FOR) — eH) = lim FOR +n), 


which shows that w“”? also lies in K~!. By Lemma 2.6(d), œ lies in K’~! c K? and, 
since it is 1-periodic, it must be constant by Fact 7.24. This proves assertion (b). O 


Example 7.26 The assumptions of Theorem 7.25 hold if g(x) = lnx, g(x) = 
lnT (x), andr = 2. It then follows that all solutions to the equation Af = g that 
lie in C? N K! are of the form f(x) = c + InT (x), where c € R. We thus easily 
retrieve Bohr-Mollerup’s theorem with the additional assumption that f lies in C?. 
It is remarkable that this latter result can be obtained here from a very elementary 
theorem that relies only on Lemma 2.6 and Fact 7.24. © 
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Chapter 8 A 
Further Results heal for 


As discussed in the first chapter, the main objective of our work is to generalize 
Krull-Webster’s theory to multiple log T-type functions and explore the properties 
of these functions that are analogues of classical properties of the gamma function. 

In the previous chapters, we have presented and discussed several results related 
to these functions, including their differentiation and integration properties as well 
as important results on their asymptotic behaviors. 

We are now in a position to explore further properties of multiple log T-type 
functions. More precisely, in this chapter we provide for these functions analogues 
of Euler’s infinite product, Euler’s reflection formula, Gauss’ multiplication for- 
mula, Gautschi’s inequality, Raabe’s formula, Wallis’s product formula, Webster’s 
functional equation, and Weierstrass’ infinite product for the gamma function. 
We also discuss analogues of Fontana-Mascheroni’s series and Gauss’ digamma 
theorem and provide a Gregory’s formula-based series representation, a general 
asymptotic expansion formula, and a few related results. 


8.1 Eulerian Form 


Let g lie in DP N K? for some p e N. As we already observed in Chap. 1, 
the representation of £g as the pointwise limit of the sequence n > f,[g] is 
the analogue of Gauss’ limit for the gamma function. Using identity (3.8), we 
immediately see that this form of Xg can be translated into a series, namely 


Ega) = fP- ook Il), x>. (8.1) 
k=1 
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It is a simple exercise to see that, when g(x) = Inx and p = 1, this latter formula 
reduces to the following series representation of the log-gamma function 


= = = S — — L). ; 
nr) Inx pe Ink xIn(1+$)) (8.2) 


Its multiplicative version is nothing other than the classical Eulerian form (or Euler’s 
product form) of the gamma function (see, e.g., Srivastava and Choi [93, p. 3]). We 
recall this form in the following proposition. 


Proposition 8.1 (Eulerian Form of the Gamma Function) The following identity 
holds 
1 Il (1 +1/k)* 


r(x) = - x > 0. 
x 1+x/k 


k=1 


We thus see that, for any multiple log T-type function, the series representation 
(8.1) is the analogue of the Eulerian form of the gamma function in the additive 
notation. Moreover, we have shown in Theorem 7.5 that this series can be 
differentiated term by term on R+. We have also shown in Proposition 5.18 that 
this series can be integrated term by term on any bounded interval of [0, 00). Let us 
state these important facts in the following theorem. 


Theorem 8.2 (Eulerian Form) Let g lie in DP N KP for some p € N. The 
following assertions hold. 


(a) For any x > 0 we have 


00 p 


Pp 
Iga) = -80) ++) (G) A189) — Do ge +k- Y C) A gk) 
j=l 


k=1 j=0 


and the series converges uniformly on any bounded subset of [0, 00). 

(b) If g lies in C?, then Xg lies in C? and the series above can be (repeatedly) 
integrated term by term on any bounded interval of [0, oo). 

(c) If g lies in C” NK™*?-"} for somer e N, then Xg lies in C" and the series 
above can be differentiated term by term up to r times. 


Proof Assertion (a) follows from identity (3.8) and the existence Theorem 3.6 
(see also Remark 3.7). Assertion (b) follows from Proposition 5.18, especially its 
assertion (c2), and Remark 5.19. Assertion (c) follows from Theorem 7.5. oO 
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Example 8.3 Let us apply Theorem 8.2 to g(x) = ln x and p = 1. We immediately 
retrieve identity (8.2). Upon differentiation, we also obtain 


1 <& 1 1 
oO) s Aaa) 


and, for any r € N*, 


o 1 
Wea) = y rt be = CDT ror + 1,4). 
2 (x + kt 


Integrating on (0, x), we obtain 


(ee) 


2 
ote) = xxtns— Yo (o+m(14+2) -x-Fin(1+2)). 


k=1 


Integrating once more on (0, x), we obtain 


1 
w3(x) = gx GB-2Inx) 
lee) 
1 5 ae. 25 la 1 
-D (Ze+e In(1+>)—Sx—- 2x -z7 in(t+2)). 


We can actually integrate both sides on (0, x) repeatedly as we wish. Q 


8.2 Weierstrassian Form 


In the following proposition, we recall an alternative infinite product representation 
of the gamma function, which was proposed by Weierstrass. This representation 
is usually called the Weierstrass factorization of the gamma function or the 
Weierstrass canonical product form of the gamma function (see Artin [11, pp. 15- 
16] and Srivastava and Choi [93, p. 1]). 


Proposition 8.4 (Weierstrassian Form of the Gamma Function) The following 
identity holds 


—, eS (8.3) 
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We now show that this factorization can be generalized to any log T p-type 
function that is of class CP”. This new result is presented in the following two 
theorems, which deal with the cases p = 0 and p > 1 separately. We observe 
that the special case when p = | was previously established by John [49, Theorem 
B’] and in the multiplicative notation by Webster [98, Theorem 7.1]. 

It is important to note that, just as in Theorem 8.2, the partial sums that define the 
series of the theorems below are nothing other than the sequence n œ> fj [g](x). 
Thus, these series can be integrated and differentiated term by term. 


Theorem 8.5 (Weierstrassian Form When deg g = —1) Let g lie inC°ND°NK°®. 
The following assertions hold. 


(a) We have y[g] = o[g]. 
(b) For any x > 0 we have 


[0,0] 


k+1 
ug(x) = atl— 9 - (s0 +0- f goar) 


k=1 


and the series converges uniformly on any bounded subset of [0, 00). 

(c) The function Xg lies in C? and the series above can be (repeatedly) integrated 
term by term on any bounded interval of [0, 00). 

(d) If g lies in C" 1K" for somer € N, then Xg lies in C’ and the series above can 
be differentiated term by term up to r times. 


Proof Assertion (a) follows from Proposition 6.36. Assertion (b) follows from 
Theorem 8.2 and identity (6.43). Assertions (c) and (d) follow from Theorem 8.2. 
Oo 


To establish the second theorem (the case when degg > 0), we need the 
following technical lemma. 


Lemma 8.6 Let g lie in C! ND? NK? for some p € N*. Then 
p-2 
Ag(x) — 5 Gj A/g'(x) > 0 asx > œ. 
j=0 
If, in addition, g € CP?! then 
Ke Se a > 0 asx > ©. 
Proof By Proposition 4.12, we have that g’ lies in C? N DPT! N K?—!. The first 
convergence result then follows immediately from the application of (6.22) to g’. 


That is, 


I wiGy => 0 as x —> OO. 
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Let us now assume that g € C?~!. By Propositions 4.11 and 4.12, for every i € 
{0,..., p — 2} the function 


gi = Aig?) 
lies in C! N D? N KŻ and hence, applying the first result to g;, we obtain that 
Agi(x) — gi(x) > 0 as x —> OO. 


Summing these limits fori = 0,..., p — 2, we obtain the claimed limit. oO 


Theorem 8.7 (Weierstrassian Form When deg g > 0) Let g lie in CP ADP NK? 
with deg g = p — 1 for some p € N*. The following assertions hold. 


(a) We have yig] = ofg] = g?-) (1) — (Za) (1). 
(b) For any x > 0 we have 


p= 
2g) =} O) Ae) + Fay) 
j=! 
oo p-l 
=g) =) seth) - CA n- Ge 
k=1 j=0 


and the series converges uniformly on any bounded subset of [0, 00). 

(c) The function Xg lies in CP and the series above can be (repeatedly) integrated 
term by term on any bounded interval of [0, oo). 

(d) If g lies in C™™P-7) N KIP: for somer € N, then Xg lies in C™™*P?-"} and 
the series above can be differentiated term by term up to max{ p, r} times. 


Proof By Proposition 4.12, we have that gP? lies in C° N D? N K°. Assertion (a) 
then follows from Propositions 6.36 and 7.7. Now, using (6.43) we get 


vis?) = X Pk) — Ag?" Pb). 
k=1 


Using Theorem 8.2, we then obtain 


p-l 


Ea(x) = D> (5) ATO + (3) (00 = vig) 


j=! 


n—1 pal 
g(x) — lim $ |20 +) — D7) Ale — (5) 8H 
k=1 j=0 


+ lim G) (AP~'gín) — O) l 
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where the latter limit is zero by Lemma 8.6. This proves assertion (b). Assertions 
(c) and (d) follow from Theorem 8.2. oO 


Example 8.8 Let us apply Theorem 8.7 to g(x) = ln x and p = 1. We immediately 
get 


[0,0] 


InP) = -yx-lnx- } (In(x + &) -Ink -— =) 
k=1 


which is the additive version of the Weierstrassian form (8.3) of the gamma function. 
It is remarkable that we can now retrieve this formula in an effortless way. Upon 
differentiation, we also obtain (see, e.g., Srivastava and Choi [93, p. 24]) 


{<= 1 1 
TORS w a) 


Integrating on (0, x), we obtain 


wh oo 2 
Yax) = - tea sins -9 (6 +om(1+7)-2-3); 


Integrating once more on (0, x), we obtain 


1 
W_3(x) = T x? (9 — 2yx — 6ln x) 


Sri x\ k 3 x 
-D (Fetwrm(1 42) Fx 3-2). 


=! 


Just as in Example 8.3, we can integrate both sides on (0, x) repeatedly as we wish. 


Q 


Let us end this section with an aside about some potential consequences of the 
technical Lemma 8.6. 
Remark 8.9 If g lies in C! N DP N KP for some p € N*, then by Propositions 4.8 
and 4.12 we have g’ € RET, That is, for any a > 0 


p—2 
gi(x+a)—) (AF o= 0 as x —> OO. 
j=0 
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Combining this result with the first part of Lemma 8.6, we can derive surprising 
limits. For instance, we obtain for any p € {1, 2, 3} 


Ag(x)—g/(x+4) > 0 as x —> oo. 


This latter limit has the following interpretation. The mean value theorem tells us 
that Ag(x) = g'(x + £x) for some &, € (0, 1). The limit above then says that 


g(x + &) gah) > 0 asx > oo. 


In particular, if g lies in C? and for instance eventually satisfies g” (x) > c for some 
c > 0, then 


1 éx 
c & — 5 < f g'(x +t) dt 
5 
= |g (x + éx) — g'(x + D| > 0 asx —> oœ, 
which shows that £y —> 5 asx > oO. © 


8.3 Gregory’s Formula-Based Series Representation 


The following proposition provides series expressions for Xg and o [g] in terms of 
Gregory’s coefficients (see also Proposition D.2 in Appendix D). This proposition 
follows from the next lemma, which in turn immediately follows from Corol- 
lary 6.12. 


Lemma 8.10 Let g lie in C? N DP A K4 for some p,q € N such that p < q. Let 
x > 0 be so that for k = p,...,q the function g is k-convex or k-concave on 
[x, 00). Then we have 


IHESI < Gelats, k= py. 
Proposition 8.11 Let g lie in C? N DP A KÙ for some p € N. Let x > 0 be so that 
for every integer q > p the function g is q-convex or q-concave on [x, œ). Suppose 


also that the sequence q œ> A1 g(x) is bounded. Then we have 


JEg) = 0 asq ono, 
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that is, 


Ega) = olg] + / g(t)dt — X` Gn A"! g(x). (8.4) 


n=1 


In particular, if the assumptions above are satisfied for x = 1, then we have 


alg] = )) Gn A" 'g(1). (8.5) 


n=l 


Proof This result is an immediate consequence of Lemma 8.10 and the fact that the 
sequence n +> Gn decreases to zero. Identity (8.4) then follows from (6.18). oO 


Example 8.12 Applying Proposition 8.11 to the function g(x) = Inx with p = 1, 
we obtain the following series representation of the log-gamma function for x > 0 


1 [0,6] 
Inr (x) = 5 mOr) -x+ xlna — } Gn A” Inx (8.6) 
n=0 


1 [0,6] n 
5 In) — x +xInx — 2 IGnotl Lely) In(x + k), 
n=! = 


where we have used the classical identity (see, e.g., Graham et al. [41, p. 188]) 
n 
A" fa) = DED" * OD Ffath. 
k=0 
Equivalently, using the Binet function J (x), identity (8.6) can take the form 


Iœ) = - Gaal DED‘ nek,  x>0, 
k=0 


n=1 


where, for any n € N*, the inner sum also reduces to the following integral (see, 
e.g., [41, p. 192]) 


[0,6] 
(1) A” lnx = -f 
0 


In particular, 


OO p—Xxt 1 
|A”Inx| < f (1—e™)dt = Alnx = n(1+-). 
~ t x 
0 
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In the multiplicative notation, identity (8.6) takes the following form 


P(x) = Vive x (ee 


x (x + 1)? 


(£ +3)(x+ ag 
(x + 2)3x 


Further infinite product representations and approximations of the gamma function 
can be found for instance in Feng and Wang [36]. Q 


8.4 Analogue of Fontana-Mascheroni’s Series 


Interestingly, when g(x) = + and p = 0, identity (8.5) reduces to the well-known 
formula 


CO 

[Gn] 

r=} => 
n=1 


where y is Euler’s constant and the series is called Fontana-Mascheroni’s series 
(see, e.g., Blagouchine [20, p. 379]). Thus, the series representation of the asymp- 
totic constant o[g] given in (8.5) provides the analogue of Fontana-Mascheroni’s 
series for any function g satisfying the assumptions of Proposition 8.11. 


Example 8.13 The analogue of Fontana-Mascheroni’s series for the function 
g(x) = lnx can be obtained by setting x = 1 in (8.6). We obtain 


Flen De D) nk +1) = — 145 nex), 


n=0 


or equivalently (see Example 8.12), 


Vice fo eet) at = 1- 5 Inn). > 


n=0 


The following proposition provides a way to construct a function g(x) that has a 
prescribed associated asymptotic constant o[g] given in the form (8.5). 


Proposition 8.14 Suppose that the series 


oo 
= > Gn Sn 
n=1 
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converges for a given real sequence n +> Sy and let g: R4 — R be such that 


n 


sm) = > (Co), wen, (8.7) 


k=1 


If g satisfies the assumptions of Proposition 8.11 with x = 1, then the following 
assertions hold. 


(a) S=o[g]. 
(b) Xg(n) = i (C ') s for any n e N*. 
(c) Sn = A"“!g(1) = ‘A"Sig(I) for any n e N*. 


Proof Identity (8.7) can take the following alternative form 


n 


g(int+1) = > Gs neN. 


k=0 


Using the classical inversion formula (Graham et al. [41, p. 192]), we then obtain 
aS = De I’ * ()gk+) = Agd), neN. 


This establishes assertion (c) and then assertion (a) by Proposition 8.11. Assertion 
(b) is straightforward using (5.2). oO 


Example 8.15 Let us apply Proposition 8.14 to the series 


< [Gn] 
S= yi. 


n=l 


that is, 


CO 
: n-1 1 
= X Gn sn with sn = CD! . 
n 


n=1 


Let g: Ry — R bea function such that 
1 
gn) = Do Dga nent, 


or equivalently (see Graham et al. [41, p. 281] or Merlini et al. [72, Lemma 4.1]), 


ly 
g(n) = — 2 n e N*. 


8.4 Analogue of Fontana-Mascheroni’s Series 121 


We naturally take g(x) = 1 Hy , from which we can derive (see, e.g., Graham et al. 
[41, p. 280]) 
pO 
ug(x) = ry in (x) +i 


Thus, we have S = o[g]. Combining this result with the definition of o[g], we 
derive the surprising identity (compare with Blagouchine and Coppo [22, pp. 469- 


470]) 
ae sif H? dt. 


Proceeding similarly, with a bit of computation one also finds 


57 Gn 
> eH = = ej y= if H; dt. 


n=1 


Those formulas are worth comparing with the well-known identities (see Sect. 10.2) 
Gnl] 

3 a y= [ H, dt. 

n=l 


For similar formulas, see also Blagouchine and Coppo [22]. © 


Example 8.16 Let us apply Proposition 8.14 to the series 


where a > 0. For this series, we can take 
1 
g(x) = B(x,a +1) and Xg) = ——BG,a), 
a 


where (x, y) œ> B(x, y) is the beta function. We then derive the identity 


G 1 l 
yL = ~~ | B(x + 1, a) dx. 
n+a 0 
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Using the definition of the beta function as an integral, this identity also reads 


G 1 1 a 
y al sD f 4 y 
n+a a o ln(l-— x) 
Setting a = 5 for instance, we obtain 
CO 


G 1 f! 
Seal =1+5f oe 
n+l 2 Jo Indi —x) 


n=1 


We also observe that the decimal expansion of the latter integral is the sequence 
A094691 in the OEIS [90]. © 


8.5 Analogue of Raabe’s Formula 


Recall that Raabe’s formula yields, for any x > 0, a simple explicit expression 
for the integral of the log-gamma function over the interval (x, x + 1). We state 
this result in the following proposition (see Example 6.5). For recent references on 
Raabe’s formula, see, e.g., Cohen and Friedman [30, p. 366] and Srivastava and 
Choi [93, p. 29]. 


Proposition 8.17 (Raabe’s Formula) The following identity holds 
x+1 1 
fl InT(t)dt = 5 In(Q7) + xInx—x, x >0. (8.8) 
X 


Clearly, identities (6.10) and (6.11) provide the analogue of Raabe’s formula for 
any continuous multiple log l -type function Xg. We recall this important and useful 
formula in the next proposition. 


Proposition 8.18 (Analogue of Raabe’s Formula) For any function g lying in 
C? N dom(Z), we have 
x+1 x 
f Xg(t)dt = o[g] +f g(t) dt, x > 0, (8.9) 
x 1 


where o[g] is the asymptotic constant associated with g and defined by the equation 


1 
olg] = f Le(t + Ld. (8.10) 
0 
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The challenging part in this context is to find a nice expression for o[g]. For 
instance, setting x = 1 in Raabe’s formula (8.8), we obtain the identity 


1 

1 

ofIn] = 1 nP@+1dt = -1+5 m2r). 
0 


However, in general such a closed-form expression for ø [g] is not easy to derive. 
An expression for o[g] as a limit can be obtained using Proposition 5.18(c2). 
Specifically, if g lies in C? N DP N K? for some p € N, then we have 


1 
olsi = lim f PIO +80) di 


n—1 


n P 
= lim dew - f gdt +$ Gjate) |, 61D 
n—->oo kel 1 


j=l 


which is nothing other than the restriction of the generalized Stirling formula (6.21) 
to the natural integers. 

Series expressions for o[g] can also be obtained by integrating on the interval 
(0, 1) the series representations of Xg + g given in Theorems 8.2 and 8.7. For 
instance, we have 


P oo k+1 P f 
oi = YG; aia- Yo f e(dt—~ Y Gj Aig(k)}. 812 
j=l k=1 j=0 


Note also that, under certain assumptions, the latter series converges to zero as 
p —wn œ. In this case, (8.12) reduces to the analogue of Fontana-Mascheroni’s 
series; see Proposition 8.11. 


Example 8.19 Applying (8.11) and (8.12) to g(x) = 1 and p = 0, we obtain 
“1 (1 1 
olg] = jim. (£: -in = ve (Z-m (1+ =). 


which is Euler’s constant y. Identity (8.9) then immediately provides the following 
analogue of Raabe’s formula 


x+1 
f wit)dt = nx, x>0. > 


The following proposition provides interesting identities that involve the 
antiderivative of Dg, where g is any function lying in C? N dom(%). It also yields a 
formula for XG, where G is the antiderivative of g. This result is worth comparing 
with Example 7.19. 
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Proposition 8.20 Let g lie in C° ADP NK? for some p € N and define the function 
G: Ry > R by the equation 


x 
G(x) = I g(t) dt forx > 0. 
1 
Then G lies in C! N DPH! A K?*!. Moreover, for any x > 0 we have 
x 
DG(x) = J g(t) dt — olg] (x — 1) 
1 


and 


x+1 x 
zx | Le(t)dt = f Ee(t)dt. 
x 1 


Proof We have that G lies inC!ND?+! NK? +! by Proposition 4.12. We then obtain 
(ŒG) = Xg —o[g] 
by Proposition 7.7. This establishes the first formula. Combining it with (8.9), we 
obtain 
x+1 x 
zy f Ue(t)dt = olg](x-—1)+ UG) = f Ueg(t) dt, 
x 1 

that is, the second formula. oO 


Example 8.21 Apply Proposition 8.20 to the function g(x) = Inx with p = 1, we 
obtain 


x+1 x 
zs f nre dt = f InP(t)dt = yx) — w_2(1). 
x 1 


Using Raabe’s formula (8.8) in the left-hand side, we finally obtain 


1 ; 
5 METE- 1) + Er lnx) — (3) = Wa) — val), 


from which we immediately derive a closed-form expression for X, (x In x); see also 
Sect. 12.5. Q 


We now present a proposition, immediately followed by a corollary that provides 
interesting characterizations of multiple I-type functions based on the analogue of 
Raabe’s formula. Example 8.24 below illustrates this characterization in the special 
case of the log-gamma function. 
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Proposition 8.22 Leth lie inC'ND?t! NK?! for some p € N and let f : Ry > 
R be a function. Then f lies in C? A K? and satisfies the equation 


x+l 
/ f@)dt = h(x), x > 0, (8.13) 


if and only if f = (Zh)’. 


Proof The sufficiency is trivial. Let us prove the necessity. Differentiating both 
sides of (8.13), we obtain Af = h’. Using the existence Theorem 3.6 and then 
Proposition 7.7, we then see that f = c + (ZhA)’ for some c € R. Using (8.13) 
again, we then see that c must be 0. o 


Corollary 8.23 (A Characterization Result) Let g lie in C? ND? N K? and let 
f: R} > R be a function. Then f lies in C? A KP and satisfies the equation 


x+1 x 
I f@)dt = otsl+ f g(t)dt, x>0, 
x 1 


if and only if f = Xg. 


Proof The sufficiency is trivial by (8.9). Let us prove the necessity. Define the 
function A: R+ — R by the equation 


X 


h(x) = otsl+ f g(t)dt for x > 0. 
1 


Then, / clearly lies in C! N DPH! A KPH, Using Proposition 8.22 and then 
Proposition 8.20, we immediately obtain that f = (Xh)' = Xg. o 


Example 8.24 Applying Corollary 8.23 to the function g(x) = ln x with p = 1, we 
obtain the following alternative characterization of the gamma function. A function 
f: Ry > R lies in C? N K! and satisfies the equation 


x+1 1 
f f@dt = 3 Mri a ee x >0, 
x 


if and only if f(x) = ln T (x). Q 


8.6 Analogue of Gauss’ Multiplication Formula 


In the following proposition, we recall the Gauss multiplication formula for the 
gamma function, also called Gauss’ multiplication theorem (see Artin [11, p. 24]). 
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Proposition 8.25 (Gauss’ Multiplication Formula) For any integer m > 1, we 
have the following identity 


m—1 s 

r m— 
M) _ x) Or), x>0. (8.14) 
j=0 ue m*2 


When m = 2, identity (8.14) reduces to Legendre’s duplication formula 


r(5)r() 2 ee, ah 


2 Qx-1 


Remark 8.26 For any fixed m > 2, the Gauss multiplication formula (8.14) enables 
one to retrieve easily the value of the asymptotic constant associated with the 
function g(x) = lnx. In particular, this value can be retrieved from Legendre’s 
duplication formula. Indeed, taking the logarithm of both sides of (8.14) and then 
integrating on x € (0, 1), we obtain 


m—1 


y zi X +j _ m — 1 1 
nT | —— J dx = In(27x) + lnT(x)dx. 
‘a0 10 m 2 0 


Using the change of variable t£ = att in the left-hand integral, we then obtain 
almost immediately the following identity 


1 
f nrt) dt = Pinon: 
à 2 


Combining this result with (8.9), we retrieve o [In] = —1 + 5 In(2z). © 


Webster [98, Theorem 5.2] showed how an analogue of Gauss’ multiplication 
formula can be partially constructed for any T-type function. His proof is very short 
and essentially relies on the uniqueness and existence theorems in the special case 
when p = 1. We now show how Webster’s approach can be further extended to all 
multiple I-type functions. As usual, we use the additive notation. 


Theorem 8.27 (Analogue of Gauss’ Multiplication Formula) Let g lie in 
dom() and let m € N*. Define also the function gm: R+ — R by the equation 


m(x) = g (>) forx >Q. 
m 
Then we have 


m-—l1 


+4 7 m . 
© z(=) 2 Yee (4) + zen, x>0, (8.15) 
j=0 j=l 
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and 
m—l1 j 
x = Z je 
Em (m) 3 g (4) 


Proof Let g lie in DP N KP for some p € N. Then gnm also lies in DP N K? by 
Corollary 4.21. Now, we can readily check that the function f: R+ — R defined 
by 


m—l1 ‘ m y 
fe = > z(=) -Z ze(Ż) 
j=0 j=l 


is a solution to the equation Af = gm that lies in K? and such that f (1) = 0. By 
the uniqueness Theorem 3.1, it follows that f = gm. This establishes (8.15). The 
last identity follows immediately. o 


Theorem 8.27 actually provides a partial solution to the problem of finding the 
analogue of Gauss’ multiplication formula. A more complete result would also 
provide a closed-form expression for the right-hand side of identity (8.15). 

Unfortunately, no general method to provide simple or compact expressions for 
E gm seems to be known. However, such expressions can sometimes be found. 

For instance, when g(x) = ln x, we obtain 


gm(x) = lnx — lnm and Ugn(x) = nT (x)-— (x — 1)lnm. 


Substituting this latter expression in identity (8.15), we immediately obtain the 
formula 


m—1 


mr (4) = one (4) + 1nre)— = Imm, (8.16) 
m m 
j=0 jal 


that is, in the multiplicative notation, 


m—1 m 
x+j r(x) j 
mr (=) = Hr (2). Ms 


j=0 


It remains to find a nice expression for the latter product, and more generally for 
the right-hand sum of identity (8.15). On this issue, we have the following useful 
result. 
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Proposition 8.28 Let g lie in C° Ndom(Z) and letm € N*. Define also the function 
&m: Ry > R by the equation gm(x) = g(=) for x > 0. Then we have 


m j m+1 
Y ze (4) =motgi- f Zend 


n 


1 


= mo|g] — o [8m] — m f g(t) dt. 


1/m 


Proof The first identity can be proved simply by integrating both sides of (8.15) on 
x € (m,m + 1). Indeed, using the change of variable t = a and identity (8.10), 
the left-hand side reduces to 


m—1 
nY f 
j=0"! 


1444 


2 
= Bege(lt)dt = mf Xe(t)dt = mo[g]. 
+4 1 
The second identity then follows from a simple application of (8.9). o 


Example 8.29 Let us apply Proposition 8.28 to the function g(x) = In x. We obtain 


m 


1 1 
Yiinr(2) = —<Inm+<(m—1)InQz). 
jal m 2 2 


Substituting this expression in (8.16) and then translating the resulting formula into 
the multiplicative notation, we retrieve Gauss’ multiplication formula (8.14). Q 


In the following proposition, we provide a convergence result for the function 
defined in the left-hand side of (8.15), which does not require the computation of 
gm. This result simply reduces to the generalized Stirling formula when m = 1. 


Proposition 8.30 Let g lie inC°OND? NK? for some p € N and letm € N*. Define 
also the function gm: R+ — R by the equation gm(x) = 8(ž) for x > 0. Then we 
have 


m—l1 


: x p 
Y Be (=) -f EmO dt +Y Gj AF" gm (x) > monlg] 
j=0 


j=l 


as x — œ, where 
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Proof Theorem 8.27 and Proposition 8.28 provide the following identity 


m—1 


Ugm(x) — ol gm] = 2 xg (=) —monlg] x>0. 


The result is then an immediate application of the generalized Stirling formula 
(Theorem 6.13) to the function £ gm (recall that gm lies in C? N DP N KP). oO 


We end this section with three corollaries. Corollaries 8.31 and 8.32 yield 
properties of the derivatives and antiderivatives of the function g in the context 
of the analogue of Gauss’ multiplication formula. Corollary 8.33 shows how the 
antiderivative of g can be expressed as a limit involving the function X gm. 


Corollary 8.31 Let g lie in C” ND? N K™*?-"} for some p € N andr e N*. Let 
also m € N* and define the function gm: Ry —> R by the gm(x) = g(=). Then 
the equation obtained by replacing g with g™ in (8.15) can also be obtained by 
differentiating r times both sides of (8.15). 


Proof Differentiating r times both sides of (8.15), multiplying through by m”, and 
then using (7.1), we obtain 


m—l1 
Y rg” c : i) + m(Zgy(1) = m D8) + m (Dem) (1). 


j=0 


Setting x = 1, we then get 
3 aa ) +900 = = m'(Zgm) 0). 


Subtracting this latter equation from the former one, we finally get 
m—1 EA 

> ze” ( zti) =- eae Jar EgO (x), 
j=0 


which is precisely the equation obtained by replacing g with g” in (8.15). o 


Corollary 8.32 Let p € N, m € N*, c € R, and g € C° A DP A KP. Define also 
the functions G, gm, Gm: R+ — R by the equations 


G&) = c+ f g(t) dt, sm(x) = 8 (=), Gy = c(=) forx > 0. 
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Then both functions G and Gm lie in C! ND?*! A KPHL, Moreover, for any x > 0 
we have 


m+1 


m 


UGm(x) = f Igm(t)dt + (x — 1) (e = 1f Um (t) ar) 


Proof The first part follows immediately from Proposition 8.20 and Corollary 4.21. 
Now, by definition of Gm we have 


Gin(x) = cto f enoa = c+ 2 (fo enoa- f" snoa). 
M Jm m 1 1 


The claimed identity can then be established easily using Proposition 8.20 and then 
applying identity (8.9). o 


Corollary 8.33 Let g lie in C? N dom(£). Define also the functions gm: R} > R 
(m € N*) by the equation gm(x) = g(=) for x > 0. Then we have 


x -È 7 
j Se= en f Od: #50. 
m—>0oo m 1 
Moreover, if g is integrable at 0, then 
1 x 
lim — Egm(mx) = f g(t) dt, x>0. 
m>o m 0 


Proof Replacing x with mx in (8.15) and dividing through by m, we obtain 


m-—-1 


1 1 j _ j 
minim) = Ee (se) Es a 
j= j= 


Letting m —>y œ in this identity and using (8.9), we see that the first Riemann sum 
on the right side converges to 


1 x 
f Ega +t)dt = otel+ f g(t)dt 


while the second one converges (if g is integrable at 0) to 


1 1 
i Zg(t)dt = olg]— Í gA) dt. 
0 0 


This establishes the corollary. o 
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8.7 Asymptotic Expansions and Related Results 


In this section, we provide and investigate asymptotic expansions of (higher order 
differentiable) multiple log I-type functions. We also establish and discuss some 
important consequences of these expansions, including a variant of the generalized 
Stirling formula and an extension of the so-called Liu formula to multiple log T-type 
functions. 

To begin with, let us first recall the asymptotic expansion of the log-gamma 
function (see, e.g., Gel’ fond [39, p. 342] and Srivastava and Choi [93, p. 7]). 


Proposition 8.34 For any q € N*, we have the following asymptotic expansion as 
x —> œ 


1 1 2 P 
InP(x) = zmr) -x + (: = 5) Inx+ >> aoe +0 (==!) , 
k=1 


(8.17) 
For instance, setting g = 4 in equation (8.17), we obtain 


1 1 1 1 - 
InP(x) = 5InQx)—x+(x-5 Inxt+—- gt O(x 7 


We now provide a generalization of this result to multiple log T-type functions. 
Even more generally, in the next proposition we provide for any integer m € N* an 
asymptotic expansion of the function 


m—l1 
1 J 
—) x C .1 
xP 5 e(x+2) (8.18) 


j=0 


Proposition 8.35 


(a) Let g lie in C! NDP A K™*?-" for some p € N. Then, for any m € N* and 
any x > 0, we have 


m—1 


1 j x+1 1 
— X xg («++) = if ug(t) dt — g(x) + Rmx), 
m 4 m 2 2m 
j=0 
with 


1 1 
Rn(x) = 1f By ({mt}) (Zg) (x + t) dt 
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and 
1 1 
Ral s = f (zee + Olde, 
2m 0 


For large x the latter integral reduces to |g(x)|. 
(b) If g lie inC74N DP A K™XP-24} for some p € N and some q € N*. Then, for 
any m € N* and any x > 0, we have 


re j x+l 1 
-X Zg («+4) = i Eg(t) dt — — g(x) 
m 0 m x 2m 


q 
1 Bx (2k—1) q 
t3 mE Gis (x) + Rmx), 


with 
Lf! Byam} 
q EOS 4 (24) 
Rui) = -or h PERE en tna 
and 
[Bogl f' 
ROL < eB fee +a. 


For large x the latter integral reduces to |817) (x)|. 


Proof Let us prove assertion (b) first. The first part follows from a straightforward 
application of Euler-Maclaurin’s formula (Proposition 6.31) to f = Xg, witha = 
x,b =x + 1, and N = m. Now, we see that the function (Hg)? lies in K?~20+ 
by Proposition 4.12, and hence also in K~! by Proposition 4.7. Thus, for sufficiently 
large x we obtain 


1 1 
f EDE + ldt = | f (2g) (x +0) dt 
0 0 
= [ay E + D - Bay Pea). 
By Proposition 7.7, the latter expression reduces to 


Bex + 1) — Dea) = eM. 
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Assertion (a) can be proved similarly. Here we observe that (Xg)’ lies in Ke 
and hence also in X7}. Thus, for sufficiently large x we obtain 


1 1 
[ teeter = |f eee toad = iro 
0 0 
This completes the proof. o 
Setting m = 1 in Proposition 8.35, we derive immediately an asymptotic 


expansion of the function Xg in terms of its trend and the higher order derivatives of 
g. As this special case is very important for the applications, we state it in the next 
proposition (in which we also use (8.9) to evaluate the integral of Xg on (x, x + 1)). 


Proposition 8.36 The following assertions hold. 
(a) Let g lie in C! A DP N K™*P- for some p € N. Then, for any x > 0 we have 
x 1 
Xg(x) = olg] +f 80) dt — Be) + RQ), 
1 
with 


1 
Ri(x) = [ By(t) (Zg) (x +t) dt 


and 


1 1 
|Ri@x)| < zf (Egey œ + 1)| dt. 
0 


For large x the latter integral reduces to |g(x)|. 
(b) If g lie inC74N DP A K™X\P-24) for some p € N and some q € N*. Then, for 
any x > 0 we have 


Box 


Gp! gD (xe) + REC), 


x 1 q 
Eg(x) = otsl+ f si) dt— Fa) + Do 
(8.19) 

with 


i Bag (t) 


a OO eroa 


RI (x) = — 
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and 


| Bog | 


IR OWI < Gq)! 


1 
f ED Dx t)I dt. 
0 


For large x the latter integral reduces to |g@4—")(x)|. 


Example 8.37 Taking g(x) = lnx and p = 1 in (8.19), we retrieve immediately the 
asymptotic expansion given in (8.17). The following equivalent, but more concise, 
formulation of this expansion is given in terms of Binet’s function. For any q € N*, 
we have 


q 
_ Bert ~q-1 
J(x) = meen tO ) as x > oo. > 


Remark 8.38 The following alternative asymptotic expansion of the Riemann sum 
(8.18) can be immediately obtained using the general form of Gregory’s formula 
(Proposition 6.30). If g lies in C° N DP N K? for some p € N and if it is g-convex 
or g-concave on [x, oo) for every integer q > p, then we have 


x+1 m-—l1 14 
Eg(t)dt = >) — X G A! R, 
i g(t) 2 g (: F +). P 2 k 8m (mx) + 


where 
1 — x 
|R| < — G4 |A gm(mx)| and 8m(X) = 8 (=) : 
m m 


(Compare with Proposition 8.30.) If we set m = 1 in this latter expansion, then we 
immediately retrieve the inequality of Lemma 8.10 as well as the Gregory formula- 
based series expression for Xg given in (8.4). It is then important to note that the 
asymptotic expansion (8.19) often leads to divergent series, contrary to its “cousin” 
formula (8.4), as already observed in Remark 6.32. For instance, setting x = 1 in 
(8.17) leads to a divergent series whereas setting x = | in the “cousin” formula (8.6) 
leads to an analogue of Fontana-Mascheroni’s series. In this regard, we observe that 
the Gregory coefficients have the asymptotic behavior 


1 
Onl nn asn > œ, 


while the Bernoulli numbers satisfy 


2(2n)! 


|Ban| = Qr)” 


C(2n) ~ 4y rn (Z asn > OO; 


see, e.g., Graham et al. [41, p. 286]. © 
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A Variant of the Generalized Stirling Formula Interestingly, from Proposi- 
tion 8.35 we can easily derive the following variant of the generalized Stirling 
formula. 


Proposition 8.39 (A Variant of the Generalized Stirling Formula) Let g lie in 
C? NADP NAK? for some q € N* U {5} and some p € N satisfying p < 2q — 1. For 
any m € N* we have 


1 m—1 j x P By 
ae >> x+-—)- t)dt— —* k-D a) > o asx > ©. 
25 e( L) f| eoa- Tno > ole) 
j=0 e 
In particular, 


x P 
De(x) -f g(t) dt — FE tw > olg] asx oo. (8.20) 
k=1 ` 


Proof For every k € {p,...,2q} we clearly have that g lies in D* N K* and 
hence g“ vanishes at infinity by Theorem 4.14(b). The result then follows from 
Proposition 8.35. The particular case is obtained by setting m = 1. o 


It is clear that the convergence result (8.20) coincides with the generalized 
Stirling formula (6.21) whenever p = 0 or p = 1. Thus, it does not bring anything 
new in these cases. 

Now, we observe that if g lies in C™™*(74-7) N DP A K™*I74-"} for some q € 
N* U {5} and some p € N satisfying p < 2q — 1, then the convergence result in 
(8.20) still holds if we replace g with g“ and p with (p — r)+. Moreover, this 
modified result can also be obtained by differentiating r times both sides of (8.20) 
and then removing the terms that vanish at infinity. This important fact can be easily 
proved similarly as for the generalized Stirling formula (see Proposition 7.12 and 
the comment that follows it). 


Remark 8.40 We now see that the generalized Stirling formula (6.21) could also 
be established similarly as its variant (8.20), i.e., using the Gregory formula-based 
asymptotic expansion of Xg as discussed in Remark 8.38. However, formula (6.21) 
is a very elementary consequence of Lemma 2.7, as commented in Remark 6.16. Its 
proof is elementary, elegant, and leads to the whole Theorem 6.11, which is a strong 
result that also provides inequalities. © 


The restriction of the limit (8.20) to the natural integers provides the following 
alternative formula to compute the asymptotic constant o [g]. Under the assumptions 
of Proposition 8.39, we have 


n—-1 n p By 
olg] = lim (Siew - j) gt — ae]. (8.21) 
k=1 i 


k=1 
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Analogue of Liu’s Formula Liu [64] (see also Mortici [75]) established the 
following formula. For any n € N* we have 


n oo 1 _ 
n! = T@m+1) = v2rn (=) exp (/ ita), 
e n 


t 


This formula provides an exact (as opposed to asymptotic) expression for the gamma 
function with an integer argument. 

We now propose a generalization of this identity to multiple log l -type functions 
with real arguments. We call it the generalized Liu formula. Recall first the following 
Dirichlet test for convergence of improper integrals (see, e.g., Titchmarsh [96, 
p. 21)). 


Lemma 8.41 (Dirichlet’s Test) Leta > 0 and let f: R} — R be so that the 
Junction x œ> fF f (t) dt is bounded on [a, 00). Let also g lie inC!ND°NK®. Then 
the improper integral 


f f@g@ dt 


converges. 
Proposition 8.42 (Generalized Liu’s Formula) 


(a) If g lies in C? ND! N KÈ, then for any x > 0 we have 
x 1 [0,6] 1 
Ug(x) = otel+ f g(t) dt — sac) + | (5- (9) gi(x+t)dt. 
1 0 


(b) If g lies inC74+! A D4 A K4+! for some q € N*, then for any x > 0 we have 


Box 


ome) 


x 1 q 
Xg(x) = olg] +f g(t) dt — 580) + Ss 
k=l 


°° Bog ({t}) (2q) 
+f “Gg ge (x4+t)dt. 


Proof Let us prove assertion (b) first. We apply assertion (b) of Proposition 8.36 to 
the function g with p = 2q. Thus, for any x > 0 and any n € N we have 


x+n+1 Bo ({t _ x}) 

q = q (2q) 

AS I. (2q)! eee 
7 fo Bog ({t _ x}) 


gy a8) wat. 
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By Proposition 7.7, we have 
Eo Or hay O = eo 
and hence we obtain 
Ri) = SiG) + TG), 


where 
x+n = 
Sf(x) = f Ba OH dt, 


-f Bog ({t — x}) 


N Gay Eg) (t) dt. 


T (x) = 


Now, we observe that the sequence n > S$ (x) converges by Dirichlet’s test (see 
Lemma 8.41). Indeed, g° lies in C! A D? N K? by Proposition 4.12, and for every 


u > x we have that 
f Bog ({t — x}) a — f Bog ({t}) a 
x (2g)! 0 (2q)! 
J . Bu) y a < | Bag| 
L 


u—x] (2q)! = (2q)!’ 


where we have used the well-known fact that the integral on (0, 1) of the Bernoulli 
polynomial By, is zero. 

Let us now show that the sequence n +> T% (x) approaches zero as n —> 00. 
Using integration by parts, we obtain 


Ti (x) = -f Bu) (xg)PP (x +n+1t)dt 
o (2q)! 


l Bog +i (t) 
ai ap ERM n+ Ndr. 


Since (Xg)?2+ lies in K~!, for large n we obtain 
|Bog+1l 

[Tr (x)| < ——— 

(2q + 1)! 


_ |B24+1| 
Qq +)! 


1 
f Egt (x+n tdt 
0 


which approaches zero as n — oo by Theorem 4.14(b). This proves assertion (b). 
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Assertion (a) can be proved similarly by applying assertion (a) of Proposi- 
tion 8.36 to function g with p = 1. For any x > 0 and any n € N we have 


Rix) = S) + Trx), 


where 


s=- f E —x}) edt, 


x+n+1 
Ty (x) = By ({t — x}) (Zg)'(t) dt. 


zn 


We now see that the sequence n > S,(x) converges by Dirichlet’s test. 
Moreover, the sequence n +» T,,(x) approaches zero as n —> œœ. Indeed, using 
integration by parts we obtain 


1 
nE / Bi(t) (Ze) x +n edt 
0 


B | Bolt 
-Pyet f 2 Site snin de 
2 o 2 
and we conclude the proof as in assertion (b) since g’ lies in C! N D? N K®. o 


Example 8.43 Let us apply assertion (a) of Proposition 8.42 to g(x) = Inx. We 
obtain 


nT) l nr) si ii +P ea 
nr r(x) = =InQ@z)-x x—-—)Inx i 
2 2 0 t+x 
or equivalently, 
2 eo 
J(x) = J*Unol](x) = f — dt, 
0 t+x 

which extends the original Liu formula to a real argument. © 
Example 8.44 Applying assertion (a) of Proposition 8.42 to g(x) = i, we obtain 


the following integral expression for the digamma function 


ees 


1 
wo) = m-f G42 t; 


This expression seems to be previously unknown. © 
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Setting x = 1 in Proposition 8.42, we immediately derive an integral represen- 
tation of the asymptotic constant o[g]. We state this observation in the following 
corollary. 


Corollary 8.45 
(a) If g lies in C? OD! A K?, then we have 


1 99 P 
ats] = 58+ f (0-4) Od 


(b) If g lies inC74+! A D?4 A KH for some q € N*, then we have 


= 1 2 Box (2k—1) ® Bog ({t}) (2q) 
olg] = 28-2) pp w- f a (t) dt. 


Remark 8.46 Proposition 8.42 and Corollary 8.45 enable one to evaluate certain 
improper integrals involving polynomial functions of the fractional part of the 
integration variable. For example, to establish the identity 


© {x} 4 3 1 1 
ie = = ei i 
/ xpi” ie ee a 


(Srivastava and Choi [93, p. 600, Problem 11]), we simply use assertion (a) of 
Corollary 8.45 with g(x) = 1 In(2x + 1). In this case, we have 


1 1 1 1 3 
Ug(x) = gee) as ar x +5 =a int — 


and the integral is simply equal to o [g] — 5 g(1). © 


Remark 8.47 In Proposition 8.42, we could substitute o[g] from its expression 
given in Corollary 8.45. But then, the restriction to the natural integers of the 
resulting formulas will simply reduce to the application of Euler-Maclaurin’s 
formula (Proposition 6.31) to g, with a = 1,b = n, h = 1, and N = n- 1. 
© 


8.8 Analogue of Wallis’s Product Formula 


In the following proposition, we recall one of the different versions of Wallis’s 
product formula (see, e.g., Finch [37, p. 21]). 
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Proposition 8.48 (Wallis’s Product Formula) The following limit holds 


.. L3 Cast =. 1l 
ea ie eee 


In the additive notation, identity (8.22) becomes 


2n 
. 1 k-1 
(jim. (; In(rn) +> 61) nt) = 0. 


k=1 
The following proposition gives an analogue of this latter formula for any 
function g lying in C? N dom(). 


Proposition 8.49 Let g lie in C? N DP NK? for some p € N. Let 3: R} > R be 
the function defined by the equation g(x) = 2 g(2x) for x > 0. Let also h: N* > R 
be the sequence defined by the equation 


2: 
hin) = otal—atel+ f (g(2n +1) — gi(t)) dt 


Pp 
+ Gj (Agn + 1) — AŻ! (n + D) forne N*. 
j=l 


Then we have 
2n 
lim (ii + vee) = 0. (8.23) 
noo kel 


Proof The function g lies in C? N DP N KP by Corollary 4.21. By (5.2), for any 
n € N* we thus have 


2n n 


2n 
DOD = Dis&—- EO = Ug2n+1)- DEM+ 1). 
k=1 k=1 k=1 
Using the discrete version of the generalized Stirling formula (8.11), we get 
2n 


2n+1 P 
— yj _ _AJa1 
olg] = lim doe) / edit DG gQn +1) 
A va 
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and 
n n+1 P 
~ — r ~ = ~ : j a 1 ~ 
olg] = lim XW) | adit + IGA g(n+ 1) 
k=1 j=1 
This establishes the claimed formula. o 


Formula (8.23) actually holds for infinitely many sequences n +> h(n). Indeed, 
if it holds for a sequence h(n), then it also holds for instance for the sequence 
h(n) +n~4 for any q € N*. Thus, to obtain an elegant analogue of Wallis’s product 
formula, it is advisable to choose h among the simplest functions. For instance, 
we could consider the sequence obtained from the series expansion for h(n) about 
infinity after removing all the summands that vanish at infinity. 


Example 8.50 Let us apply Proposition 8.49 to g(x) = Inx with p = 1. We obtain 


h(n) = 2n In(2n + 2) — (2r + 5) In(2n + 1)+ln(n + 1)— 1+ 5 mEn) 


= Imen) +0 (n=) , 


Replacing h(n) with 5 Inon) in (8.23) as recommended above, we retrieve the 
original Wallis product formula (8.22). Q 


Example 8.51 Let us apply Proposition 8.49 to the harmonic number function 
g(x) = A, with p = 1. After a bit of calculus we get 


1 1 
h(n) = 5 Hani +5 n2+ Inn 1) — Wn +3) 
1 —1 
= 5(y+inn)+0(n yi 


We then obtain the following analogue of Wallis’s product formula 


2n 
i = yk 2 
sim ( nn +2% (1) m) y, 


k=1 
which provides an alternative definition of Euler’s constant y. © 


Example 8.52 Let us apply Proposition 8.49 to the harmonic number function of 
order 2 


ga) = HP = 6Q2)-¢(2,x+) 
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with p = 1. After some algebra we obtain the following analogue of Wallis’s 
product formula 


2n 2 
. ky Z 
din 2 DA= ag 0 


Remark 8.53 Alternative sequences for h(n) may be considered in Proposi- 
tion 8.49. For instance, if g lies in C° N DP N KP for some p € N, then it is 
easy to see that 


2n 
Yep lek) = -Egan +1), ne N*, 
k=1 


where g: R} — R is the function defined by the equation g(x) = Ag(2x — 1) for 
x > 0. Thus, assuming that @ lies in °°, identity (8.23) also holds for 


n+l (p—1)+ 
h(n) = otai+ | git)dt— X Gj AT !an4)). 
1 7 
j=l 


Similarly, we can easily see that 


2n 


YODO = g)—g2n)+ dam), ne N*, 
k=1 


where g: R+ — R is the function defined by the equation g(x) = Ag(2x) for 
x > 0. Thus, assuming again that @ lies in K°, identity (8.23) also holds for 


ñ (p—-1)+ 
h(n) = gn) — a(t) — ota) — f B@dt+ D> Gj Aige). 


j=l 
It is clear that the most appropriate function h among these possibilities strongly 
depends on the form of the function g. © 
Remark 8.54 Using summation by parts with the classical indefinite sum operator 
(see, e.g., Graham et al. [41, p. 55]), it is not difficult to show that 
Xx g(2x) = x g(2x) — g(2) — Uy (x + 1) (Ag(2x) + Ag(2x + 1)) (8.24) 


(provided both sides exist). More generally, for any m € N*, we can show that 


m-1 


Exg(mx) = x g(mx) — gm) — } Dy ((x + 1) Agimx + j)). 
j=0 
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For instance, using (8.24) we obtain 


1 1 
Ery (2x) = x Y 2x) — Y (2) — Ex ( e ae 5) 


= x ¥Qx)— WW) —x-5WW +y) (v (=+ z) =i (5)) 


1 1 1 
= VQ -Iv-a iV (x45) 450-2247). 


As this example demonstrates, formula (8.24) can sometimes be very useful in 
Proposition 8.49 for the computation of o[g]. © 


8.9 Analogue of Euler’s Reflection Formula 


Recall that the identity 
rP — z) = mwesc(rz) (8.25) 


holds for any z € C \ Z. This identity, known by the name Euler’s reflection formula 
(see, e.g., Artin [11, p. 26] and Srivastava and Choi [93, p. 3]), can be proved for 
instance using the Weierstrassian form of the gamma function. 

Motivated by this and similar examples, it is then natural to wonder if an analogue 
of Euler’s reflection formula holds for any multiple log T-type function, at least on 
R \ Z, or even on the interval (0, 1). However, this question seems rather difficult 
and reflection formulas as beautiful as (8.25) are relatively exceptional. 

Now, if we logarithmically differentiate both sides of (8.25), we obtain the 
following reflection formula for the digamma function (see [93, p. 25]) 


w(ix)-wd-x) = m cot(wx). (8.26) 


Using an appropriate integration, we also obtain the following reflection formula for 
the Barnes G-function (see [93, p. 45]) 


nG +x) —InG(l1—x) = xmz) f ntcot(mt) dt. (8.27) 
0 


These and other examples show that the reflection formulas usually share a 
common pattern. Their right sides typically include 1|-periodic functions or integrals 
of 1-periodic functions while their left sides are of one the following forms 


ug(x) + Ug — x) or xg +x) + Ug — x) 


for some appropriate functions g. 
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In this section, we investigate this important topic in the light of our theory. To get 
straight to the point, we have not found an analogue of Euler’s reflection formula that 
is systematically applicable to any multiple log I-type function. We nevertheless 
present a few interesting results that could hopefully be the starting point of a larger 
theory. 

First of all, due to the presence of the arguments x and | — x in most of the 
reflection formulas, it is important to see how the domain of the functions considered 
in this work can be extended to a larger set. Since many functions g involved in the 
difference equation Af = g have singularities at 0 (e.g., g(x) = 1), we suggest 
extending the domain of all these functions to the set R \ {0}. Due to the nature of 
the difference operator A, any solution f is then required to be defined on R \ (—N). 
The domains of many other associated functions and identities of this theory can be 
extended likewise. For instance, for any p € N and any n € N*, the domain of 
the function f? [g] defined in (1.4) can be extended to R \ 3 N). Similarly, for any 
p € N and any a c R \ {0}, the domain of the function p4 Pig ] defined in (1.7) can 
be extended to R \ {—a}. 

We now have the following important result. 


Lemma 8.55 Let g: R \ {0} —> R be a function whose restriction g|g, to R4 lies 
in DP OKP for some p € N. Then, there exists a unique function f : R\(—N) > R 
such that Af = g and f|R, = X(g|R,). Moreover, 


fœ) = lim fflw, x €R\(-N). 


Proof For any m € N and any solution f: R\(—N) —> R to the equation Af = g, 
we must have 


fœ-m) = f@)— > ga -k), x € R4 \N. (8.28) 
k=1 


This clearly establishes the first part of the lemma. 
Let us now prove that for any x € R+ \ N and any integers 0 < m < n we have 


gl(x) - Shee k) = fPigl@ —m) — Y a Ia@-k. (8.29) 
k=1 


On the one hand, for j = 1,..., p, we have 


d=) = yr Es 7") = ym Ce =m = (*) - ey 
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and hence using (1.7) we obtain 


m m p 


Zels le- = Pee+n-b-Y (© - C5") aso). 


k=1 j=l 


On the other hand, using this latter identity and subtracting the right side of (8.29) 
from the left side, using (1.4) we obtain 


n—1 
Vig -m +k) - ee ye oe Te 
k=0 k=1 k=1 


which is identically zero. This establishes (8.29). 
Let us now show that the sequence n +> p/'[g](x — k) converges to zero for any 
x € R,\Nandanyk € N. By (2.12) it is actually enough to show that the sequence 
nt gin nt+l,....n+p—l1na+x—-—k] 


converges to zero. However, by Lemma 2.5 this latter sequence can be sandwiched 
between the sequences 


nt g[n—k,n+1-—k,....n+p—1—k,n+x-—-k] 
and 
nt gla nt+l,....n+p—1,n4+4], 
which both converge to zero by (2.12). 


Finally, let f: R \ (—N) — R be the unique function defined in the first part of 
this lemma. Using (8.28) and (8.29), since g lies in DP N K? we obtain 


m 
f(x —m) = Xgl) — Da —& = lim FP Lela) - = g(x — k) 
k=1 k=1 
= im, file ](x — m), 
which establishes the second part of the lemma. o 


Lemma 8.55 shows that the domain of the function Xg can be extended to R \ 
(—N) whenever g is defined on R \ {0}. We then use the same symbol £g for this 
extended function. Moreover, in this case we have 


Zea) = lim fPlgl@), x €R\(-N) 
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and the Eulerian form (8.1) of Xg extends similarly. Actually, when g is a function 
of a complex variable, Lemma 8.55 can be easily adapted to extend the function £g 
to an appropriate complex domain. 

Let us now establish reflection formulas on R \ Z for functions Xg when the 
restriction of g to R lies in D? A K°. The result is presented in the following two 
propositions, which deal separately with the cases when g|p\z is odd or even. The 
proofs of these propositions are similar and we therefore omit the second one. 


Proposition 8.56 Let g: R \ {0} — R be such that g|p, lies in D? N K? and let 
w: R\ Z > R be the function defined by the equation 
w(x) = Ug(x) — Ug — x) forx ER\Z. 


Then the following assertions are equivalent. 


(i) The function g|pyz is odd. 
(ii) The function w is 1-periodic. 
(iii) We have that g|\p\z vanishes at —oo and 


= Ü k R\Z. 
w(x) Nm, 2 a+ )  xeR\ 


Proof The equivalence (i) > (ii) is trivial since Aw(x) = g(x) + g(—x). Let us 
prove the implication (iii) > (ii). We have 


Aw(x) = dim ` (eŒ +k+1)-— ga +hk)) 
|k] <N 


= lim (g@ +N +1)—g@—N)) = 0. 


Finally, let us prove the implication (i) > (iii). Using Lemma 8.55 we obtain 


w(x) = Dig +k) + g(x —k- 1) 
k=0 


= li = = = 
dim |-e@-N-1)+ J, gœ +k) 
k| <N 


This completes the proof. o 


Proposition 8.57 Let g: R \ {0} —> R be such that g|p, lies in D? N K? and let 
w: R \ Z > R be the function defined by the equation 


w(x) = Ug(x) + Ugd — x) forx ER\Z. 
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Then the following assertions are equivalent. 


(i) The function g|pyz is even. 
(ii) The function w is 1-periodic. 
(iii) We have that g\p\z vanishes at —0o and 


w(x) = — gx) + Noto 2, ee) — gx +k)), xéER\Z. 


Example 8.58 (The Digamma Function) Consider the odd function g(x) = 1/x on 
R \ {0} for which we have the identity Hg(x) = w(x) + y (see Sect. 10.2). This 
identity actually holds not only on R+ but also on R\(—N) since by Lemma 8.55 the 
digamma function y extends to this larger domain through the following Eulerian 
form (see also Srivastava and Choi [93, p. 24]) 


| eae ge | 1 
w(x) = Serer x Ee R\ (HN). 


Now, using Proposition 8.56 we immediately obtain the identity 


v(x) — Wx) = lim , xeR\Z, 


where the right-hand function is 1-periodic. Finally, it can be proved (see, e.g., 
Aigner and Ziegler [3, Chapter 26], Berndt [18, p. 4], and Graham et al. [41, Eq. 
(6.88)]) that this function reduces to —z cot(zx). We then retrieve the reflection 
formula (8.26) for the digamma function. © 


Example 8.59 (A Variant of the Digamma Function) Consider the even function 
g(x) = 1/|x| on R\{0}. Using Lemma 8.55, we then obtain the following expression 
for Xg on R \ (—N) 


(oe) 


1 1 
Be) = Dl E a) 


k=0 


or equivalently, 


1 1 < / 1 1 
g(x) = Dlh El- a): 


k=0 
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where the first series reduces to y(x) + y. If x > 0, then the second series is zero. 
If x < 0, it reduces to 


oo 2 [-x] 2 |-x] 
i 0% = = 2 A k 
dni | ro 2 wE 


k=0 


=2 (yl — {=x} — y &)). 


Using Proposition 8.57, we then obtain that the function 


1 1 1 
Delx)+ Eege(l-—x) = —— + lim 


l ca R\Z 
Fae a De (= —). Se 
I<|k|<N 


is 1-periodic. Using the reflection formula for y, we also obtain 


ug(x) + Ug — x) = Yax) + WC — {x}) + 2y 
= 2w({x}) + x cot(rmx) + 2y, xER\Z, 


which provides a closed expression for this periodic function. © 


Example 8.60 Consider the function g: R — R defined by the equation 


x+1 


—— forx e R. 
x? +1 


g(x) = 
We observe that both functions g(x) and g(x) = g(—x) have restrictions to R+ that 
lie in D? N K°. However, the function g is neither even nor odd. Denoting its even 
and odd parts by g+ and g_, respectively, we have 


Gy Stes) _ 1 
re 2 x’ 
Gy EOE _ x 
oe 2 xl’ 


and we can derive a reflection formula for each of these functions. 
Now, it is not difficult to see that (see Example 5.10) 


Ug+(x) = SW +i) - y + i)); 
Dg- (x) = R(-pU+)+v@+i)). 


Using Propositions 8.56 and 8.57, we then see that both functions 


Dga) + Eg -x) and  Eg-(x)-— Eg-(1 -— x) 
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are 1-periodic. Moreover, their sum Ug(x) + Ug(1 — x) is also 1-periodic. 
Equivalently, the function 


Rw +i-wd-x+i)))-SWati+wd—-—-x+i)) 


is 1-periodic. However, we do not have a reflection formula for Xg or Lg. ©) 


Although Propositions 8.56 and 8.57 constitute major steps in the investigation of 
reflection formulas, they do not provide closed-form expressions for the 1-periodic 
functions involved in these formulas. For instance, considering the reflection 
formula for the digamma function (see Example 8.58), we see that Proposition 8.56 
does not yield the right-hand side of identity (8.26). Moreover, it seems that such an 
expression, obtained for example using Herglotz’s trick (see Aigner and Ziegler [3, 
Chapter 26]), is very specific to the case when g(x) = 1/x. Now, finding a closed- 
form expression in the general case remains a very interesting open problem: such 
a result would provide an analogue of Euler’s reflection formula for a wide class 
of functions. In this regard, we observe that Herglotz’s trick uses an analogue of 
Legendre’s duplication formula in the additive notation. Thus, a suitable adaptation 
of this trick could be helpful to tackle this problem. 

Let us now investigate the more general case when the function g|p, lies in 
DP N KP for some p €e N. We observe that some reflection formulas can be 
obtained by integrating or differentiating both sides of a given reflection formula. 
Thus, if g|p, lies in C! N D! A K! for instance, we know from Proposition 4.12 
that g’|R, lies in C? A D? N K? and we may try to find a reflection formula for 
Èg’ using Propositions 8.56 and 8.57. Since £g’ and (Xg)’ differ by a constant by 
Proposition 7.7, a reflection formula for £g can then be obtained by integrating both 
sides of the reflection formula for £g’. This approach is inspired from the elevator 
method (as discussed in Sect. 7.3). 

For instance, integrating both sides of (8.26) on G, x), where } <x < 1, we get 
the identity 


lnr(x)+1lnr(1— x) = ln(x csce(zx)). 
Thus, we retrieve Euler’s reflection formula on the interval ( 7 x) and this formula 
can be extended to the complex domain C \ Z by analytic continuation. The identity 
(8.27) can be obtained similarly, observing that 
lnG(x +1) = lnT(x)+ 1n G(x). 
Now, let g: R \ {0} —> R be a function such that g|p, lies in DP N K” for some 
p €N. Let also œw [g]: R\Z —> R and w_[g]: R\Z — R be the functions defined 


by the equation 


os[gl(x) = Ega) Egl -x) forxeR\Z. 
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We then observe that 


Awsigl(x) = gx) F g(x),  xeR\Z. 


It follows that w+ (resp. w—) is 1-periodic if and only if g|R\z is even (resp. odd). 

The following proposition provides an explicit expression for the function w+[g] 
whenever it is 1-periodic. This expression is constructed from the very definition of 
ug. 


Proposition 8.61 Let g: R \ {0} —> R be such that g\p, lies in DP NK? for some 
p €N. Then the following assertions hold. 


(a) If g|R\z is odd, then the function w_[g] is 1-periodic and is equal to 


p 

Em, (- 5 g(x +k)—g(x-n)+ > (©) _ ea) aiig). 
|k|<n—1 j=l 

(b) If gleyz is even, then the function w [g] is 1-periodic and is equal to 


jim. (- gix)+ Yo (gh) - a+b) 


1<|k|<n-1 
-sa-m +Y (G+ Pam so). 


Proof Let us prove assertion (a). That w_[g] is l-periodic is clear from the 
discussion above. Now, using Lemma 8.55 we obtain 


o-[gla) = lim (FPLglx) + FPI — x) 


n—1 


= lim [| wd -1+6- ev +) +30 (()- C) ai's 
k=0 j=1 
This proves assertion (a). Assertion (b) can be established similarly. oO 


Example 8.62 Consider the odd function g: R — R defined by the equation 


x 
=x -—— fi ER. 
g(x) =x PER] or x 


The function g|p, clearly lies in D? N K? and we have (see Example 5.10) 


Eg(x) = G) -RG +i). 
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By Proposition 8.61, the function 
g(x) — Zg- x) = RYA -=x +i)-— Y +i) 


is 1-periodic and is equal to the limit 


lim | — > h(x +k) —h(« —n)+ 2x — Dh) |, 


|k|<n—1 


where h(x) = g(x) — x. © 


Example 8.63 (Euler’s Reflection Formula) Consider the even function g: R \ {0} 
defined by the equation g(x) = 1n |x| for x € R \ {0}. The function g|p, clearly lies 
in D! N K! and, since A, 1n |T (x)| = 1n |x] on R \ (—N), we must have 


Zex) = hjr), x Ee R\ (HN). 


By Proposition 8.61, the function |['(x) (1 — x)| on R \ Z is 1-periodic and is equal 
to 


: 1 
lim |— I] 
now |x X 
1<|k|<n 


Euler’s reflection formula then shows that this limit is also |x csc(x x)|, as expected 
(see Artin [11, p. 27]). © 


Remark 8.64 We observe the following interesting link between the analogue of 
Euler’s reflection formula and the logarithm of the generalized Stirling constant 
(see Definition 6.17). Let g: R \ {0} — R be an even function such that g|, lies 
in C? N dom(Z). Assume also that g is integrable at 0. Then, we have 


1 1 1 
Flisi] = / g(t) dt = J 8A + E8 — D)dt, 
0 0 
that is, 
1 1 
sleir] = > œw [g] (t) dt. 
0 


For instance, for the function g(x) = In |x| (see Example 8.63), we obtain 


1 
Glglr,] = a ln(x csc(zt)) dt 


and it is not difficult to see that this expression reduces to 5 In(2z7r). © 


152 8 Further Results 
8.10 Analogue of Gauss’ Digamma Theorem 


The following formula, due to Gauss, enables one to compute the values of the 
digamma function y for rational arguments. If a, b € N* witha < b, then we have 


L@—1)/2] ; 
v (=) = -y —In(2b) — > cot +2 2 cos (2jz +) in (sin =) 
(8.30) 


(see, e.g., Knuth [53, p. 95] and Srivastava and Choi [93, p. 30]). This formula can 
be extended to all integers a, b € N* by means of the difference equation w(x + 


1) — W(x) = 1/x. 


For instance, we have 


3 T 
2] = — — — 31ln2. 
v3) pis 31n 


It is natural to wonder if an analogue of formula (8.30) holds for any multiple 
log T-type function. Finding an analogue as beautiful as this formula seems to be 
hard. However, we have the following partial result. 


Proposition 8.65 Let g € D? A K? and let a, b € N* witha < b. Then 
å 1 b—1 
= —aj\ ob 
Be(5) = z L(t #6") Site 


j=0 


where 


CO 
2ni ik k 
Op = e? and Siig] = J w} (5). 
k=1 


Proof By definition of the map £, we have 


se (6) = am (Ze(F)-Ee("5")) 


k=1 k=0 


bn—1 


k 
= im > (up(k) — up(k — a)) g (5) 3 
k=1 
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where up(k) = 1, if b divides k, and up,(k) = 0, otherwise; that is, 


b-1 


1 l 
up(k) = 5 Yok. 


j=0 


This completes the proof. o 


Proposition 8.65 provides a first step in the search for an explicit expression for 
Xg(F). Depending upon the function g, more computations may be necessary to 
obtain a useful expression. In this respect, the derivation of formula (8.30) by means 
of Proposition 8.65 can be found in Marichal [66, p. 13]. 


Example 8.66 Let us apply Proposition 8.65 to the function g,(x) = —x~*, where 
s > 1. This function lies in D? N K? and we have Ugs(x) = f(s, x) — f(s); see 
Example 1.7. Let a, b € N* witha < b. For j = 0,...,b — 1, we then have 


Sigs] = — b Lis(wj), 
where 
CO k 
Z 
Lis(z) = T 
k=1 


is the polylogarithm function. Using Proposition 8.65, we then obtain 


b-1 
a = ee 
t (s. =) =¢(s)-b 1 Y (1 — “l Lis (0) 
j=0 
b—1 , , 
=b! X` o,” Lis (œf). 
j=0 
The inverse conversion formula is simply given by 


b 
j k 
HoD = 0 Doffe (sE), j=1,...,b—1. > 


k=1 


8.11 Generalized Gautschi’s Inequality 


Gautschi [38] showed that the following double inequality holds for any 0 < a < 1 


eee) . TO ta) _ at 


ss 0. 
= Toa = mm 
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As a consequence, since (x) < ln x for any x > 0, he also obtained that 


@+ 17"! < Ta +a) < a—1 


< ——-< ; x >0, 
r(x +1) 


which is also a straightforward consequence of the Wendel inequality (6.5). We refer 
to these inequalities as the Gautschi inequality. 

We now provide an analogue of Gautschi’s inequality for certain multiple log r- 
type functions and for any a > 0. We call it the generalized Gautschi’s inequality. 
As usual, we use the additive notation. 


Proposition 8.67 (Generalized Gautschi’s Inequality) Suppose that g lie in C? N 
DP n KIP: for some p € N and let a > 0 and x > 0 be so that Xg is convex 
on [x + la], 00). Then we have 


(a — [a]) g(x + a]l) < (a — [a]) (£8) (Œ + fal) 
< Ug ta)—XUgatlal) < @—l[al)g@stla)). 


(The inequalities are to be reversed if Xg is concave on [x + |a], &).) 


Proof We follow the same steps as in Gautschi’s proof. We can assume that k < 
a < k + 1 for some fixed k € N. Let x > 0 be fixed so that Xg is convex on 
[x + k, oo). Let also f: [k,k +1) — Rand g: [k,k + 1) —> R be the functions 
defined by the equations 


1 
fa) = mia o- Ug(x +k+ 1)) 


and 
g(a) = (k+1-a) f'(a) 
fork <a < k + 1. We then observe that 
(k+1—a) f'(a) = f(a)+ Da ((k+1-a) fa) = f@+ (2g +a). 
It then follows that 
pa) = (k +1- a) (f(a) + (2g) +a) 
and 


g(a) = (k+1—a)(Xg)"(x +4). 
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We also have 


ok) = Sg(x +k) — Me(x +k4+ 1)4 (Lg) (x +k) 
= (Zg)'(x +k) — g(x + k), 


where 


1 
gatk) = [ cevetkena, 
0 


Since Lg is convex on [x + k, oo), its derivative is increasing on [x + k, oo), and 
hence we must have g(k) < 0 and g(a) > 0. Since (k + 1) = 0, it follows that 
the function g is nonpositive and hence that the function f is decreasing. Using 
L’Hospital’s rule and the fact that p(k) < 0, we then obtain the following chain of 
inequalities 


-g +k+1) <-ey'@tk+) 
jim f(@ < fla) < Ff) = 8 +h). 


IA 


This proves the result. o 


Example 8.68 Applying Proposition 8.67 to g(x) = ln x and p = 1, we obtain for 
any a > 0 and any x > 0 


= = rœ +a) = 
(x + [a])* [a] < ela) Vaal) < < (x+ laj! fal] 
m P(x + [a]) lal 
If we assume that 0 < a < 1, then we retrieve the original Gautschi inequality. Q 
Remark 8.69 If we wish to bracket the function Xg(x + a) — Ug(x + 1) in 


Proposition 8.67, we can use the identity 


[a]—1 
Ega +[a]) = Ega +1) + J ga+k), 
k=1 


which immediately follows from (5.3). For instance, for g(x) = ln x we obtain the 
double inequality 


= ıı . l@+a) 
(a—[al) Y (x+fa]) -pe eia 
e (x + [a] — 1) = Fas) 


< (x + la) + fay — L. 


which holds for any a > 0 and any x > 0. Q 
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We end this section with the following corollary, which is obtained by integrating 
on a e€ (0,1) the expressions in the generalized Gautschi inequality (Proposi- 
tion 8.67). 


Corollary 8.70 Suppose that g lie in C? ND? A K™*'P-7} and let x > 0 be so that 
Èg is convex on |x, 00). Then we have 


-iea + I< -1 (Baye t 1) 
x+1 1 
< f Delt)dt — Zg(x +1) < — 5 8). 


(The inequalities are to be reversed if Xg is concave on [x, 00).) In particular, the 
following assertions hold. 


(a) If Xg is not eventually identically zero and if 


gx) 
m ——— 


= 8.31 
sD% Deen nos 


then 


(Zaye) _ 


x+1 
2 Sa and Ug(x) ~f Ug(t)dt asx >o. 


(b) If g is not eventually identically zero and if 


_ g%+1) 
lim ———— = l, 
X00 g(x) 


then 


CO) oad Let = Bex) _ 1 
x>œ g(x) x—> 0 g(x) 


NI 


Proof The inequalities are obtained by integrating on a € (0, 1) the expressions 
in the generalized Gautschi inequality. Let us now prove assertion (a); the second 
one can be established similarly. If Xg is not eventually identically zero, then it 
eventually never vanishes since it lies in K?. If condition (8.31) holds, then we must 
have 


Tet), g(x) \ gx) 
m ———- = lim 1+ ——_ = l and im ——— = 
x00 Ug(x) X00 Ug(x) X00 Ug(x +1) 


We then complete the proof by dividing all the expressions in the inequalities by 
Xg(x + 1) and letting x > oo. o 
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8.12 Generalized Webster’s Functional Equation 


In the framework of T-type functions, Webster [98, Section 8] investigated the 
multiplicative version of the functional equation 


fat fats) = hE), x>0, 
and, more generally, of the functional equation 


m-1 


Yt (+4) = h(x), x>0, 
j=0 


for any m € N*, where h: R} — Risa given function satisfying certain conditions. 
In this section, we extend Webster’s result by considering and solving the more 
general equation 


m-1 


Y f@taj) = he), x>0, (8.32) 


j=0 


where a > 0 is also a given parameter. We call it the generalized Webster functional 
equation. For instance, we can prove that the unique monotone solution f: Ry > 
R to the equation 


1 
fa@)+ fata) = Pi 


is given by 


1 x+a 1 x 
fa) = E )-s¥@). 


Our general result is stated in the following theorem, a variant of which was 
established by Webster [98, Theorem 8.1] in the special case when p = 1 and 


a = >. 
m 


Theorem 8.71 (Generalized Webster’s Functional Equation) Let p € N, m € 
N*, a > 0, and h € D1 N K4 for some integer q > p. Define also the function 
ha: R4 — R by the equation 


ha(x) = h(ax) forx >Q. 
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If Aha lies in DP N K} NKA (resp. DP NK? A K3), then there is a unique solution 
to equation (8.32) lying in K?, namely 


$= Shey (=) -aa i]: 


Moreover, this solution lies in K? (resp. Ke). 


Proof Suppose for instance that Aha lies in DP N K} N K1 and let g7”: R+ > R 
be defined by the equation g} (x) = Aha(mx) for x > 0. By Corollary 4.21, the 
function g% lies in DP N K} N K1. Suppose that f: R} — R is a solution to 
equation (8.32). Then necessarily 
m—1 
g(x) = h(amx +a) —h(amx) = > Aj; f(amx +aj) = A, f(amx). 
j=0 
If f lies in K?, then by the uniqueness and existence theorems we have that 


f(amx) = f(am) + Xgi'(x) 


and f must lie in K?. Since both g” and h lie in D1 N K4, by Propositions 5.7 
and 5.8 we then have 


f(amx) = f(am) + Xyh(amx + a) — Zh(amx) 
= f(am) + Xxham (x + >) — Tham (x) 


1 
= € + ham (: F >) — Lham(x), 


or equivalently, 


f(@) = c+ Tham (ž + *) — Ehan (—) (8.33) 
am am 


for some c € R. But the function f specified by (8.33) satisfies (8.32) if and only if 
c = 0; indeed, we then have 


m—1 m—1 š 
. x+a 
J f@t+aj)=me+ ) Aj Zhan ( ‘) 


j=0 j=0 K 
x 
= mc + Ahan (—) = mc +h(x). 
am 


This completes the proof. o 
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Example 8.72 Theorem 8.71 shows that the unique eventually monotone or even- 
tually log-convex solution to the functional equation 


ff tax? = 1, x>0,a>0, p>0, 


is the function 


7 rey V 
fa) = | | 


This result was established by Thielman [95] (see also Anastassiadis [5]). The 
special case when p = | was previously shown by Mayer [70]. Q 


Combining both Theorems 8.27 and 8.71, we can derive immediately the 
following corollary, which in a sense provides yet another characterization of 
multiple T-type functions. For a similar result on the gamma function, see Artin 
[11, p. 35]. 


Corollary 8.73 Let p € N, m € N*, and g € DP A KPH, Define also the function 
8m: R+ > R by the equation gm (x) = g(=) for x > 0. Then the function f = Xg 
is the unique solution lying in K? to the equation 


m-—l1 


ie) Yee(5 ) + Dem x>0. 


Example 8.74 For any m €e N* the gamma function is the unique log-convex 
solution f: R} — R+ to the equation 


m—1 


Ge) eo) Qn) T, x>0. 
m*-2 


Equivalently, for any m € N* the gamma function is the unique log-convex solution 
f: R+ — R+ to the equation 


m-—-1 m—1 


(=) = ME) Ta r 


j=0 j=0 
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Chapter 9 A 
Summary of the Main Results gsti 


Now that we have collected a number of relevant results on multiple logIT- 
type functions, we naturally look forward to applying them on various examples, 
including not only special functions related to the gamma function but also many 
other useful functions of mathematical analysis. Such applications will be discussed 
in the next three chapters. But first and foremost, it is time to take stock of the new 
theory we have developed and summarize what we have found and learned thus far. 

This chapter is devoted to a review of the most interesting and useful results that 
we have established in the previous chapters. These results are presented here as a 
step-by-step plan in order to perform a systematic and efficient investigation of the 
multiple log l -type functions. We have tried to be as self-contained as possible, so 
that the reader can skip Chaps. 2-8 and make direct use of the summary given in 
this chapter. 


Remark 9.1 At many places in this book (e.g., in Proposition 5.18), we have made 
the assumption that the function g (resp. g for some r € N*) is continuous to 
ensure the existence of certain integrals. Although we can often relax this condition 
by simply requiring that g (resp. g“?) is locally integrable, we have kept this 
continuity assumption for simplicity and consistency with similar results where 
higher order differentiability is assumed. © 


9.1 Basic Definitions 


Let us recall a few useful concepts introduced in the previous chapters. For any 
p € N and any S e€ {N, R}, we let DE denote the set of functions g: Ri —> R 
having the asymptotic property that 


AP g(x) > 0 asx —>s ©. 
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For any p € N, we also let CP denote the set of p times continuously differentiable 
functions from R+ to R and we let X? denote the set of functions from R+ to R that 
are eventually p-convex or eventually p-concave, that is, p-convex or p-concave 
(see Definition 2.2) in a neighborhood of infinity. Recall also that the sets DE *s are 
increasingly nested while the sets C?’s and K?’s are decreasingly nested, that is, 


DË ep KPH cP, and CP! coe? for any p € N. 
We have also proved in Proposition 4.8 that 
DANK? = DR NAK? 


and we denote this common intersection simply by D? N KP. 
In Chap. 5, we have introduced the map È that carries any function g: R} > R 
lying in the set 


dom(£) = Uo NK?) 
p=0 


into the unique solution f: R+ — R that arises from Theorem 1.4 and satisfies 
fC) = 0. That is, 


Zea) = lim frlgl@), x > 0. 


The class of functions that are equal (up to an additive constant) to Xg is called the 
principal indefinite sum of g (see Definition 5.4 and Example 5.5). A function f 
lying in the range of the map » is also called a multiple log T-type function. 

In the previous chapters, we have established and discussed several properties 
of the multiple log T-type functions, many of which are counterparts of classical 
properties of the gamma function. For instance, we have proved that every multiple 
logI’-type function satisfies an analogue of Gauss’ multiplication formula for 
the gamma function. In the rest of this chapter, we provide a summary of these 
properties. The reader can use them for a systematic investigation of any multiple 
log T-type function. 


9.2 ID Card and Main Characterization 


The first step in this investigation is to choose a function g € DP N KP (for some 
p € N) for which we wish to study its principal indefinite sum £g. For instance, if 
we consider the function g(x) = x ln x, which lies in D? N K2, then the function 
Èg is the logarithm of the hyperfactorial function K (x) (see Sect. 12.5), that is 


Xug(x) = ln K(x) = (x — 1)lnTr(x)— ln G(x), 
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where G is the Barnes G-function. Our results will then enable us to study this 
function through several of its properties. 

Alternatively, we can start from a given function f € K? (for some p € N) 
that we wish to investigate and whose difference g = Af is a function that lies 
in DP N KP. For instance, we may want to investigate the nth degree Bernoulli 
polynomial f(x) = Bn (x) by first observing that the function 


ga) SAG) = nx"! 
lies in D” N K”. We then have 
Dg(x) = B(x) — Bı(1). 


Remark 9.2 To investigate a function f: R} — R through our results, it is not 
enough to check that the difference g = Af lies in DP N K? for some p € N. We 
also need to make sure that f also lies in X”. For instance, both functions 


fix) = x+sinQrx) and = fo(x) = x+6(rx, 1/2), 


where 63(u, q) is the Jacobi theta function defined by the equation 


CO 


63(u,q) = 1+ 2) \q" cos(2nu), 


n=1 


have the same difference g = Af; = Af = 1 in Dink! (and we have Xg(x) = 
x — 1). However, neither fı nor fù lies in K!. 


ID Card It is convenient to start our investigation of the function Xg by collecting 
some basic properties of the function g, thus establishing a kind of ID card for that 
function. 

Thus, we first consider a function g: R+ — R. We then determine its asymptotic 
degree 


degg = —1+min{geN:ge Dh} 
= —1+min{q € N: A% g(x) > Oas x > oo}. 
If degg = œ (e.g., when g(x) = 2*) or if g ¢ KP forall p > 1 + degg (e.g., 
g(x)=x+ 1 sin x), then the function Xg does not exist and the investigation stops 


here. Otherwise, the functions g and £g lie in D?NK? and D?t+!NK?, respectively, 
where p = 1+ deg g. 
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If degg = —1, it is important to check whether g also lies in the set Dy l of 
functions g: R+ — R for which the sequence n +> g(n) is summable. In this case, 
by Proposition 6.14 we have that 


Jim Ze) = Diath). 
k=1 


It is also useful to determine the integer r € N, if any, for which g lies in C” N 
kcmx(P-"}_ Tn this case, we know from Theorem 7.5 that Dg lies also in this set. 
Moreover, many functions of mathematical analysis lie in both 


Ce = Ne and Ke = Ne. 


r>0 p=0 


If g lies in these sets, then we can write g € C N DP A K”. 

It may be also useful to determine the domain on which g is p-convex or p- 
concave. For instance, the function g(x) = 1 In x is 0-concave on [e, oo), 1-convex 
on [e?/?, 00), etc. (see Example 5.13). 

Note that, at this stage, we may not yet have any simple expression for Xg. Limit 
and series representations will later emerge anyway from our investigation. 


Analogue of Bohr-Mollerup’s Theorem The following characterization result 
constitutes the analogue of Bohr-Mollerup’s theorem for the function Xg and 
follows immediately from the uniqueness Theorem 3.1. 


If f: Ry — Risa solution to the equation Af = g, then it lies in KP if and only if 
f =c+ Eg for somec ER. 


This characterization sometimes enables one to establish alternative expressions for 
the function Xg. For instance, if g(x) = i, then we have 


Dga) = wa) t+y. 


Using the characterization above, we can easily establish the following Gauss 
representation (see, e.g., Srivastava and Choi [93, p. 26]) 


© pot _ poxt 
wWaxyty = i —— át, x >0. 
0 1 — e~ 
Indeed, both sides of this identity vanish at x = 1 and are eventually increasing 
solutions to the equation Af = g. Hence, by uniqueness they must coincide on R+. 
Note also that, in addition to the analogue of Bohr-Mollerup’s theorem above, 
we also have an alternative characterization of Xg given in Proposition 3.9. 
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9.3 Extended ID Card 


We now complement the ID card of the function g by considering some additional 
related constants and mappings. From now on, we assume that g is at least 
continuous on R+. More precisely, we assume that 


g € C” A DP p prxter) 
for p = 1 + deg g and somer EN. 


Recall also that, for any n € N, the symbols G, and B, denote the nth Gregory 
coefficient and the nth Bernoulli number, respectively. We also let 


n 
Gn = 1-0 1G; 
j=l 


and we let B,(x) denote the nth degree Bernoulli polynomial (see Sects. 6.3, 6.4, 
and 6.7). 


Asymptotic Constant Recall that the asymptotic constant associated with g (see 
(6.10)) is the number 


1 2 
olg] = Í “e(t+ dt = J Ue(t) dt. 
0 1 


If g is integrable at 0, we also define the generalized Stirling constant (see 
Definition 6.17) as the number exp(o[g]), where 


qa 
n 
II 


1 1 
7 oig] — / gdt = Í Egt) dt. 
0 0 


Since this latter constant does not always exist (e.g., when g(x) = +), we do not 
use it much in our investigation. 

The asymptotic constant o[g] has the following limit, series, and integral 
representations (see identities (8.11), (8.12), (8.21), and Corollary 8.45). 


(a) If g lies in C? ND? N KP, then we have 
p oo k+l p l 
olg] = $ Gjate- >> f g(t)dt -X Gj AÏ g(k) 
j=l k=1 ("4 j=0 
and 


n—1 n P ; 
olg] = lim Zw- f git)dt +) GA g) 
k=1 


j=l 
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(b) If g lies in C747: DP N K7, where q € N* U {5} and0 < p < 2q — 1, then we 
have 


n—-1 n p 
B 
og] = sn, (9 ew- f g@dt—) Bt). 
k=] ` 


k=1 


(c) If g lies in C? N D! N K?, then we have 
1 2a 1 
olg] = 5 8) +f (19 = 5) g(t) dt. 


(d) If g lies inC*2*+! N DP 174+", then we have 


_ 1 Box (2k—1) © Bog ({t}) (2q) 
olg] = 750-2 apis w- f ap 8 Odi. 


We also know from Proposition 6.14 that if g lies in CAD! NK? (here D7! stands 
for Da): then g is integrable at infinity and 


olg] = Zew- f g(t) dt. 
k=1 


Analogue of Raabe’s Formula The analogue of Raabe’s formula is simply the 
identity (see (8.9)) 


x+1 x 
J Ug(t)dt = otel+ f g(t) dt 
pi 1 


and we know by Proposition 8.20 that any of these integrals lies in C°ND?*+!NK?+!, 
Recall also from Corollary 8.23 that a function f : Ry —> R lies in C° N K? and 
satisfies the equation 


x+l x 
1 f(@t)dt = olg] +f g(t)dt, x>0, 
x 1 


if and only if f = Xg. This provides an alternative characterization of Xg. 


Generalized Binet’s Function For any q € N, the generalized Binet function 
associated with g and q is the function J4[g]: R+ — R defined by the equation 
(see (6.16)) 


4-1 x+1 
Jig) = X GjA/g(x) -f g(t) dt forx > 0. 
j=0 x 
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In particular, we also have (see (6.18)) 


x q 
J NS] (x) = zea) -oll - f g(thdt +9 Gja tga). 
j=l 


Note that several objects and formulas of our theory can be usefully expressed in 
terms of this latter function. 

Generalized Euler’s Constant Recall that the generalized Euler constant associ- 
ated with the function g is the number 


vig] = —J?*'[xg](1), 


where p = 1 + deg g (see Definition 6.34). 

Note that, contrary to the asymptotic constant o[g], the generalized Euler 
constant y[g] is not invariant if we replace p with a higher value. Besides, by 
definition of y[g] both quantities are related through the following identity 


P 
olg] = yigl+ J G; Al!g(1), 
j=l 


where p = 1 + deg g (see Proposition 6.36). In particular, we have y[g] = o[g] 
whenever deg g = —1. 
We also have the following integral representations 


oo P : 
yig] = / ( Gj A/g(Lt]) — e0) dt 
j=0 


and 
TE / (P ig — g0) at, 


where 


p 


DON Ale), x21, 


j=0 


Pplgl(x) 


is the piecewise polynomial function whose restriction to any interval (k, k + 1), 
with k € N%, is the interpolating polynomial of g with nodes atk,k+1,...,k + p 
(see Proposition 6.37 and Eqs.. (6.38) and (6.41)). 

If g is p-convex or p-concave on [1, oo), then the graph of g is always over or 
always under that of Pplg] on [1, oo) and |y[g]| is the surface area between both 
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graphs. In this case, we also have (see (6.45) and (6.46)) 


Iv[gll < Gp lA? (DI 


and, if p > 1, 
1 
vlell < i 
0 


9.4 Inequalities 


C |a” ga +1) — A?-!gq)| dt. 


Recall that, for any a > 0, the function pe [e]: [0,co) — R is defined by the 
equation (see (1.7)) 


pol 
pals) = ga ta)— So (j)Alg@) forx>0. 
j=0 


In particular, we have 


p 
PR IEg]Ia) = Dee +a) — Egla) -— Do) Agla). 
j=l 


Generalized Wendel’s Inequality (Symmetrized Version) Leta > 0 and let x > 
0 be so that g is p-convex or p-concave on [x, oo). Then we have (see Corollary 6.2) 


1 = 
PETEA) < fal EFO\ Ae] . 
If p > 1, we also have the following tighter inequality 


< 


taw) s Aase- arsa]. 


This latter inequality is referred to as the symmetrized version of the generalized 
Wendel inequality (see Corollary 6.2). Both inequalities reduce to equalities when 
a € {0,1,..., p} 

Now, for any n € N* we have (see (5.4)) 


ph*'[Zglx) = Lg(x) — fP), x>0. 
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Using this identity, we immediately derive the following discrete version of the 
inequalities above. If g is p-convex or p-concave on [n, oo), then 


(Ega) — fP[gl@)| < [x1 


elare, xo 
andif p > 1, 


Fi Jartgin +x)—A?!g(n)| , x>0. 


(Ega) — f? [gl@)| < 


If g lies in Dx, then (see Proposition 6.14) 


Ega) > Eg) = J gk) asx > oo. 
k=1 


We then have the following additional inequality (see Theorem 3.13). If g is 
increasing or decreasing on [n, oo), then 


Yo g(x +h) 


k=n 


= |Xg(x +n) — Xg(oo)| < |Ug(n) — Ug(oo)|, x>0. 


Generalized Stirling’s Formula-Based Inequality (Symmetrized Version) If 
x > O is so that g is p-convex or p-concave on [x, oo), then we have the inequality 
(see Corollary 6.12) 


|tw] < Gp lag). 


If p > 1, we also have the following tighter inequality 


1 
| zeH izg) < f (NAPE +1) — APT! g(x) dt 
0 


Moreover, if p = 0 or p = 1, then (see Proposition 6.19) 


zs (: + 5) —olg] -f g(t)dt 
2 1 


< [tE]: 
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Generalized Gautschi’s Inequality Suppose that g lies in C? N KÊ. Let a > 0 
and let x > 0 be so that Xg is convex on [x + la], oo). Then we have (see 
Proposition 8.67) 


(a — [a]) g(x + [a]) < (a — fal) (£8) + fal) 
< g(x +a)— Xg + fal) < —[al) s+ lal). 


(The inequalities are to be reversed if Xg is concave on [x + |a], o).) 


9.5 Asymptotic Analysis 


In this section, we gather the main results related to the asymptotic behaviors of 
multiple log T-type functions, including the generalized Stirling formula. 


Generalized Wendel’s Inequality-Based Limit The following convergence result 
immediately follows from the generalized Wendel inequality (see Theorem 6.1). For 
any a > 0, we have 


pe [xg|(a) > 0 asx > oO, 


or equivalently, 
p 
Eg(x +a)— zga) — >) (6) AJ-'g(x) > 0 as x —> OOo. 
j=l 
This convergence result still holds if we differentiate r times the left-hand side. 
Generalized Stirling’s Formula We have (see Theorem 6.13) 


JPY lx) > 0 asx>oo, 


or equivalently, 
x P 
De(x) -f g(t) dt + 5 GjAJ-!g(x) > olg] asx > 00. 
1 7 
J=l 
If g lies in C74 N DP N K?4, where q € N* U {5} and 0 < p < 2q — 1, then we also 


have (see Proposition 8.39) 


x P 
B 
g(x) — I g(t)dt — > adi gD (x) — oje] as x —> OOo. 
1 a k! 
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If p = Oor p = 1, we also have the following analogue of Burnside’s formula, 
which provides a better approximation than the generalized Stirling formula (see 
Proposition 6.19) 


1 


g(x) — i g(t)dt > ole] asx —> OO. 


All the convergence results above still hold if we differentiate r times both sides. In 
particular, the function D” J?+![Xg] vanishes at infinity. 


Asymptotic Equivalences For any a > 0 and any c €e R, we have (see 
Proposition 6.20) 


x+1 
c+ Bete tay ~ c+ f Ug(t) dt as x —> œ 
x 


(under the assumption that c + Ug(n + 1) ~ c + Ug(n) asn —>yn œ whenever 
c + Xg vanishes at infinity). If g does not lie in Dy | then we also have 


X 
Ug(x +a) ~ c+ f g(t) dt asx > oo. 
1 


These equivalences still hold if we differentiate r times both sides; that is, 
D'Eg(x +a) ~ gI (x) as x > œ 


(under the assumption that D’ Xg(n+1) ~ D’ Xg(n) asn —>yn œ whenever D" Xg 
vanishes at infinity). 


Asymptotic Expansions We have the following asymptotic expansions (see 
Proposition 8.36). 


(a) If g lies in C! ND? N KIIP: D then for large x we have 
$ 1 
ug(x) = otel+ f B(t) dt — 5 g(x) + Rilx), 
1 
where 
1 
IRi@e)| s zll. 


(b) If g lies inC*4 N DP N K™*'P.24) for some q € N*, then for large x we have 


q 
B 
Eats) = otal +f sod — Za +)) E 8M (8) + RIG), 
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where 


B 
IR œ| < Aa TD). 


Asymptotic expansions of the more general function 


1 m—1 j 
= £ 2 
ERE >» Xs (: + L) 
j=0 
for any m € N*, are also provided in Proposition 8.35. 


Generalized Liu’s Formula The following assertions hold (see Proposi- 
tion 8.42). 


(a) If g lies in C? N D! N K?, then we have 


x 1 Co 
Bets) = olit | Odi- f (0-4) +r, 
1 0 


(b) If g lies in C74+! N D4 N K4+! for some q € N*, then we have 


Box 


= * 1 S 2k-1) 
Zea) = otel f sOdr- 580) +) s (x) 


°° Bog ({t}) Qq) 
+f “Og! g(x +t)dt. 


9.6 Limit, Series, and Integral Representations 


We now recall the different representations of multiple log T-type functions that we 
established in this work as well as the way we can generate further identities by 
integration and differentiation. 

Note that, in the special case when g lies in Dy ' both the Eulerian and 
Weierstrassian forms coincide with the analogue of Gauss’ limit, i.e., we have 


Iga = Yigh)— Dd geh, 
k=1 k=0 


and the second series converges uniformly on R+ (and tends to zero as x — o0). 
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Analogue of Gauss’ Limit By definition of Xg, we have 
= i P 
Iga) = lim SPI), x> 0. 


This is precisely the analogue of Gauss’ limit for the gamma function. We have 
also established that the sequence n +> f [g] converges uniformly on any bounded 
subset of R+ to Xg (see our existence Theorem 3.6). 

More generally, we have shown that the sequence n +> D" fP [g] converges 
uniformly on any bounded subset of R+ to D” Xg (see Theorem 7.5). In particular, 
both sides of the identity above can be differentiated r times (i.e., the limit and the 
derivative operator commute). 

Moreover, the function A [g](x) — X g(x) can be (repeatedly) integrated on any 
bounded interval of [0, 00) and the integral converges to zero as n — oo (see 
Proposition 5.18 and Remark 5.19). 


Eulerian and Weierstrassian Forms We have the following Eulerian form (see 
Theorem 8.2) 


oo p 


P 
Eg) = =g) +) GAM 18d) — eet- OAO 
j=l 


k=1 j=0 


We also have the following Weierstrassian forms if g € CP (see Theorems 8.5 
and 8.7). 


(a) If p= 1 + deg g = 0, then 


[0,0] 


k+1 
De(x) = olg]— g(x) - > (so +k)- f g(t) ar) ; 


k=1 
(b) If p = 1+ deg g > 1, then 


pol 
Zax) = J G) AM 1a) + (aay) 


j=l 


oo pol 
—g(x) — > g(x +k) — >. C) A/ g(k) — CJP 
k=1 j=0 
where (£8) P (1) = gP70 (1) — o [gP]. 


Each of the series above converges uniformly on any bounded subset of [0, o0) and 
can be repeatedly integrated term by term on any bounded interval of [0, 00). It can 
also be differentiated term by term up to r times. 
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Gregory’s Formula-Based Series Representation We also have the following 
series representation (see Proposition 8.11). Suppose that g lies in °° and let x > 0 
be so that for every integer g > p the function g is g-convex or g-concave on 


[x, 00). Suppose also that the sequence q œ> A’ g(x) is bounded. Then we have 
x CO 
Eg) = olg] + f g(t)dt — X` Gn A"! g(x). 
1 n=1 


Moreover, if these latter assumptions are satisfied for x = 1, then we also have the 
following analogue of Fontana-Mascheroni’s series representation of y 


[00] 
= J GA, 

n=1 
Integral Representation We have seen that an integral expression for Xg can 
sometimes be obtained by first finding an expression for Ug”) when r > 1. This is 
the elevator method (see Corollary 7.20). 

We have 
(Ze) — Eg = gO V1) — ofg] 


and, ifr > p, 


alg] = a PA) + D8. 


k=1 
Moreover, for any a > 0, we have 
Lg = ta = faQ), 
where fa € C” is defined by 
— o) 
i = 3 ic, cata wD a (1) dt 


and, fork =1,...,r—1, 


r—k-1 


= Bj (s G+k-1) = a+- yy dr). 
c(a) 2, -j ra 2H Oa 
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9.7 Further Identities and Results 


In this section, we collect the remaining identities and results that may be relevant 
in our investigation of multiple log I-type functions. 


Analogue of Gauss’ Multiplication Formula Let m € N* and define the function 
8m: Ry — R by the equation gm(x) = g(=) for x > 0. Then we have the 
following analogue of Gauss’ multiplication formula (see Sect. 8.6) 


m—1 


rest, i) = > «(5 ) + Zenn, x >0, 


where 


We also have 


x -È k 
i SA t _ f g(t)dt, x>0, 
m—>0o m 1 
and, if g is integrable at 0, 
1 x 
lim — Egm(mx) = f g(t) dt, x>0. 
m>oo m 0 


A related asymptotic result is also given in Proposition 8.30. 


Analogue of Wallis’s Product Formula We present here in a single statement the 
analogue of Wallis’s product formula as given in Proposition 8.49 and Remark 8.53. 
Let 21, 2, 23: R+ — R be the functions defined respectively by the equations 


B(x) = AgQx—1), f(x) = AgQ2x), (x) = 282x), forx>0. 


We assume that gy lies in K? for some £ € {1, 2, 3}. 
Let also 01,62,03: N* —> R be the sequences defined respectively by the 
equations 


nt+1 (p—1)+ ; 
am =otalt aOd- D Gar tanh, 
j=! 
n (p—1)+ 
om = g(2n) ~ g(1) - otial— | Odit I Galanin), 


j=l 
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2 
a= =e +f (g(2n +1) — g(t) dt 


P 
+G; (^i g@n +1) — A lgs (n + 1)) 
j=l 


for n € N*. Then we have 


2n 
lim (iim + ev 'e09) = 0, 


k=1 


where A(n) is the function obtained from the series expansion for 6¢(n) about 
infinity after removing all the summands that vanish at infinity. 


Restriction to the Natural Integers The restriction of Xg to N* is the sum 
(5.2). This sum can be estimated, e.g., by means of an integral through Gregory’s 
summation formula (6.33) with a bounded remainder (6.37). The representations of 
Èg given above can also lead to interesting identities when restricted to the natural 
integers. 


Analogue of Euler’s Series Representation of y When g lies in C° N K®, the 


following series (see (7.4)) 


1 
(kK+1)!" 


ols] = $X EDP 


k=1 


when it converges, provides an analogue of Euler’s series representation of y. It is 
obtained by integrating term by term the Taylor series expansion of X g(x + 1) about 
x =0. 


Generalized Webster’s Functional Equation This result can be found in Theo- 
rem 8.71. 


Analogues of Euler’s Reflection Formula and Gauss’ Digamma Theorem 
These topics are discussed in Sects. 8.9 and 8.10. 
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Chapter 10 A) 
Applications to Some Standard Special gsti 
Functions 


We now apply our results to certain multiple I-type functions and multiple log T- 
type functions that are known to be well-studied special functions, namely: the 
gamma function, the digamma function, the polygamma functions, the q-gamma 
function, the Barnes G-function, the Hurwitz zeta function and its higher order 
derivatives, the generalized Stieltjes constants, and the Catalan number function. For 
recent background on some of these functions, see, e.g., Srivastava and Choi [93]. 

Each of these examples is examined and studied systematically by following 
the steps and results given in the previous chapter. When algebraic computations 
become tedious, a computer algebra system can be of great assistance in executing 
the details. Further examples will be discussed in the next two chapters. 

In this chapter and the next, we occasionally address and solve some secondary 
but interesting issues. They are then presented and numbered in a Project environ- 
ment. 

Most of the applications we consider in this work illustrate how powerful is our 
theory to produce formulas and identities methodically. Although many of these 
formulas and identities are already known, to our knowledge they had never been 
derived from such a general and unified setting. 


10.1 The Gamma Function 


Since the Euler gamma function was the starting point of this theory and therefore 
also Webster’s motivating example in his introduction of the I-type functions, it is 
natural to test our results on this function first. 

The following investigation of the gamma function does not reveal quite new 
formulas. However, it can be regarded as a tutorial that clearly demonstrates how 
our results can be used to carry out this investigation in a systematic way. 
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In addition to the remarkable book by Artin [11], the interested reader can also 
find a very good expository tour of the gamma function in Srinivasan’s paper [92]. 


ID Card The following table summarizes the ID card corresponding to the log and 
log-gamma functions. 


g(x) ] Membership deg g ] 5 g(x) 
Inx [CONAD NK” |O | InP (x) 


Bohr-Mollerup’s Theorem A characterization of the gamma function is given 
in Bohr-Mollerup’s theorem (see Theorem 1.1 and Example 3.2). In the additive 
notation, we have the following statement. 


All eventually convex or concave solutions f : R} — R to the equation 
f@t+ I) — fa) = lnx 
are of the form f(x) =c+InT(x), where c € R. 


Using Proposition 3.9, we can also derive the following alternative characterization 
of the gamma function (see Example 3.11). 


All solutions f : R4 — R to the equation 
f+ I— f) = lnx 


that satisfy the asymptotic condition that, for each x > 0, 


f(x+n)—-— ftv) —-—xInn > 0 asn —>y CO 


are of the form f(x) = c +lnT (x), where c € R. 


Extended ID Card The value of o[g] has been discussed in Example 6.5. More 
precisely, we also have the following values: 


ag]  |ols] yis] 
3 In(2z) |—1+ 5 m2r) yig] = olg] 


¢ Inequality 


5 
lotgll < n4- 3 =% 0.14. 
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e Alternative representations of o[g] = y[g] 


i (wm 
1 


lim (mm +n—1-(n45 
n [0,6] 


olgl= >}. 


1+1] 
t 


+ (1 — {t}) In 


alg] 


2 


1 k Li 1 ! 
afe 
ole] = F G In(lt]? + lt) -inr) dt, 
1 
oo fpl 
otsl= f i9 2 dt, 
1 
1 
otsi= | nT + 1) dt. 
0 


e Binet’s function 


J7[InoF](x) = J(x) 


e Raabe’s formula 


x+1 
f lnT(t)dt 
xX 


1 
5 InQz)+xInx—-x, 


181 


Lt] 


Ea 


Jar, 


>) inn). 


1 1 
InP) — 5 Inm)-+x—(x- 5) lnx, x >0. 


x >0. 


e Alternative characterization. The function f(x) = In T (x) is the unique solution 


lying in C? N K! to the equation 


x+1 
/ f(t)dt 


Inequalities The following inequalities hold for any x > 
ne N*. 


1 
J ln(2x)+xlnx-x, 


x>0. 


0, any a > 0, and any 


e Symmetrized generalized Wendel ’s inequality (equality if a € {0, 1}) 


| In +a) -— Inr) -— alnx| 


(1+ 


a 


=J=] 
g 
x 


T(x +a) a 


T(x) x@ 


(1+ 


i 
7 : 


la—1] n(1 +), 
XxX 
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e Symmetrized generalized Wendel’s inequality (discrete version) 


n—1 n—l1 
nræ) — ink + Y netk- xinn] < x-1 In(1+=). 
k=1 k=0 fe 
—|x—1 TRES Sa —1 
(1+2) |x > roy Ze +) (x +n—1) Z ay l 
n (n — 1)!n* n 


e Symmetrized Stirling’s formula-based inequality 


Gea 17 1 x 3 1 1 
< ——_] 1 E EEE A = 
|J(x)| < J n er nE 5 in 1+ : 


1 1 
1\ 2 r 1\2 

(42) he ts (148)! 
X ~ 27 e7* x*~2 x 


¢ Burnside’s formula-based inequality 


< |J@)I. 


1 1 
nr (x+5) SE) eee 


e Generalized Gautschi’s inequality 


= z Trx +a) D 
a—[a| (a—[a]) W(x+/a]) a—[a| 
(x + [a]) <e < Fo 4 la < (x+ laJ) . 


Stirling’s and Related Formulas For any a > 0, we have the following limits and 
asymptotic equivalences as x — 00, 


Inl(x +a)—InT(x) —alnx —> 0, 


1 1 
ae MOEA («- 5) ins — 0, 


1 1 
in (x45) = 5 Inn) +x — vinx —> 0, 


T(x +a) ~ x“T(r), ln(x +a) ~ xInx, 


T(x) ~ Vim e* x84, Tiaxt+l1) ~ V2rxe*x*. 
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Burnside’s approximation (better than Stirling’s approximation) 


1 


gol 2 
T(x) ~ a| z) . 
e 


Further results (obtained by differentiation) 
w(x +a)— y(x) > 0, w(x)-Inx > 0, W(x +a) ~ lnx, 


z (k — 1)! 


Wi(x +a) ~ (-l = a We(x) > 0, ke N*. 


Asymptotic Expansions For any m,q € N* we have the following expansion as 
x —> œ 


que n 1 1 
>Y nr (x+ 2) =5mnQr)+xInx- x- Inx 
m 0 m 2 2m 


q 
Bk+ı 291 
+ reto 4 iz 
2 kk + xt m! 4 


Setting m = 1 in this formula, we retrieve the known asymptotic expansion of the 
log-gamma function ln T (x) as x —> ow (see, e.g., [93, p. 7]) 


1 1 1 Bk+1 nn. 
InP(x) = amam- (x= 5) inv > AE 4 (4 q T 
k=1 


(10.1) 


or equivalently, 


q 
_ Bert ~q-1 
I= Emag oe ): 


For instance, setting g = 4 in (10.1) we get 


1 1 1 1 _5 
InT(x) = ad eae aa tog Int + -ztl ie 


Generalized Liu’s Formula For any x > 0 we have 


1 1 œ $ {r} 
lnr(x) = znr) - x+ x-5 nx f E dt, 
0 
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or equivalently, 


Limit, Series, and Integral Representations We now consider various represen- 
tations of ln T (x), including the Eulerian and Weierstrassian forms. 


e Eulerian form and related identities. We have 
[0,6] 

InT = —Inx- 1 k)-—Ink—xIn{1+-—))], 
nI(x) nx D (ince + )— In xin ( +z)) 


k=1 
1 OO 
Tr == —_. 
w=- 
Upon differentiation and integration, we obtain (cf. Example 8.3) 


1 & 1 
pa pe ere tar), 
k € N*, 


vax) = (D4! k!c(k + 1, x), 


(+3)): 


(oe) 


y(x) = saxinxYo(@+eIn(1 +5) -1-7 


Weierstrassian form and related identities. We have 
[0,0] 


InT(x) = — yx —Inx — J (Inv +k) —Ink-=), 
k=1 


ey: S 
Tr = 3 
(x) - I] m 


Upon differentiation and integration, we obtain (cf. Example 8.8) 
1 wf il 1 
e= Lr: aa 


x? = m a 
w(x) = = 7 5+ x—ainx— Yo (w+ In(14F) 2-3), 


k=1 
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¢ Gauss’ limit and related identities. The Gauss limit is 


n—-1 
InP) = lim (ra — 91 Somerby ston) 


k=0 


Upon differentiation and integration, we obtain 


n—l1 
: 1 
w(x) = tim, (is = 5 Pas z) ; 


k=0 


peax) = (-1)** kc +1,x),  keN*, 


k=1 


2 n-1 
w_2(x) = im. (= —xlnx + (Inn) — De +k) n(1 E *)) : 
(10.2) 


The multiplicative version of Gauss’ limit reduces to the following formula 
(just replace n with n + 1 and note that (n + 1)* ~ n* asn > œ) 


ni n* 


r(x) = lim —WH—— 
n>oo x(x + 1) --- (x+n) 


as stated in (1.6). We also have the following alternative form of Gauss’ limit, 
which immediately follows from the Weierstrassian form 


e7Y* no ež nler¥™ 
r(x) = — lim I] = lim —WH—. 
xo n> 1+ n>œ x(x +1) --- (x+n) 


This latter limit can also be derived immediately from Gauss’ limit and the well- 
known fact that w(x) — Inx —> Oas x > œ. 

e Integral representation. Considering the antiderivative of the digamma function 
y = was the solution to the equation Ag = g’ (using the elevator method), we 
obtain 


HTS yae [ wit) dt. 
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e Gregory’s formula-based series representation. For any x > 0 we have the series 
representation (see Example 8.12) 


1 [0,6] 
nT) = > nm) — x +x Inx — XO Gry A" In(x) (10.3) 
n=0 


1 [0,6] n n 
zmr) -x +xinx— X 1Gnuil XCC DEG) In@ +4). 


n=0 k=0 
Setting x = 1 in this identity yields the following analogue of Fontana- 
Mascheroni series 
[0,0] n Em 1 
2 lG ZED ({) Ink +1) = -1+ 5 In@z). 


Gauss’ Multiplication Formula For any m € N* and any x > 0, we have 


m—1 ‘ 
I r(==) = 2r) F mI ™ T(x). 


j=0 
Corollary 8.33 provides the following asymptotic equivalence for any x > 0 
T(x) ~ e *x*m asm —jN 00, 


which also follows from Stirling’s formula. 


Wallis’s Product Formula We have the following limits 


2n 
: 1 k-1 
im, (5 In(@n) + J (-1) nt) = 0. 


k=1 
Restriction to the Natural Integers We have the well-known identity 
T(n+1) = nl, neN. 
Gregory’s formula states that for any n € N* and any q € N we have 


q 
Inn! = 1—n+(n4+1)Inn— > Gj (O In)(n) — (A77! w0) — Rf, 
j=l 
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with 
[Ril < Gq (A1 In)(n) — (A1 In) (1). 


Moreover, Eq. (10.1) yields the following asymptotic expansion as x —> oo. For any 
q € N*, we have 


1 Buri 1 
Inn! = = InQan) —n-+nInn +) "+0 (nt di 
2 L k(k+ Dn 


Similarly, Eq. (10.3) yields the following series representation 


1 (oe) 
Inn! = 5 Inn) —n + (nt Dinn- Geri AX g(n), ne N*. 
k=0 


We also have Liu’s formula 
1 œ {r 
Inn! = ae ae —n+nIinn +f = 
n 


Many other representations of Inn! can be derived from, e.g., the limit and series 
representations of the log-gamma function described above. 

Generalized Webster’s Functional Equation For any m € N* and any a > 0, 
there is a unique solution f : R+ — R+ to the equation 


m-1 


[] fo+ai =x 


j=0 


such that In f lies in K? (or in K!), namely 


1 r642) 


fO = myn E 


Analogue of Euler’s Series Representation of y The Taylor series expansion of 
lnT(x + 1) about x = 0 is 


lnr(x +1) = -yt PO ot, |x| <1. 
k=2 
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Integrating both sides of this equation on (0, 1), we obtain (see Example 7.16) 
Sept ay = Fy 14d inen) 
oo ED 2” 2 


Reflection Formula For any x € R \ Z, we have T(x) (1 — x) = wesc(rx). 


10.2 The Digamma and Harmonic Number Functions 


Let us now see what we get if we apply our results to both the digamma function 
x +» w(x) and the harmonic number function x œ> Hy. Recall first that the identity 


Hı = Wx) ty 


holds for any x > 0. 
ID Card We have the following data about the functions 1/x and w(x): 


g(x) | Membership i |degg | Xg(x) 
I/x [CAD nK |-1 |M- =y +y 


Analogue of Bohr-Mollerup’s Theorem The digamma function can be character- 
ized as follows. 


All eventually monotone solutions f : R4 — R to the equation 


1 
f@+l—-f@) = - 
x 


are of the form f(x) = c +(x), where c € R. 


It is noteworthy that this characterization immediately follows from the basic 
version when p = 0 of our Theorem 1.4, which was established by John [49]. 

Interestingly, this characterization enables us to establish almost instantly the 
following identities for every x > 0, 


1y_ p! 
H,-1 = W@)t+y = 1 a a 
0 


Indeed, each of the three expressions above vanishes at x = | and is an eventually 
increasing solution to the equation f(x + 1) — f(x) = 1/x. Hence, they must 
coincide on R4}. We can actually prove many other representations similarly; for 
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instance, the following Gauss and Dirichlet integral representations (see, e.g., [93, 


p. 26]) 
[0,0] —t —xt 
Wx) = / S- —) ar, x > 0, 
0 _ 


oD 1 
f Pa gl 
0 (t+1)*/ t 


Kairies [51] obtained a variant of the characterization of the digamma function 
above by replacing the eventual monotonicity with the convexity property. This 
variant is also immediate from our results since g also lies in D! N Kt. 

Using Proposition 3.9, we can also derive the following alternative characteriza- 
tion of the digamma function. 


W(x) 


All solutions f : R4 — R to the equation 


fe+N-f@ = = 
that satisfy the asymptotic condition that, for each x > 0, 
f(x«+n)-f(n) > 0 asn —>y œ 
are of the form f(x) = c + Y (x), where c € R. 


Extended ID Card We already know that o[g] = y (see Example 8.19). Hence 
we have the following table: 

zig] [olg] [visi 

œ |y Y 


k= 
com i ıl 1% {t}-3 
y=f = a =>-{ ii 2 dt, 
1 I] t 2 1 t2 
1 
y= fo mar. 
0 
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e Generalized Binet’s function. For any q € N and any x > 0 
q 
ITY a) = ya) -Inx +Y Gj B, j), 
j=1 


where (x, y) œ> B(x, y) is the beta function. 
e Analogue of Raabe’s formula (see Example 8.19) 


x+1 
f wit)dt = nx, x>0. 
x 


¢ Alternative characterization. The function f = w is the unique solution lying in 
C? N K? to the equation 


x+1 
f fdt = lnx, x>0. 
x 


Inequalities The following inequalities hold for any x > 0, any a > 0, and any 
ne N*. 


e Symmetrized generalized Wendel’s inequality (equality if a € {0, 1}) 


1 
Væ +a)—w@)| < Jaleo. 


e Symmetrized generalized Wendel’s inequality (discrete version) 


n—1 1 
s |*=- 
n 


n—1 
vatr-Dit 
k=0 


k=1 


e Symmetrized Stirling’s and Burnside’s formulas-based inequalities 


v («+5) —Inx 


Considering for instance the value p = 1 in Corollary 6.12, we see that the latter 
inequality can be refined into 


< |W) Inx| < =. 
X 


1 1 1 
eh ee er era 


e Generalized Gautschi’s inequality 


a — fa] a — [a] 
aT < Ya +a)- y + fal) < a- fa) yi + fal) < Ffal 
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Generalized Stirling’s and Related Formulas For any a > 0, we have the 
following limits and asymptotic equivalence as x —> 0d, 


w(x +a)—w(x) —> 0, w(x) -Inx —> 0, w(x +a) ~ lnx. 


Burnside-like approximation (better than Stirling-like approximation) 


w(x) m(x z) > 0. 


Further results (obtained by differentiation) 


; We(x) > 0, k e N*. 


Werger n 
x 


Asymptotic Expansions For any m,q € N* we have the following expansion as 
x —> 00 


m—-1 


k-1 
oe 2) = nxt a(x); (10.4) 


Setting m = 1 in this formula, we retrieve the known asymptotic expansion of w(x) 
as x —> œ (see, e.g., [93, p. 36]) 


q = 
w(x) = ie ee 1B +o (x7), 


or equivalently, 


For instance, setting q = 5 we get 


W(x) = 1 : : + : + o( 6) 
x) = Inx -—- — + — : 
2x 12x2 120x4 i 


Generalized Liu’s Formula For any x > 0 we have 


Ya) = ms- f (3 dt 
7 o (+x) 


Limit and Series Representations Let us now examine the main limit and series 
representations of the digamma function that we obtain from our results. 
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¢ Eulerian and Weierstrassian forms. We have 


1 &/1 1 
v(x) = so aa 


jae ae a 
x)= --— n -]— : 
x k x+k 
Upon differentiation, we obtain 
vex) = (—D* kick +1,x), ke N*. 


Moreover, integrating the Eulerian (resp. Weierstrassian) form of the digamma 
function on (0, x), we retrieve the Weierstrassian (resp. Eulerian) form of the 
log-gamma function. 

e The analogue of Gauss’ limit coincides with the Eulerian form. 

e Gregory’s formula-based series representation. For any x > O we have the series 
representation 


[0,6] 


CO 
G 
W(x) = Inx — Y°|Gn| B(x, n) = Inx — >> Col : 
n=1 n=1 n( n ) 


Setting x = 1 in this identity, we retrieve the Fontana-Mascheroni series (see, 
e.g., Blagouchine [20, p. 379]) 


Setting x = 2, we get 


which is consistent with the identities given in Example 8.16. 


Analogue of Gauss’ Multiplication Formula For any m € N* and any x > 0, we 
have (see, e.g., Berndt [18, p. 5]) 


5 Y (: + +) = m(W(mx) —Inm) (10.5) 
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and 
m—1 
> Aytj/m = m(Hmx+m-1 — lnm). 
j=0 

Corollary 8.33 provides the following formula for any x > 0 


lim (Hmx-1 — Hm-1) = lnx. 
m—>0o 


Analogue of Wallis’s Product Formula The analogue of Wallis’s formula reduces 
to the classical identity 


= 1 

-1)'= = In?2. 
X (—1) 7 n 
k=l 


Project 10.1 Find the analogue of Wallis’s formula for the function g(x) = W(x). 
We apply our method (see Sect. 9.7) to the function 


1 
B(x) = Ag@x) = =. 


Thus, we get 


1 1 1 =j 
h(x) = VEn) -Y - 57 —5Inn = 50 +n) + O (a), 


and the analogue of Wallis’s formula for g(x) = w(x) is 


2n 
Jim (- nam +2 otvo) =y: 


k=1 
This provides yet another formula to define Euler’s constant y. © 


Restriction to the Natural Integers For any n € N we have 
= 1 
H, = 2 = 
Gregory’s formula states that for any n € N* and any q € N we have 


q 
1 
Ai = mn- 510; (Ben, - =) — R, 


j=l 
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with 


[Ri] < Gg 


1 
Bong +2), 
q 


Many representations of H, can be derived from, e.g., the limit and series 
representations of the digamma function described above. For instance, using the 
generalized Liu formula, we get (see also Remark 8.47) 


1 œ typ t 1 1 npl 
Hy = natya f de = Innt s+ 1 =3 
n 


dt. 
2n 2 2n 1 t? 


Generalized Webster’s Functional Equation For any m € N* and any a > 0, 
there is a unique eventually monotone solution f : R+ — R to the equation 


m—l1 1 
$ f@ taj) ==, 
Xx 


j=0 


namely 


1 1 
fx) = —v (*)- (4) 
am am am am 


Analogue of Euler’s Series Representation of y We have y(1) = —y and 
wl) = (-DA RI CRED, keN*. 


Thus, the Taylor series expansion of w(x + 1) about x = 0 is 


[0,0] 


Hy = y+) +y = VED kt Dx, xl <1. 
k=1 


Integrating both sides of this equation on (0, 1), we retrieve Euler’s series represen- 
tation of y 


= tk) 
y= Cpt. 
Ba: 


Analogue of the Reflection Formula For any x € R \ Z, we have 


w(x) -w—-x) = —zcot(rx). 


10.3 The Polygamma Functions 195 
10.3 The Polygamma Functions 


We now investigate the polygamma functions y, for any v € Z. In this context, 
our results will prove to be particularly interesting when v < —2, that is, when the 
function y, has a strictly positive asymptotic degree. 

For any v € Z, we set gy = Aw; hence we have g’, = gy41 and Wj, = W441. It 
follows immediately that 


Dga) = Ww) — Ww). 


(The cases v = 0 and v = —1 correspond to the functions w(x) and InT (x), 
respectively, and have been already considered in the previous sections.) We will 
often deal with the cases v > 1 and v < —1 separately. In the latter case, we will 
often consider the value v = —2 for simplicity and brevity. 


ID Card When v > 1 Here we clearly have 


vl p v! 
gv(x) = D = (-l) yer 
and (see Example 7.6) 
wl) = CDa +1). 


Hence we have the following table. 


gy (x) Membership degg, | Eg (x) 
(1P! ™! [c> nDl ake |-1 yx) — wl) 


ID Card When v < —1 Using (8.9), we obtain the following recurrence to 
compute the functions g,. For any integer v < —1, we have 


x+1 * 1 
wc) = f Wi(t)dt = f gOdi+ | W(t) dt 
x 0 0 
aj g(t) dt + W-1C). 
In particular, 


1 
lim gv-1@) = ae [ Wo (t) dt. 
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Unfolding this recurrence, we obtain g_1(x) = In x and, for any integer v < —1, 


—v—-1 


po v—1 
gv-1(x) = [<= a 2 Int dt + 2 vets 10 (10.6) 


which is precisely the (—v — 1)th order Taylor expansion of g,_1 (x). 
Thus, we have 
g-1(x) = Inx, 
1 
g—2(x) = xlnx— x + z ln(27), 


1 3 1 1 
g-3(x) = J *Inx — 52 + (35+ F) nan) Ina, 


Hence the following ID card 


gy (x) Membership degg) | Xg,(x) 
Eq. (10.6) [CONDI NKS |-v-1 pæ- WA) 


Analogue of Bohr-Mollerup’s Theorem The function y, can be characterized as 
follows. 


All solutions f : R4 — R to the equation f (x + 1) — f(x) = g (x) that lie in KO”)+ are 
of the form f (x) = cy + W(x), where cy E R. 


When v > 1, this characterization enables us to prove easily the following integral 
representation of y, 


OO g” ext 


l-et 


ia = cpt f de ee: 


Indeed, both sides of this identity coincide at x = 1 and are eventually monotone 
solutions to the equation Af = g,. Hence they must coincide on R+. 


Extended ID Card The asymptotic constant o[g,] satisfies the following identity 


1 
E [ ia Dae See = Gt. 
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Moreover, if v > 1 we also have 


olg] = yig] - Yaw f gv(t) dt 
= (-)’TO) wto +1) -— 1) 


and hence the following values 


Sle] | olgv] yig] 
ee] CDr wiw +1) -— 1) | vyigv] = olg] 


For v < —1 we have the values 


Tlg] olg] yis] 
W-D- WA) [g1 0- WA) olg] — Z Gj A! ev) 


For instance we have 
= 1 1 3 
olg_2] = InA— -—-In(2z), o[g-2] = InA+-—-In(27)--, 
4 4 4 
and 


1 1 
ylg-2] = InA+-—In2—--. 


6 3 
We also have the following identities. 
e Alternative representations of o[g] 
(=v)+ o0 (=v)+ l 
= $ Gj Ag- Y | Agi- $ Gj Ala], 
j=1 k=1 j=0 
n—l1 (—v)+ 
olg] = lim |$ a +g- gamn + DY Gj AT go) |, 
k=1 j=l 
n—-1 (—v)+ 


B; 
olg] = lim |J aO +g- gm- DO Fr E-i) 


k=1 j=l 


197 
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If v > 1, then 


» (1 œ% fr} — 4 
olg] = CD»! (;-o+0f Hata). 


Ifv < —1, then for any integer q > [—v/2], 


3 _ [9 Bua) 
olg] = 5 801) - È E gma- 101) j) gy taO dt. 


¢ Representations of y [e] 


(=v)+ 
vigvl =ø0lg]- >> GjAl'g (1), 
gal 


oo [i+ 
viel = f S G; Agli) — go) | ar, 


j=0 


oo [C+ {t} 
viel = f D (H) etn- e0 dt. 


j=0 


e Generalized Binet’s function. For any q € N and any x > 0 


q 
JHE) = ww — Brie) + Y Gj Aga). 


j=l 


For instance, 
3 1 1 2 
J [y-2]1¢Œ) = y-2(x) — D (x + 1) In@ + 1) + D (3x — 1) 
l (6 7T)1 l In(2z7) — In A 
T“ X nx z7” N( 27 nA. 


e Analogue of Raabe’s formula 


x+1 
i wy(t)dt = gy_\(x), x>0. 
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¢ Alternative characterization. The function f = wy, is the unique solution lying 


in C? N K+ to the equation 


x+1 
f fdt = gy-i(x), x>0. 


Inequalities When v > 1 The following inequalities hold for any x > 0, any a > 
0, and any n € N*. 


Symmetrized generalized Wendel’s inequality (equality if a € {0, 1}) 


! 
Woe +a)— WO) < fal. 


Symmetrized generalized Wendel’s inequality (discrete version) 


n—1 n—1 f 
WO- WD) — av) geto] < M. 
k=1 k=0 


Symmetrized Stirling’s and Burnside’s formulas-based inequalities 
lw (e+) g| < a gO] < gl: 


Considering for instance the value p = 1 in Corollary 6.12, we see that the latter 
inequality can be refined into 


1 1 
fivts) = gui) + 5 ete = z A80]. 
Additional inequality 
[00] 
What = J gato] < IW. 
k=n 


Generalized Gautschi’s inequality 


(=1)*7 1 (a — [a]) yopi Œ + fal) < (CD) + a) — y(x + fal) 
< (—1)”7! (a — [a]) g(x + lal). 
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Inequalities When v < —1 The following inequalities hold for any x > 0, any 
a > 0, and any n € N*. 


e Symmetrized generalized Wendel’s inequality (equality if a € {0, 1,..., —v}) 


pa +a) — We) — D2 (6) AM! av) 
j=l 


a-—1 


sa 


J| [Asra +a) -= Aaga) 
(E) 


e Symmetrized generalized Wendel’s inequality (discrete version) 


< [a] 


|A~’gy(x)| P 


N| [AP Fav +n) — APH) 


W 


læ) — WA) — fy e] < E 


z) 


< [x] 


where 
figle) = Seo- Eseta EO ) A! g(n). 


e Symmetrized Stirling’s formula-based inequality 


W(x) = gv-1(e) + Y Gj AI! gy (x) 


j=l 


< f |E) 


< G_y|A~’g,(x)| 


kartia +t)— A™ lg, (x) dt 


e Generalized Gautschi’s inequality 
Considering the function y_2, we obtain 


(a — [a]) Y- (x + [a]) < Y-2(x +a) — W_2(x + fal) 
< (a — [a]) g-2(* + lal), 


for any x + La] > xo, where xọ = 1.461... is the unique positive zero of the 
digamma function. 
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Generalized Stirling’s and Related Formulas When v > 1 For any a > 0, we 
have the following limit and asymptotic equivalence as x —> oo, 


Weta) ~ ga) = cyt, W(x) > 0. 


Burnside-like approximation (better than Stirling-like approximation) 


W(x) — g-ia- 5) > 0. 


Generalized Stirling’s and Related Formulas When v < —1 For any a > 0, we 
have the following limits and asymptotic equivalence as x — 00, 


—v 


Woe +4) — WX) — DOG) AM lav) > 0, 


j=l 


W(x) — gv-100) + D7 GAT! B(x) > 0, 
j=l 


=p 


B 
pa) -Y g-i) > 0, 


k! 
k=0 
pa +a) ~ gil) ~ x” lnx. 
(—v)! 
When v = —2 for instance, these limits reduce to 
x+a x 1 x+1 
lnT (t) dt — aln ( V27 aie (5) In ZENS > 0, 
x ex 2 ex* 


1 1 2 
W_2(x) — D (x + 1) ln(x + 1) + T (3x — 1) 


1 1 
ig Oe lnx — 5 x Ie) — InA, 
1 2 1 1 
W-20%) — 5 (Ox Sere LIne oe 2) = einer) —> hA, 


1 
p(x +a) ~ ze nx. 
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Asymptotic Expansions For any m,q € N* we have the following expansion as 
x > œ 


m—1 . q 
1 
PDA (: + L) = Yo bt) + O (8v4 2). 


Ea 
k=0 


Setting m = 1 in this formula, we obtain 
q 
Wie) = >> rr 80-1) + O (8v4). 


k=0 


For instance the asymptotic expansion of w_2 is 


1 1 1 
W_2(x) = 7a Oe — 6x + 1)lnx — z6 — 2)x + 5x In@z) +InA 


to +o (x T 


Generalized Liu’s Formula For any v > 1 and any x > 0 we have 


we Qx+v Go FS fe} 
wx) = (-1) lT) (Fat ewen/ aot), 


For v = —2 and any x > 0 we have 


1 1 1 
w_2(x) = pe — 6x + l)lnx — ger —2)x+ gen) +inA 


© Bo({t 
a I 2({t}) dt 
o 2(x+t) 
Limit and Series Representations When v > 1 The Eulerian and Weierstrassian 
forms of y, reduce to 


Wwe) = -Y gatki = Cp lvlew tix) 
k=0 


and this series converges uniformly on R+. 


Limit and Series Representations When v < —1 The analogue of Gauss’ limit is 


Ww) = WH) + lim fr "lgvl@) 
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and both sides can be integrated on any bounded subset of [0, oo) (the limit and the 
integral commute). They can also be differentiated infinitely many times (the limit 
and the derivative operator commute). 

For instance, when v = —2 we obtain 


n—1 n—1 


v2) = lim (deine = Do +k)In(x +k) +x (» Inn + 5 In2z)) 


k=1 k=0 


+(5) (+ m(1+ =) +inm—1)). 


Comparing this formula with that of (10.2), we see that the latter is less complicated, 
since it was produced from less terms in its polynomial part. Now, differentiating 
the formula above, we obtain a limit representation for In T (x), but the Gauss limit 
is less complicated. In this context, finding the simplest limit representations seems 


to be an interesting problem. 
The Eulerian and Weistrassian representations of y, take the following forms 


W(x) — nsa Jai! g1) 


j=1 


[0,0] 


+ 2 —gy(x +k) + ZO A/ gy(k) 


and 


—v-1 


Wo) — WO) =- + DY GAT) — v(4) 


j=l 


—v—-1 


1 
2 a Maw + (S) f 


respectively. These series can be integrated term by term on any bounded subset of 
[0, c0). They can also be differentiated term by term infinitely many times. 
For instance, when v = —2, both identities above reduce to 


wax) = 


(emer (HO A (1+ 2/)*9O) 
In I] 7 LAER GL AEA CEE). 
(L+x/k)*tk (1 + 1/k) 4+ D242) 


k1 í 
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and 


x* Ss (1+ x/k)*+* 


w_2(x) p (e2 eO) oe et) d+ o) 
-2 = krana etz UHL 


Integrating both the Eulerian and Weierstrassian forms of InT (x), we obtain the 
following representations (which are simpler than the previous ones since less terms 
are involved; see also Examples 8.3 and 8.8) 


E e (1 + 1/ky/ 
w-2(x) = n(S I AES a] 


and 
o0 eX +x” / (2k) 
_ ee e* 
y- 2x) = In (: att él + x/k)tk 


Here again, finding the simplest Eulerian and Weierstrassian forms remains an 
interesting problem. 


Integral Representation For any v € Z, we have 


ae = w+ f uad. 


If v > 1, then y, is not integrable at x = 0 (since g, is not). If v < —1, then y, is 
integrable at 0 by definition and we have 


x x (x = i)! 
Y-i) = f WO dt = | ———— Inf (t)dt. 
0 o (=v=1)! 


Gregory’s Formula-Based Series Representation Proposition 8.11 gives the 
following series representation: for any x > 0 we have 


Wa) = gr) — D> Gry A” gv (x) 


n=0 


= 8-106) J Gmail X COD ee +k). 
k=0 


n=0 
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Setting x = 1 in this identity yields the analogue of Fontana-Mascheroni series. For 
instance, taking v = 1, we derive the identity (see, e.g., Merlini et al. [72, p. 1920]) 


Taking v = 2, we obtain 


2 


= + 1) — H? 
Fe ODA ory, 


n=1 
Analogue of Gauss’ Multiplication Formula Assume first that v > 1. Differen- 
tiating repeatedly both sides of the multiplication formula (10.5) for the digamma 


function y, we obtain the following formula. For any m € N* and any x > 0, we 
have 


m-1 


So (=) = m+! y(x). 


j=0 


Moreover, Corollary 8.33 provides the following limit 
lim m’Wy(mx) = gy—1(x), x>0. 
m—> oo 


Assume now that v < —1. Applying Theorem 8.27 to the function g,, we obtain 
that for any m € N* and any x > 0 


m—1 


m—1 eg f . 
Dv ( m ) = Dive (5) Fe + Eee (5) 


Let us expand this formula in the special case when v = —2. First, we have 


1 1 -1 
g2(=) = >e- ya) 
m m m m 


and hence 


x 1 x\ lnm m—1 
Exg2(=) = =w- (5) =+ x= 1) wa), 
m m 2) m m 


Using Proposition 8.28, after some algebra we also obtain 


= @ 1 Inm i 
X yo Ż) = (1- =) ma- 5% + on = DETA. 
m m 12m 
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Now, collecting terms, we finally get the following multiplication formula for y_2 


m—1 


x w_2 (=) = 2 y(x) — a (6x? — 6x + 1)Inm 
‘0 m m 12m 


x 1 1 
+ (m — 1) In(2z) (+ i) + (r — ~) ma. 


Setting m = 2 in the formula above, we obtain the following analogue of Legendre’s 
duplication formula 


1 1 1 
v2 (Z) + v-2 (= ) = 5 W-2(x) — 5 (6x? — 6x + 1) In2 


1 3 
+ gren (x+1)+ 3 nA. 


Taking x = 0 in this latter identity, we obtain 


dal Sias Ar 
E — = — In =m =m 
ONG 24 2 4 


Moreover, Corollary 8.33 provides the following limit 


wi ae ee Shee 0 
tn. mo ame = 5% n= x>0. 


Analogue of Wallis’s Product Formula If v > 1, then the analogue of Wallis’s 
formula is simply 


[0,6] 


Vey ak) = CDa- 2v ew + 1), 


k=1 
or equivalently, 
CO 
YoeDE ak) = Dvino +, 
k=1 


where 7 is Dirichlet’s eta function. In the case when v = —2, after a bit of calculus 
we obtain the following analogue of Wallis’s formula 


2n 
1 
: k-1 i 
jim (hos (-1) e20) =D In2—31nA. 


k=1 
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where 
1 
h(n) = ¢ + 5) Inn — n(1 — ln 2). 


Project 10.2 Find the analogue of Wallis’s formula for the function g(x) = 
w_2(x). After some algebra, we obtain 


2n 
1 
. k-1 _ eh 
Jim (nin + Se 1) v20) = nA- z2, 
where 
h(n) = mOn- Èn? + En mOr) -1 
= n ->= =n In(27) — — Inn. 
n n n)— an z” Zo 
This formula is a little harder to obtain than the former one; it requires the 


computation of both functions “w_2(x) and 2 X,w_2(2x) using the elevator 
method (Corollary 7.20) with r = 2. That is, 


Dw_2(x) = sxe 1 (2x + px +D mOn) 


+ 2x In A + (x — 1) p_2(x) — 2 W_-3(x) (10.7) 
and 
2 Uy W_2(2x) = 52x 1)(4x — 1) + (4x + 3)ln A 
+ a (—24x? + 48x + 5) In2 — 4 w_2(x) 
+ 2x 22x) — 2-2 (: + 5) ET 
These formulas can also be verified using the difference operator. © 


Restriction to the Natural Integers When v > 1 For any n € N*, we have 
n—-1 n—-1 


1 
Win) -— Ww) = X glk) = (-1)’v! aa 
k=1 


In particular, 


wl) = — >> gak. 
k=1 
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Gregory’s formula states that for any n € N* and any q € N we have 


n—1 
Y glk) = gv-1(n) — gv-1 (1) 
k=1 
q l 
-J G; (Aem) — Aie) — RA, 
pE 


with 
[Ril = Gy [Afg (n) = A%g,(1)| . 


Generalized Webster’s Functional Equation For any m € N*, there is a unique 
solution f: R} — R to the equation 


m—l1 


5 f (z+ Ż) = ga) 
m 

j=0 

that lies in KC®+, namely 


1 
fœ) = W (=+ ~) — Wt). 
m 


Analogue of Euler’s Series Representation of y Assume first that v > 1. In this 
case, for any k € N we have 


WOU) = Ward) = DI w+blcwtkt 1). 


Thus, the Taylor series expansion of w(x + 1) about x = 0 is 


y(x +1) = La cvtktix*, [xf <1. 
k=0 š 


Integrating both sides of this equation on (0, 1), we obtain the identity 


ee) 


Zaid) = $ ay 


k=0 


(v+k)! 
(k +1)! 


cv+tk+1). 
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We proceed similarly when v < —1. To keep the computations simple, let us assume 
that v = —2. We then have 


1 
y-2(1) = z n@z), YD = wid) = 0, yha) = wl) = -y, 
and for any integer k > 3, 


VÄND = ver) = CDT- Diek- 1). 


Thus, the Taylor series expansion of w_2(x + 1) about x = 0 is 


o1 ro E ick -1) 4 
Y-(x +1) = a a ea Ix] <1. 


Integrating both sides of this equation on (0, 1), we obtain 
[0.0] 


k E(k) ee ae 
2D E 6. 7+ zin@x) +n, 


Analogue of the Reflection Formula Assume first that v > 1. Differentiating 


the reflection formula for y repeatedly, we obtain the following formula. For any 
x €R \ Z, we have 


W(x) -(-D’WwU- x) = — r D” cot(rx). 


When v < —1, a reflection formula on (0, 1) can be obtained by integrating both 
sides of the identity 


lnr(x)+lInr(1— x) = lnx —Insin(zx). 


For example, for any x € (0, 1) we have 
1 x 
W_2a(x) — W201 — x) = x Ina — 5 InQz) — I In sin(zt) dt. 
0 


As a byproduct, we obtain 


1 


Z 1 
/ Insin(zt)dt = ——In2. 
0 2 
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10.4 The g-Gamma Function 


For any 0 < q < 1, the g-gamma function Ty: R+ — R+ is defined by the 
equation (see, e.g., [93, p. 490]) 


nw = a-o J] EE = a-o G2 frx > 0 
i rol =g (q*; q) 
(10.8) 
Here we use the standard notation 
[0,6] 
(a; q)œ = I] (1 — aq“) 
k=0 


Note that these functions should not to be confused with the multiple gamma 
functions discussed in Sect. 5.2 (although the same symbols are used). 

The function f(x) = ln T4 (x) is a convex solution satisfying f4(1) = 0 to the 
equation Af; = gq on R+, where g4: R+ — R is the function defined by the 
equation 


for x > 0. 


= 
&q(x) = In i 


Since gq lies in D! NK! (and deg gq = 0), by the uniqueness theorem we must have 
Ing) = Lgg(x), x >0. (10.9) 


Askey [13] proved an analogue of the Bohr-Mollerup theorem for (7. However, as 
Webster [98, p. 615] already observed, this is actually an immediate consequence of 
the uniqueness Theorem 3.1 in the special case when p = 1. 

Let us now investigate this function in the light of our results. 


Remark 10.3 When q > 1, the g-gamma function r4: Ry — Ry, is also 
defined by Eq. (10.9). In this case, using L’Hospital’s rule we can readily see that 
Agg(x) — Ing as x — ov, and hence deg g, = 1. An analogue of the Bohr- 
Mollerup characterization for I, was established by Moak [74]. We can see now 
that this characterization is a trivial consequence of our uniqueness Theorem 3.1 in 
the special case when p = 2. The complete analysis of l'4 through our results is 
similar to the case when 0 < q < 1 and is left to the reader. © 
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ID Card As discussed above, the function T4 is a T-type function and we 
immediately derive the following basic information. 


8q (x) ] Membership | deg gg | g(x) i 
Ino cen DInKk® |o nT) 


Analogue of Bohr-Mollerup’s Theorem The g-gamma function can be character- 
ized as follows. 
All eventually convex or concave solutions fq: R4 — R to the equation 
1—q* 
I-q 


fale +1) = HA) = In 


are of the form fax) = cq + InV q(x), where cg E R. 


Using Proposition 3.9, we can also derive the following alternative characterization 
of the g-gamma function. 


All solutions fq: R4 — R to the equation 


j= 
fet) - f@) = n 
=q 
that satisfy the asymptotic condition that, for each x > 0, 
_ yn 
Sqg(« +n) — f(n) — x1n i > 0 asn NCO 


are of the form f(x) = cq +InV q(x), where cq E R. 


Extended ID Card Interestingly, El Bachraoui [35] recently established the 
following analogue of Raabe’s formula 


x+1 1 1 
I noies =a ien a e 0: 
XK 2 Ing 


where 
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is the polylogarithm function. This formula provides immediately the following 
values 


1 2 

o[gq]= z In(l — q4) — = + Inq; q)oo (10.10) 
1 1 

alsa] = -5 nd - 4) - ng O +1n(q; q)æ, (10.11) 


and the integral 
xX 1 : 
i &g(t)dt = (1—x) Ind — q) — i (Liz(q*) — Liz(q)) . 


We then have the following values 


o18q] [olg] yv[gq] 
Eq.(10.10) |Eq. (10.11) | vigq] = olgq] 


¢ Alternative representations of o [g4] = y [84] 


1 
olgq] -| Ing + l)dt, 
0 


=] ie er) i 
alsa] = loela) f (G-) 4 , 


o0 — glth1/2(1 — glt+11)1/2 
a- q") Pa ) 
olga] =) Int 


’ 


1S Lt os 
ale) = 5 Dom (a -aba - 44) ~ Tol 


* Generalized Binet’s function 
2 1 ; x 1 x 
J [n oPg](x) = InPg(x) + @ — 1) Ind — q) + ag ee cae 


— ln(q; oo. 


e Alternative characterization. The function fg(x) = InTg(x) is the unique 
solution lying in C? N K! to the equation 


x+1 1 1 
Í fa) dt = (5 = x) In(1 — q) — — Lin(g*) + N(@: q)oo, x>0. 
x 2 Ing 
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Inequalities The following inequalities hold for any x > 0 and any a > 0. 


e Symmetrized generalized Wendel’s inequality (equality if a € {0, 1}) 


[Ing (x +a) — InT'g (x) — a gg(x)| < la — 1| |84 œ + a) — gq(x)| 
< [a] la — 1||Agg@)|, 


1—q*t4 —la-l| T(x +a) 1 — gtt4 ja—1| 
(=) z Zada (=) l 
ice) (=) 


e Symmetrized Stirling’s formula-based inequality 


1 
|J [nog ](x)| < 5 (8g + D- 8g), 


1 1 
(a) 7 Py) -@) 0-9)? C=) 
Ia 1 Gi aw exp (=pli) © \ I 


e Burnside’s formula-based inequality 


2 


1 1 
lnT4 (x + z) ag (: = z) Ind — q4) + Lio — ln(q; dn 
2 Ing 
< |J7[InoDg](x)|. 


e Generalized Gautschi’s inequality 


ss a—[a] 
e-a hoata < Tata L (- Ewe =) 
Ta + [a]) l-q 


where Wz,0(x) = D In T4 (x). 


Generalized Stirling’s and Related Formulas For any a > 0, we have the 
following limits and asymptotic equivalences as x > ov, 


Ing +a)—InTg(x) > —aln —4@), 


T4 (x) 


— D w~ (1 —9q)*, InTj(x+a) ~ —xInd—g), 
Ta +a) (1-4) nIg(x +a) x Indl — q) 


InPg(x) + x — 1) Ind — q) — Inq; q) > O, 


r ~ (q; q) (l q) ™. 
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The generalized Stirling formula simply shows that InIg(x) has the oblique 
asymptote 


y = (—x)Ind — q) +1n@; @)o. 


Burnside-like approximation (better than Stirling-like approximation) 


1 sail 
T'g(x) ~ (43 4) (1 —¢)'™* exp (-;cew). 


Further results (obtained by differentiation). For any 0 < q < 1 and any v € N, 
let the function Yq,v: R+ — R denote the g-polygamma function defined by the 
equation 
Wq) = Dieta).  forx >O. 
We then have the following limits and asymptotic equivalences as x — 00, 
Ya ox + a) — Wa olx) > 9, Yao) > -mA -q), 
pqa o +a) ~ = lnl- q), Wa w(x) > 0, ve N*, 


Project 10.4 Find the generalized Stirling formula when q > 1. In the case when 
q > 1, we have deg g, = 1 and hence the generalized Stirling formula is 


x+1 1 1 
mrw- f nTa dt + 5 8a) — T7480) > 0 as x > œO, 
x 


where Ag, (x) — Ing as x — oo. However, here the integral takes the following 
more complicated form (see El Bachraoui [35] and the references therein) 


x+1 1 1—q* bp ae —xyy2 
f In) Ge ng T, (= (2Li2(q-*) + dnd — q™*))*) 
1—g* 1—g* : l—g* 2 
—oo mn ma eg) 9" (ta 
l-q*  1-4q l—=q 
where 


n(q-1) 


—1 1i 1 — 
Cy = q Pq- 1) 289 (ql; q7 o. 


This is the analogue of Raabe’s formula for In T4 (x) when q > 1. © 
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Asymptotic Expansions For any m,r € N* we have the following expansion as 
x —> œ 


m—1 


1 1 
— ps Ing (: + L) = (; = x) ln(1—q)— ing + Inq; q) 


+ 3o Ea g% D(x) +0 (9) . 


Setting m = | in this formula, we obtain the expansion of the log-q-gamma function 
1 \ rere 
InTg(x) = | 5 — x} Ind — gq) — —Lin(q") + In@: q)oo 
2 Ing 
+e = 8h D(x) + 0 (96). 
Generalized Liu’s Formula For any x > 0, we have 
1 I tcc oo! 
Ing) = | => — x } Ind — q) — — Lio(q*) + In@: g)oo 
2 Ing 
1 {= q* oe) 1 gett 
— -ln + (in t}— ~ ) — dt. 
say tno) | (10 rere. 
Limit and Series Representations It is not difficult to see that both the Eulerian 
form of Xgq(x) and the analogue of Gauss’s limit reduce to the definition of 


the g-gamma function given in Eq. (10.8). Let us now examine the other series 
representations. 


¢ Weierstrassian form. For any x > 0, we have 


=g? < f l1-gt q" 
InTg(x) = —In iG hoD- D (In + cng ia x). 


k=1 


Differentiating this series term by term, we obtain 


1 1 
vo) = (ng) —~ + veal) +000) (7a - =z): 
k=1 
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e Gregory’s formula-based series representation. For any x > 0 we have the series 
representation 


1 1 £ 
InTg(x) = (5 — x) In(1 — q) — ia Liz (4%) + In(q; g)oo 


-$ Gral J OD (Gee + k). 
n=0 k=0 


Setting x = 1 in this identity yields the following analogue of Fontana- 
Mascheroni series 


OO n 


1 
V lGanl X CD Euk = — iu 9) — Faq Lina) +104: Deo: 
n=0 k=0 


Analogue of Gauss’ Multiplication Formula After first noting that 


x 1 
8q (—) = 84) + 84 (<) f x > 0, 


we immediately obtain the following identity 


m-—l1 


dnt («+2 i) = ae ) +inr, sms) + mx- Ds (=). 


Now, using Proposition 8.28, we also obtain 


z J m—1 i i 
Shni] = mA —q)+mIn(q; q) — In (q7; q7). 
= m 2 oœ 


Thus, we get the following multiplication formula 


= j a G -a \ 
M(t) = Co? > a r 0n no (Ee ) , 
j=0 m (4 mys q m a 1 
or equivalently, replacing q with q”, 
m—1 


m. „m = mx—-1 
I Fgm (: + +) —! d- gy E o ra (mx) (, L 1) . 


(4; Doo 


10.4 The g-Gamma Function 217 


(See also, e.g., Srivastava and Choi [93, p. 494] and Webster [98, p. 617].) For 
instance, when m = 2, we obtain the following analogue of Legendre’s duplication 
formula 


2 
cig)... Tex) 


1 _ 2 if 
rœ) ra (»+5) = (l-q*)? (Qo Cpe 


Analogue of Wallis’s Product Formula Using Proposition 8.49 with 
8q(x) = 2gqg(2x) = (842x) + 8q(2)), 
we obtain 


h(n) = Ean + 1) — Dgg(2n + 1) 
= 2InT2(n + 1) + 2g2(2)n — In T4 (2n + 1). 


Using the generalized Stirling formula, we then have 
lim h(n) = 21n(q7; q7)oo — In(q; q)oo- 
n—> CC 


Finally, we obtain the following analogue of Wallis’s formula 


= 1—q* (q:) 
lim X `D! in i 
-o2 l—q (4?; P) 


Generalized Webster’s Functional Equation For any m € N* and any a > 0, 
there is a unique solution f : R+ — R+ to the equation 


m—1 1 x 


[| fa+ai = 


j=0 


—q 
1—q 


such that In f lies in K? (or in K1), namely 


fœ) = 


1 
P gam Ets) ( 1 = gam ) m 
Pgam (4) 1 = qd 
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10.5 The Barnes G-Function 


The Barnes function G: Ri — R+ is the function G = 1/T2 as defined in 
Sect. 5.2. Hence, it can be defined by the equations 


InG(x) = Eln (x) = Ey-ı(x) for x > 0. 


ID Card We have the following basic information about the Barnes G-function: 


g(x) Membership degg | Xg(x) 
InP(x) |CYeND?NK® |1 In G(x) 


Analogue of Bohr-Mollerup’s Theorem The function G can be characterized in 
the multiplicative notation as follows. 


All solutions f : R} — R+ to the equation f (x + 1) = T(x) f (x) for which In f lies in K? 
are of the form f (x) = c G(x), where c > 0. 


Interestingly, this characterization enables one to establish the following identity 


InG(x) = — (3) +(x — 1)lInT (x) + 5 In(2z7) x — Ww_2(x). (10.12) 
Indeed, both sides vanish at x = 1 and are eventually 2-convex solutions to the 
equation 


f@+D-—f@ = nro). 


Hence, they must coincide on R+. 
Using Proposition 3.9, we can also derive the following alternative characteriza- 
tion of the Barnes G-function. 


All solutions f : R4 —> R+ to the equation f (x+1) =T (x) f (x) that satisfy the asymptotic 
condition that, for each x > 0, 


f@+n)~ Trn fn) as n >N œ 
are of the form f(x) = c G(x), where c > 0. 


Extended ID Card The value of the asymptotic constant o[g] can be derived for 
instance from identity (10.12). One can show that (see, e.g., [93, p. 53]) 


1 
1 1 
olg] = Í lnG(t + 1)dt = p gonha = 0.045. 
0 
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We then have the following values: 


alg] olg] yig] 
b- inr) 2mnA | +4mnQr)-2hnA |yig] = olg] 


e Inequality 


T 109 
< —In2— — 7 0.10. 
lolg]| < zm 77 


e Alternative representations of o [g] = yg] 


EEE i Shra baT Ly 
ols] = 5 mr) + lim 2" (k) — y-n) — 5 InT(n) — zmn], 


ao 2 li Mnr int : 
alg] = 5 Inn) + lim (Yin) — yon) — 5 nF) — [va], 


k=1 


DE ag ew, {9 l 
oisi= f (in OP y iym + (Yin) Jar, 


Pe TUD [eae 
osis f(r tn pera) e 
1 


1 OO 
ad= 3-3 | Ba({t) Wi) dt, 


[0,0] 


T(k) ef Vk 
o[g] = In Eee e 
k=l (1+ p) "et V2" 


e Generalized Binet’s function. For any q € N and any x > 0 


q 
J+! [lnoG](x) = In G(x) — y-2(x)— Flg] + 5 Gj AJ! nT). 
j=1 


For instance, 


J’inoG]&) = InG(x) — y-2(x) — Fig] + sin T(x) - Zins. 
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e Analogue of Raabe’s formula 


x+1 
f InG(t)dt = ofle] + Y-2(x), x >0. (10.13) 


¢ Alternative characterization. The function f (x) = In G(x) is the unique solution 
lying in C? N K? to the equation 


x+1 
f f@dt = Flg] + y-2(x), x>0. 


Project 10.5 Find a closed-form expression for the integral 


f In G(t) dt. 
1 


We apply Proposition 8.20. Using (10.13) and then (10.7) we obtain 


x x+1 
i In G(t) dt = zs | InG(t)dt = Fig] (x — 1) + Ey-2(x) 
1 x 


_ l a _ 1 g2 
=2InA +7 0? + D mOr) -= 5 2x + Da — 1) 
+ (x — 1) y-2(x) — 2 Y-3 (x). 


This expression could have been obtained also by integrating both sides of (10.12). 
© 


Inequalities The following inequalities hold for any x > 0, any a > 0, and any 
n e N*. 


e Symmetrized generalized Wendel’s inequality (equality if a € {0, 1, 2}) 


[In G(x + a) — InG(x) — alnI'(x) — (5) Inx| < 


-|(5') G( ) 
(1 2) Mg Seta « (142) 
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e Symmetrized generalized Wendel’s inequality (discrete version) 


n—1 n—-1 


InG(x) -Y nrk) +Y nTa +k) — xn P(n) — (8) Inn 


k=l k=0 
D| m(1+ 2); 
T sgo l eg (a) e| 
n rD)r(2)---r(n— Drm) n È) = 


e Symmetrized Stirling’s formula-based inequality 


1 iy. 1 
|3[lnoG]x)| < (x + 1)2(2x +5)In( 1+ —) — — (12x? + 48x + 49) 
12 x) 2 
5 1 
2 ja tase 
=T2 n( +2), 


1\ 75/12 GTa) 1\ 5/12 
(: + =) = maoro] = (1 a =) 
e Generalized Gautschi’s inequality 


= = G(x +a) - 
P(x + fap < ela) DinGet fal) < < P(x + faye, 
(x + [a]) Ga + fa) (x + fal) 


(These inequalities are valid only if x + |a] > xo, where x9 = 1.92... is the 
unique positive zero of the function D? In G(x).) 


Remark 10.6 Itis not difficult to see that the first inequality in Proposition 6.19 does 
not hold for large values of x when g(x) = ln T (x). This shows that the analogue 
of Burnside’s formula does not hold in general when deg g > 1. © 


Generalized Stirling’s and Related Formulas For any a > 0, we have the 
following limits and asymptotic equivalences as x > ov, 


In G(x + a) — lIn G(x) — a ln T (x) — (5) lnx — 0, 


In G(x) — W_2(x) + sin T(x) - Žins —> lel], 


1 1 
In G(x) — Y-2(x) + z PO Sa Yæ) > lsg], 
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Gx ta) ~ GHT xO,  mnGaæ+a) ~ w_r(x), 
1 1 
G(x) ~ exp(y-2(x) + o[g]) rx) 27 xP. 
Further results (obtained by differentiation) 


xw(xtay—x(x) > a, xy) > 1, xy&æ+a)~ bnr), 
1 1 
Inr (x) — 2-3 p(x) +x > z O T n@x)). 
Remark 10.7 Using one of the asymptotic equivalences above, we get 


Gx +1) ~ exp(W_olx) + lg) P@)ix% asx 00. 


Combining this latter equivalence with identity (10.12) and the Stirling formula for 
the gamma function, we also obtain the following simpler form 


i 20 1 3 3,2 1 
G& +1) ~ Ax?" (2m)? eT +7 asx > oo. 


% 


Asymptotic Expansions For any m,q € N* we have the following expansion as 
x —> œ 


m—l1 


1 j 1 B 
-YẸ mnG(x+}) = at] +Y Z a) + Oy-1@)). (10.14) 
m + m m“ k! 
j=0 k=0 
Setting m = 1 in this formula, we obtain 
1B 
= k 
InG(x) = Fig] + D> V-20) + O10), 
k=0 
or equivalently, if q > 2, 


1 1 B 
J’lnoG]&) = pU = Inx) + 2 = We—2(x) + O(g—-1()) - 


Setting g = 4 for instance, we obtain the following expansion 


T 1 1 1 A 
InG(x) = Fig + y0) -5 Wi) + WO) — = vax) +0 (x7). 
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Generalized Liu’s Formula For any x > 0 we have 
= 1 1 1 øf” 
InG(x) = o[g] + w-2(x) — 5 w-1(x) + T Wx) + 5 Í Bo({t}) Wi(x +t) dt 
or equivalently, 
3 1 1% 
J°[InoG](x) = D (y(x) — lnx) + 5 Bo({t}) yix + £) dt. 
0 


Limit, Series, and Integral Representations Let us now determine the main 
representations of the function In G(x). 


e Eulerian form and related identities. We have 


InG(x) = —InT(x)-)> (in T(x +k) — InT (k) — x Ink — (3) In (1 + *)) 


k=1 


N= Me kK (1+ 1/k)®). 


G(x) = 
hi P(x +k) 


5 


Upon differentiation, we obtain 


xy) = 5 (1-+In(2zr))—) (va +k) — Ink — (: = 5) In (1 m z)) l 


k=1 


wx) +x yx) = I-Z (eth -m(14 )). 


= 
a 


C+D WO) Hp = —) we k), ren. 


k=1 
e Weierstrassian form and related identities. We have 


nG(x) = (-1-y)@) -nr æ) 


— (nre +% — ne) — xInk — (3) i), 
k=1 


-y-)G rk) THO rO 


G(x) = T 
har. Ta +k) 


k=1 
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Upon differentiation, we obtain 
CO 
+ e hao =- |(ve+5- poe Wi(k) — Ink 
x W(x) a) 45 2. z)” , 


va) +r ye) +y = -} Math- yw). 


k=1 


e Analogue of Gauss’ limit and related identities. The analogue of Gauss’ limit is 


n—l1 n—-1 
InG(x) = lim (Euro-Ynra+o+rnro+ Gian), 


k=1 k=0 


C= dim POY) ---T@) 


ONON naO. 
n>oo D(x) (x + 1) --- rx +n) 


Upon differentiation, we obtain 


1 
(x — 1) w(x) -—x4+ su + In(27r)) 


n—1 
= lim (-Zvo +k)+1nT (n) + (: — 5) mn) ; 


k=0 


n-1 
@-Dwa+yv@a)-l= lm (ins = Snan) . 


k=0 


Integral representations. Using the elevator method on one and two levels, we 
obtain the following representations 


InG(x) = — : (x — 1)(x — In(27x)) + fe — l)y(t)dt 
1 
and 
1 x 
InG(x) = — 5 (x — 1)(x — In(2z)) +f (x-nHnWwO+ E- 1 Wi) de. 


Each of these representations actually leads to identity (10.12). 
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e Gregory’s formula-based series representation. For any x > 0 we have the series 
representation 


1 [0.6] 
InG(x) = y-2) + FL gl — 5 In P(x) — |) Gnp2A"*! g) 
n=0 


_ 1 CO n 
= w-a(x) + 31g] — 5 Ine) — YGns2l X ODER) In@ + bo. 
n=0 k=0 
Setting x = 1 in this identity yields the analogue of Fontana-Mascheroni series 


1 [0,6] n ‘ 
Sig] = — 5 |nQm) + Y IGal XCC D(C) Ink + D. 


n=0 k=0 


Note that the Eulerian and Weierstrassian forms above can also be integrated 
term by term on any bounded interval of [0, oo). For instance, integrating on (1, x) 
provides series representations for the integral of In G(x) as defined in Project 10.5. 


Analogue of Gauss’ Multiplication Formula For any m € N* and any x > 0, we 
have 


m—1| 5 m i 
nG (=) = $ nG (4) dt Zx nr (=) 
a m = m m 


For instance, setting m = 2 in this identity, we obtain 


ng (=4*) +c G) = ma (5) + 20r (5). 


However, to make this multiplication formula interesting and usable, we need to find 
a simple expression for its right side. In particular, we need a closed-form expression 
for the function X, In rž). Such a result would be most welcome. 

We can nevertheless investigate the asymptotic behavior of the function 


m-—l1 F 
x+J 

> InG | ——}. 

X > n ( i ) 


j=0 
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In addition to the asymptotic expansion given in (10.14), Proposition 8.30 yields the 
following convergence result. We have 
m—1 


Sno (S22) mv a(2) a} mr(2) 
- 5 (nr (*)- mr (Z)) —> mog] as x > œ. 


Analogue of Wallis’s Product Formula Using Legendre’s duplication formula for 
the gamma function, we obtain 


Dy InP(2x) = InG(x) + InG(x + 5) — In G4) 
+ (x? + 1) In2 — š In(16z). 


Using this identity with Proposition 8.49, we can derive the surprising analogue of 
Wallis’s formula 


Td)r) --- Tn — 1) (2n\" 1 
im — ~ | — =—. 
n>% T(2)P(4) --- Qn) e J/2 

Note that a shorter proof of this formula can be obtained using the second sequence 
described in Remark 8.53. 


Project 10.8 Find the analogue of Wallis’s formula for the function g(x) = 
In G(x). After some algebra, we obtain 


n>% G(2)G(4) --- Gn) ert -anm 


This latter formula is a little harder to obtain than the former one. Using Proposi- 
tion 8.49 requires the computation of both functions © In G(x) and 2 £, In G(2x) 
using the elevator method (Corollary 7.20) with r = 1. That is, 


EIn G(x) = arte 1) (2x 5) + [x(x —3)In(@xr) — xm A 


1 1 
+5 (x — D) — 2) hT (x) — 5 (2x — 3) w_a(x) + W-3(x) 


and 


1 
2 Ex In G(2x) = —7 x (2x — 1)(4x — 7) — 2x nA 


1 
+ 5 Ox? - 3x — 1)ln2 + x(x —2)Inz 
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$ zim Ta) + a — 1)(2x — 3) nT (2x) 
— 2(x — 1) w_2(2x) + Y-3(2x). 


Here again, a shorter proof of the limit above can be obtained using the second 
sequence described in Remark 8.53. © 


Restriction to the Natural Integers For any n € N* we have 


n—2 
Ga) = []#. 
k=0 


Generalized Webster’s Functional Equation For any m € N*, there is a unique 
solution f: R} — R+ to the equation 


m—1 ý 
I] f(x+4) = r) 


j=0 


such that In f lies in K!, namely 


Analogue of Euler’s Series Representation of y The Taylor series expansion of 
In G(x + 1) about x = 0 is (see, e.g., [93, p. 311]) 


1 1 cs 
InG(x +1) = 5 Mr) — 1)x — mie? ae, |x| <1. 


Integrating both sides of this equation on (0, 1), we obtain the identity 


Ye i —— oh) aty ye 2InA 
(kK + 1)(k + 2) 2 6 


Also, the exponential generating function for the sequence n > o[g] is 


egf[glx) = InG(x + 1)— y-:(x +1)+ 7 In) — 5 +2lnA 
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Integrating both sides of this equation on (0, 1) (i.e., we use (7.5)), after some 
algebra we obtain 


a4 
oO eg parp © = > —3nA- I In). 
k=2 


Analogue of the Reflection Formula A reflection formula for the Barnes G- 
function is given in (8.27); see, e.g., [93, p. 45]. 


10.6 The Hurwitz Zeta Function 


For any x > 0, the Hurwitz zeta function s +» f(s, x) is defined as an analytic 
continuation to C \ {1} of the series (see, e.g., [93, p. 155]) 


lee) t57 1 ew 
ky * = dt R 1. 
2 j ) -5f Tor% (s) > 


It is known (see, e.g., [93, p. 159-160]) that this function satisfies the identity 
Dke(s,x) = (~9)Et(s +k, x),  keN, 
and the difference equation 
c(s,x +1)— (s, x) = -x™. (10.15) 
For any fixed s € R \ {1}, define the function gs: R+ — R by the equation 
-s 


gsx) = =x for x > 0. 


We then have g, € C% N K. Ifs > Oands Æ 1, then g; € De: Ifs > 1, then 


gs € Da If —p < s < 1 forsome p € N, then g, € Di and hence we can 
consider 


p = 1+degg, = |1-s]. 
In all cases, we have 
Ugs(x) = ¢(s, x) — ¢(s), 


where s œ> ¢(s) = ¢(s, 1) is the Riemann zeta function. 
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ID Card The basic information about the Hurwitz zeta function is summarized in 
the following table. 


gs(x) | Membership deg gs Xgs (x) 
CSADINAKY, ifs > 1, 
ce ADLI AK, ifs <1. 


S —1+|1—s]+ |¢(s,x)— f(s) 


Project 10.9 Find a closed-form expression for Xg, where 


2 


x 
Jx+1- 


g(x) = 
Expanding x? = (x + 1 — 1)”, we obtain 
g(x) = @+D?2-2e 4+ D74@4)72 
and hence 
Eg) = c= el, x +1) 4+ 26(-5,x + D- 665,44 D 


for some c € R. © 


Analogue of Bohr-Mollerup’s Theorem The function ¢(s, x) can be character- 
ized as follows. 


All solutions fs: R} — R to the equation 


fs(x +1) — fs(x) = E 
that lie in KUS]+ are of the form f,(x) = cs + t(s, x), where cy € R. 


Extended ID Card The asymptotic constant o [gs] satisfies the following identity 
: 1 
olgs] = f é(s,t + 1)dt —¢(s) = ——— Cs). 
0 s—l 
Hence we have the following values 


GLgs] olgs] vigs] 


oo, ifs > 1, i T 
ae eae olg] — EE G; AM! gs (1) 


We also have the following identities. 
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¢ Alternative representations of o[gs] 


L1—s]+ 


olgs] = im | —"— = oe + 2 Gj Al'gs(n) |, 
n—1 l L1—s]+ B 
SS = =s l-s J 
o[gs] = lim as 2 ak, R 2 Ci , 
= J= 


L1-s}4 


J GAM" ss) 


j=l 


a +) Gj AÏ gs(k) 


oo l—s 1—5 Ll—s]+ 
k —(k+1 
k=1 =0 


Ifs > —1, then 


ole] = has [Soka 
2 1 


pti 


Ifs < —1, then for any integer q > [(1 — s)/2], 


= Eee Ba Ge Ef Bud) 
olgs] = 2+ Lap oor 4 ——— Qq)! / ps+2q dt. 


¢ Representations of y[gs] 


Ll-s]+ 
vigs] =olgs]— J` Gj Ag), 
j=l 


ao aise . 
viel = f ( X Gj Al gs(ltl)~ g) dr, 
j=0 
oo (Ut yy 
ylel= f ( y (H) ned- et) dt. 


j=0 
e Generalized Binet’s function. For any q € N and any x > 0 
l=s 


q 
JEg E) = 6,1) - S +9 Gj Agoa). 
j=l 
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e Analogue of Raabe’s formula 


x+1 xi-s 
i f(s, t)dt = ; x>0. 
A s—1 


e Alternative characterization. The function f;(x) = ¢ (s, x) is the unique solution 
lying in C? N K!!-*!+ to the equation 


x+1 x l—s 
i: Ís (t ) dt = x >0. 
x SES 
Inequalities The following inequalities hold for any x > 0, any a > 0, and any 
n e N*. 


e Symmetrized generalized Wendel’s inequality (equality if a € {0,1,..., |1 — 
s]+}) 


L1-s]+ 
b(s,x+a)—o(s,x)— D> (4) Alas (x) 


j=l 
< fal hai a]. 
If s < 0, then 
L1—s] 


b(s,x+a)—o(s,x)— D> GAM! 250) 


j=l 


IA 


allgs(x ta) — Ag, ()]. 


e Symmetrized generalized Wendel’s inequality (discrete version) 


lex) = 56) — AE gol < A 


jag) 


If s < 0, then 


les.) — 66) gw = E, Aga +m) — ab“ gs]. 


Here 


fil !+Te, I(x) = Seto s -Ser Be C) Ajn, 
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e Symmetrized Stirling’s formula-based inequality 


sed] < Guns, 


AHS gs). 


If s < 0, then 


|e Egw | < [ Ge ie 3 j| a sle (x +A — Al Sl ge olar. 


¢ Burnside’s formula-based inequality if s > —1 


1 xl-s 
ie (sa+5)-S 


e Additional inequality if s > 1. 


gutem: 


0 < extn) = J atk < gls, n). 


e Generalized Gautschi’s inequality 
Ifs>0,5 41, 


(al — a) + [ap =stal—ateri,s + fal) 
< (s, x +a) — ¢(s, x + fal) < Cal Saw lap: 
If s < 0, then these inequalities must be reversed and they are valid only if the 
Hurwitz zeta function is concave on [x + |a], 00). 
Generalized Stirling’s and Related Formulas For any a > 0, we have the 


following limits and asymptotic equivalences as x —> ov, 


LI-s]+ 
c(s,xta)—o(s,x)— Do GAM! g(2) > 0, 


j=l 


1s Lcsl+ . 
+ X Gj Aiga) > 0, 
j=l 


f(s, x) ii —] 
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LI-s]+ B.: 
1—s J 
ECs, x) + —— 2 Cae 8 
I= 


l-s 


e 


C(s,x +a) ~ = 
sS 


In particular, if s > 1, then ¢(s, x) —> 0 as x > œœ. 
For instance, setting s = -3 in these latter two asymptotic formulas, we obtain 


e (3x) 4309? - pt DO, 
Ẹ (-3x) + 2x92 — SAE gull? > 0. 
If s > —1, then we have the analogue of Burnside’s formula 


f(s, x) Łe xi > 0, as x > OO, 


which provides a better approximation of ¢(s,x) than the generalized Stirling 
formula. 


Asymptotic Expansions For any m,q € N* we have the following expansion as 
x —> œ 


1 = J l a Is By —q-s 
o S aae r A E 
j=0 


k=0 


Setting m = 1 in this formula, we obtain 


1 1 l-s By —q-s 
Elsa) = —— (eget OF ). 


In particular, this clearly shows that ¢ (s, x) is a (1 —s)-degree polynomial whenever 
1 — s is a positive integer. More precisely, we have 


n 
¢(l—-n,x) = -PLOR neN*, 


that is, 


¢(l-n,x) = SiR neN*. (10.16) 
n 
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Generalized Liu’s Formula We have the following formulas for x > 0. 


e Ifs > —1, then 


l-s oe) 1 
x Meek {th-3 
C(s,x) = iT sf eam 


e Ifs < —1, then for any integer q > [(1 — s)/2], 


NI 


O xl 1 o, A Bu (s) (s) f9 Bog (Kt}) 
g(s, x) = +x D 2q)! [ 


s—l (2k)! xst% Oe + ta 


Limit and Series Representations When s > 1 We simply have 


[0,0] 


tea) = ote 


k=0 
and this series converges uniformly on R+. In particular, we retrieve the identity 
Wx) = (-D’t view + 1, x), ve N*. 


Limit and Series Representations When s < 1 We have the following Eulerian 
form 


L-s] 
t(s, x) — 8(s) = -g + D> (5) A¥ as(D 
j=0 


oo L1-s] l 
+o] -gs@ +p $ OAs], 
k=1 j=0 


and the Weierstrassian form can be obtained similarly. The associated series 
converge uniformly on any bounded subset of [0, 00). 
For instance, we have 


3 : = 3 3 3 z 3 
= x24 lim (( +? — 2) — xn? — G)Ann? 
[0.0] 
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= 3 3 3 3 
=x? x- (V2 -DH +0 (a +k)? — k? — xAgk? — (3) Agk? ) 
k=1 


=xd-x43¢(4)6) + 0 (@ +08 -i -rat — 36)e-4). 


k=1 
The analogue of Gauss’ limit is 


Els, x) = C(s) + lim fr" Mgs1@), x > 0. 


where 


n—1 n—1 Lis 


ETD” ae yy OA Ajn. 


j=l 


FUL gs](x) 


Gregory’s Formula-Based Series Representation For any x > 0 we have 


xl-s oo 
£(s, x) = —> — ) Cr A" gs(a) 
n=0 
- (Neto. 
n=0 k=0 


Setting x = | in this identity yields a known series expression for ¢(s) that is the 
analogue of Fontana-Mascheroni series 


g(s) = t Een DO DEED. 


Analogue of Gauss’ Multiplication Formula For any m € N* and any x > 0, we 
have 


2 (s. zti) = m' ¢(s, x). 


Corollary 8.33 provides the following limits for any x > 0 


lim m°~!¢(s, mx) = , s<l, 
m—>oo S — 1 
l—s =j 
lim m’! (¢(s, mx) — C(s,m)) = , sl. 
m—>oo 1 
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Analogue of Wallis’s Product Formula If s > 1, then we have 
ely Ins 
y —— = (1—2 *)&(s) = n(s), (10.17) 


where s +> n(s) is Dirichlet’s eta function. When s < 1, the form of the formula 
strongly depends upon the value of s. When s = -3 for instance, we obtain 


2n 
jim. (i + Zne) = (4/2 —1)¢(-3). 


k=1 


where h(n) = — a Ji 


Restriction to the Natural Integers For any n € N* we have 
n—1 oo 
cln) =ils) = -9 and G(s,n) = DOR. 
k=1 k=n 


Gregory’s formula states that for any n € N* and any q € N we have 


n—l1 l—s q 

7 l-n 7E ae 
D = 24 0G; (Ags) - Ags) + Rin, 
k=1 


j=l 
with 
IRonl < Gq |A%gs(n) — A%g5(1)I. 


Many other representations of this sum can be derived from, e.g., the limit and series 
representations of the Hurwitz zeta function. 


Generalized Webster’s Functional Equation For any m € N* and any a > 0, 
there is a unique solution fs: R+ — R to the equation 


m—1 
Yi fs@+aj) = -x~ 


j=0 


that lies in KL-S!+, namely 


1 x+a 1 x 
fœ) = (am)* $ (s. am )- (am)* $ (s a) i 
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Analogue of Euler’s Series Representation of y We have 
(Sg OU) = Ét, ken". 


Thus, the Taylor series expansion of ¢ (s, x + 1) about x = 0 is 


ee) 


tsx = DG )ce+bx*, Ix] <1. 


k=0 


Integrating both sides of this equation on (0, 1), we obtain the identity 
lee) 
DYO (ee +k- = =T s<2,s¢Z. 


(When s > 2, the summand in the series above does not approach zero as k 
increases.) 


Analogue of the Reflection Formula A reflection formula can be derived when s 
is an integer. Recall that we have the following special values for any n € N* 


n—1 1 
¿(l +n, x) = (-l) g Wro 
and 
1 
¢(l-—n,x) = — z Bro. 
It follows that for any x € R \ Z, we have 


s—1 
CBr” Dcot(rx), ifs —1eN*, 


0, if —s eN. 


t(s, x) +(-1)° G(s, 1-x) = 


10.7 The Generalized Stieltjes Constants 


Recall that the generalized Stieltjes constants are the numbers y, (x) that occur in 
the Laurent series expansion of the Hurwitz zeta function 


1 i" 7 
t(s, x) = aie = rws = D". (10.18) 
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Recall also that the numbers yn = y,(1), where n € N, are called the Stieltjes 
constants. The Stieltjes constants and generalized Stieltjes constants are known to 
satisfy the relations 


yox) = -y&) ad yw=y 


as well as the following identities for every q € N 


n 
_ (Ink)? = (Inn)¢*! 
n= im (So E q+ } 


(£ netk (n+ n) 


I 
5 


Ya) x+k q+1 


For recent background on these constants, see, e.g., Blagouchine [19, 20] and 
Blagouchine and Coppo [22] (see also Nan-Yue and Williams [80]). 

Here we naturally restrict the values of x to the set R+. Interestingly, the 
generalized Stieltjes constants also satisfy the difference equation 


yax + 1) — y) = gax), 


where gq: R+ — R is the function defined by the equation 


1 
8qg(x) = — —(nx)! for x > 0. 
x 


Thus, our theory is particularly suitable for the investigation of these constants. For 
any q € N, the function gy lies in C% N D? A KÙ and is increasing on [e1 , 00). By 
uniqueness of X gq, it follows that 


Zg (x) = Yax) — Yq- 


ID Card The introduction above enables us to provide the following basic 
information about the generalized Stieltjes constants. 


&q (x) | Membership deg gq | Ega (x) 
—4dnx)? |C” ADNAK” J- yŒ) — Yq 


Analogue of Bohr-Mollerup’s Theorem The function y, can be characterized as 
follows. 
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All eventually monotone solutions fq: R+ — R to the equation 


1 
fg +1)— faa) = — = nxt 


are of the form fq(x) = cq + ya (x), where cq E R. 


Using Proposition 3.9, we can also derive the following alternative characterization 
of the function y4. 


All solutions fg: R4 > R to the equation 


1 
HED- HE = — = (nx)! 
that satisfy the asymptotic condition that, for each x > 0, 
fœ +n) — far) > 0 asn —>y CO 


are of the form fọ (x) = cq + ¥q(x), where cq € R. 


Extended ID Card Using identity (8.11), we can immediately make the remark- 
able observation that the asymptotic constant o [gq] is exactly the opposite of the 
Stieltjes constant y,. We then have the following values 


Tlga] |olsgl | viga] 
o0 |- —Vq 


¢ Alternative representations of o [g4] = y [8q] 


X /(nk)1  (In(k + 14+! — (In(k))1t! 
eee a, 


ma k q+1 


© {t}— 5 q-l 
n= f zing —Int)dt (q> 1), 


pe (any! dns) 
= | ( i]t Jar 


+ Generalized Binet’s function. For any r € N and any x > 0 


(nx)! g = 
gr XO Gj Aiga). 
j=l 


J’ Tyg) = yx) + 
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e Analogue of Raabe’s formula 


x+1 (Inx)¢+! 
x 


¢ Alternative characterization. The function f(x) = yg (x) is the unique solution 
lying in C? N K? to the equation 


x+1 (In x)1t! 
fdt = -———,,_ x>0. 
x q+1 


Inequalities The following inequalities hold for any x > 0, any a > 0, and any 
neN. 


e Symmetrized generalized Wendel’s inequality (equality if a € {0, 1}) 
If x > e1, we have 


q 
Iæ +a) — yg(x)| < Ta] = 


e Symmetrized generalized Wendel’s inequality (discrete version) 
If n > e1, we have 


n—1 


(nx)? > (we +k)! | e) m = 
n 
k=1 


Yax) — Yq — z Ek i 


e Symmetrized Stirling’s and Burnside’s formulas-based inequalities 
If x > e1, we have 


P 1 R (Inx)4+! 
XxX — — 
Ya 2 q+1 


(In x)4t! 
q+1 


n ena 
q 


Xx 


¢ Further inequalities. For O < x < 1, we use the following approximations (see 
Nan- Yue and Williams [80, p. 148]) 


1 
Yo(x) — -| <y 
Xx 


and 


(Inx)4 (3 + (-1)4)(2q)! x 
nO- S me > SN 
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Generalized Stirling’s and Related Formulas For any a > 0, we have the 
following limits and asymptotic equivalence as x — ov, 


(Inx)@t! 


+a)— > 0, + 
Yq(X + a) — y(x) Yq (x) EE 


(Inx)@t! 


xXx+a)~ — 
Yq ( ) aad 


Burnside-like approximation (better than Stirling-like approximation) 


1 1 q+1 
Vq (x) + JEI (in (: = )) =% 0. 


Further results (obtained by differentiation) 


(In x)4 (Inx)4 
r , 


Vq(x) + > 0; ata~ = 


x 


For any rr € N, 


Inx)@*! 
vP (x +a)— Ne (x) > 0, D} (nw + ao) > 0. 


£ 1 1 q+1 
Di (yax) + esl (in (: — )) —> 0. 


Asymptotic Expansions For any m,r € N* we have the following expansion as 
X —> œ 


Me j o ot g 

= g% 1) (r) 
2 Y(x+2) ARE a pa a. (x) + 0 (gi (x). 
Setting m = 1 in this latter formula, we obtain 


dnx)! Sy Be ; 
Yax) = Serer haa ge Da)+0(s AE 


Let us detail this expansion when q = 1. We first observe that 


: Inx — He- 
f° @ = eA eN 
X 
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Using (10.4), we then obtain 


m—1 


wn (+i £4 mag re(s+d £) 


nx GD! Br Ae -jai 
=a p2 kmx): +0(x ). 


Setting m = 1 in this latter formula, we get 


1 2 
v(x) = an 


—1)*—! By Age 
(-1) n k TID 


Setting r = 5 for instance, we obtain 


(x) = (In x)? (x)! 1 11 o (x) 
a 3 Vobra Wont * 


Generalized Liu’s Formula For any q > 1 and any x > 0 we have 


2 (n(x +A) q -mne +t) dt. 


(dnx)! (nx) © {t} — 
¥q(x) = —-——_— I 


q+1 2x ay 


Series Representations Since the function g,(x) lies in Des’ we only have the 
following series representations of yg (x). 


¢ Eulerian and Weierstrassian forms. We have 


(nx)? & /(n(e+k)% (nk) 
no = n+ Ey (SOTO i 


i x+k k 


(nx)? A/e nk + 1)! — Unk)! 
nw = — +>) (1n - ——__—__}. 
x A x+k q+1 
The series can be differentiated term by term infinitely many times. For instance, 

we get 
OO 

In(x + k))17! 
5 An +k (q — ln(x + k)). 


mee = G Fk)? 


k=0 


e The analogue of Gauss’ limit coincides with the Eulerian form. 
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e Gregory’s formula-based series representation. For any x > O satisfying the 
assumptions of Proposition 8.11, we obtain 


anyit! = , dnx)4 
Vq (x) + aa = 3 a z 
= 2 
= Ploni DC Pa . 
n=0 


Setting x = 1 in this identity (provided that x = 1 satisfies the assumptions of 
Proposition 8.11), we obtain the Fontana-Mascheroni’s series expression for yg 


ey ink + Dt 
1 = Ele De Oa 


This latter expression can be found in Blagouchine [20, p. 383] and the references 
therein. 


Analogue of Gauss’ Multiplication Formula The following analogue of Gauss’ 
multiplication formula was previously known (see also Blagouchine [19, p. 542]) 
but it can be derived straightforwardly from our results. 

For any m € N* and any x > 0, we have 


m—1 3 +1 q j 
x+j m 1\4 E 1 \: 
mu (4) = -Fhles) tm Ong) Me: 


j=0 


In particular, 


m q+1 q j 

j m 1 1 
> —) = -—-——(In— > 1) | In — agi 
a a ma w o A 


Corollary 8.33 provides the following limits for x > 0 


(In x)4+! 


1\/ 
Pe L (3) (in ~) (Yq—j (mx) — Yq-j (m)) = a a ; 


1 1 \4+! q 1\/ (Inx)¢t! 
1 ais eee asl ` q mae P Eo 
pun q+1 (in ~) t a (l (n ~) Yq j(mx) q+1 ` 
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For instance, setting q = 1 in these formulas yields 
: 1 
„m, (vı (mx) — yı (m) + (nm) (y (mx) — Y (m))) = —z(inx)’, 
. 1 2 1 2 
lim {yı (mx) — ~dnm)* + Y(mx)lnm | = —- (ln x)“. 
m—>0o 2 2 


Now, setting m = 2 in the multiplication formula, we obtain the following analogue 
of Legendre’s duplication formula 


+1 2 1\4t! J 


When q = 0 and q = 1, the multiplication formula reduces to the known formulas 
m=1 


xy (=)= = m(y(x) —Inm), 


m—1 ; 
yin (: = 1) = -Z (Inm)? + mnm) Y) +m y1) 


Analogue of Wallis’s Product Formula The analogue of Wallis’s formula for the 
function gg (x) is 


—1 


ac (In k)4 (In2)7t+! í - 
Yeot —— = -= +Y (8) ndy. (10.20) 
= k q+! 0 J l 


This formula was established by Briggs and Chowla [25, Eq. (8)]. For q = 1, it 
reduces to 


, Ink (In 2)? 
Ye a +yln2. 
2 
For q = 2, we obtain 
[0,0] 
In k)? In2 
Yet E = - PF 5 paan. 


k=1 


These latter two formulas were also established by Hardy [47]. 
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As an aside, let us establish conversion formulas between the sequences q +> yq 
and q > nD (1), where ņn(s) is the Dirichlet eta function introduced in (10.17) and 
n@(1) stands for the limiting value of no (s) as s — 1. To ease the computations, 
let us instead consider the conversion formulas between the sequences q +> yq and 
q |> dq, where 


1 
Ja mn2DIH! + (11H WM (1), EN. 
q JA. ) CDE nd) q 


Using (10.20), we can readily derive the following equations 


q—1 
dg = X (G) 00D, qen. (10.21) 
k=0 


These equations actually consist of an infinite consistent triangular system. Solving 
this system provides the following conversion formula 


q 
Bg-k ps 
va = J Opp nar M, qen, (10.22) 
k=0 

that is, 
= Bg+1 l an q 1k q Bg-k 1 )9-k-1 (k-+1) I N 
ae =e + DCD (D Fn err, og EN, 

k=0 


Indeed, plugging (10.22) in the right side of (10.21) we obtain for any q € N 


q-l q—1 k 
Bk—ji l 
DOD re = YO O mD S O A mD pa 
k=0 k=0 jmo J 
q-1 ene q-1 
= q q-j-1l Ait q-j l 
-Lowa z EE) Bes 


where the inner sum reduces to 07~/~!. The latter quantity then reduces to Àq» as 
expected. 


Remark 10.10 The conversion formulas (10.21) and (10.22) are not quite new. In 
essence, they were established by Liang and Todd [63, Eq. (3.6)] and Nan- Yue and 
Williams [80, Eqs. (1.9) and (7.1)]. ©) 
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Generalized Webster’s Functional Equation For any m € N* and any a > 0, 
there is a unique eventually monotone solution f : R} — R to the equation 


m—1 1 
X f@taj) = =o 


j=0 


namely 


F08) = Spam (ZE) - Srn (2) 


where 
1 q 
Saam) = — pai \ inam v- j@). 
j=0 


For instance, the unique eventually monotone solution f : R+ — R to the equation 


f@tf@+) = - “ins 


X 2 
fo) = nw- (Žž) + mD yw +502. 


Rational Arguments Theorem Let us apply Proposition 8.65 to the function 
&q (x). For any a, b € N* witha < b and any j € {0,...,b — 1} we have 


b +1 ; 
Si[gq] = b(-1)4 a J)a» ipi Lis O)| o=, 


where Lis (z) is the polylogarithm function. Hence, we have 


b-1 


va (z) -r = rap anny Yd - 0) DLE gece) - 


j=0 


We note that a more practical formula was derived in the special case when q = 1 
by Blagouchine [19] as a generalization of Gauss’ digamma theorem. 
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10.8 Higher Order Derivatives of the Hurwitz Zeta Function 


Lets € R\ {1} and q € N. Differentiating q times both sides of (10.15) we obtain 
Meet Y= ia aD se tet, e, 


where ¢ (9) (s, x) stands for DI ¢(s, x). This equation shows that the investigation 
of the higher order derivatives of the Hurwitz zeta function can be carried out using 
our results. To keep our presentation simple, we will focus on some selected results 
only. 

The interested reader can find an earlier study of these functions in Ramanujan’s 
second notebook [18, p. 36 et seq.]. 


ID Card The following basic information can be easily derived. 


Esq) Membership deg gs,q Egs qx) 
CS NDINKY, ifs >1, =] oD (s, x) 


—x*(—Inx)? i 
CS NDUI AK”, ifs <1. +[l—sJ, | —¢ (s) 


We observe that this investigation can be regarded as a simultaneous generalization 
of the studies of the Hurwitz zeta function and the generalized Stieltjes constants. 
For the latter, we observe that 


1 
(—1)? lim g.g(x) = — —(Inx)!. 
sl x 


Setting s = O in our results may also be very informative as it produces formulas 
involving the well-studied quantities ¢% (0) and ¢ (0, x) — ¢ (0) for any q € N. 


Project 10.11 Find a closed-form expression for the integral 


j) yat) dt. 


We apply Proposition 8.20 to g4 (x) = —(In x)1. Using (10.19) we obtain 


x x+l 1 si 
tdt= È t)dt = — —— E (lnx) 
f no J nia 7 2h» 


(—1)1+! 


= arl Xgo,qg+1 x), 
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that is, 


i E an q+) 
[ moa = Sar (POH) - 540). 


In particular, 


Cpe 


Dy (qt) 
ari g (0, x). 


Vg (x) = 


© 


Analogue of Bohr-Mollerup’s Theorem The function ¢® (s, x) can be character- 
ized as follows. 


All solutions fs: R4 — R to the equation 
fsg@ +) — fsa) = 8s,q) 
that lie in K\'—*1+ are of the form Ís) = Cs,g + c (s, x), where Cs,q ER. 
Extended ID Card The asymptotic constant o[g;,q] satisfies the identity 


—q! 


Taga i O 


1 
eae f EDs, t +1)dt-9(5) = 
0 


Hence we have the following values 


Tl8s,q] olgs.q] Vissa] 
oo, ifs > 1, i 


1- 
cD (s) feed asa — ¿D (s) o [8s ad- Ein s+ G; AĴ gs01) 


e Alternative representations of o [8s,q] 


n—1 L1—s]+ 
o[8sg] = lim Lsu- f &s,g(t) dt + 5 GjAi! Esan) |. 
k=1 1 j=l 
L1—s]+ 
olgsal= J. Gja eC) 
j=l 


>% Lis] 4 


k+l l 
35. Í gadr- Y GjA'gsqlk) 
k=1 ; 


j=0 
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Setting s = 0 in the previous formulas, we obtain 


(=1)4(q! + £0) = lim (Sonu - f inntar = Zaan) 
n->00 kel 1 


CO 


k+1 
=EG (Ink)? — / (ndr). 
k 


The left-hand quantity can actually be related to the Stieltjes constants in a 
very simple way. Indeed, on differentiating both sides of (10.18), we obtain the 
following surprising identity 


Dat O0) = So. 
n=0 ` 


e Generalized Binet’s function. For any r € N and any x > 0 
x+l a : 
iP Egel y= tP, x) — 1 oO s,t)dt+ >) Gj Ags qa). 
x j=l 


e Analogue of Raabe’s formula. We have 


x !—T(g +1, (s —1)Inx) 
_ 4 q 
f 8s,q(t) dt = ~ aiy X > 0, 


and hence the analogue of Raabe’s formula is 


ard Tq +1, (s—1)Inx) 
4) =e i pee, 
J CM (s,t)dt = na 


ite = 
= a Dee a y x>0. 


Generalized Stirling’s and Related Formulas For any a > 0 we have 


L1—s]+ 
cM(s,x+a)—¢%(,x) - 5 (‘) AJ tg. g(x) > 0 asx ox, 
j=l 
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with equality if a € {0,1,..., |1 — s]+}. Also, we have the following analogue of 
Stirling’s formula 


aad Liss] 4. . 
(5,0) — f CMs, tdt+ X Gj Agqa) + 0 asx > ov. 
x j=l 


Setting s = 0 in this latter formula and then simplifying the resulting expression, 
we obtain 


1 
EPO, x) +T +1, — Inx) + 5D nx)? >0 asx>o. 


We also have 


x+1 
cD (s, t) dt as x > OO. 


cD (s,x +a) ~ 


x 


Finally, if s > —1, then we have the following analogue of Burnside’s formula 


x+4 
P60- f cM (s, t)dt > 0, as x > o0, 
wg 
which provides a better approximation of ¢1 (s, x) than the analogue of Stirling’s 


formula. 


Eulerian and Weierstrassian Forms Ifs > 1, then for any x > 0, we simply have 


cM(s,x) = Y gga +h 
k=0 


and this series converges uniformly on R, and can be integrated and differentiated 
term by term. If s < 1, then for any x > 0, we obtain the following Eulerian form 


Ls] 
5 (s,x) — (8) = —g5,g(%) + D> GTA ea 
j=0 
oo L1-s] l 
+0 | age t+ J C) Ags) 


k=1 j=0 


and the Weierstrassian form can be obtained similarly. Both associated series 
converge uniformly on any bounded subset of [0, 00) and can be integrated and 
differentiated term by term. Note that the case where (s, q) = (0, 2) can be found 
in Ramanujan’s second notebook [18, p. 26-27]. 
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Gregory’s Formula-Based Series Representation For any x > 0 satisfying the 
assumptions of Proposition 8.11, we have 


x+1 oo 
g(s, x) = / ED (s, dt — $` Gni A" 8s) 


n=0 


x+1 oo n 
= EDs, dt- Y Gral X ODE as,g@ +4). 


n=0 k=0 


Setting x = 1 in this identity (provided that x = 1 satisfies the assumptions 
of Proposition 8.11) yields a series expression for ¢(s) that is the analogue of 
Fontana-Mascheroni series 


= Tim -D Gi DO DE (§) gs (k +1), 


which can also be obtained differentiating the analogue of Fontana-Mascheroni 
series for the Hurwitz zeta function. For instance, we have 


¢"0) = TOs a E 1)“ (7) (nk + 1)? 


n=0 k=0 


and this latter value is also known to be (see, e.g., Berndt [18, p. 25]) 


Tra 5 (in(2m))? + 

~y°-—-— -(In(2x 

27 A me 

Analogue of Gauss’ Multiplication Formula Upon differentiating the analogue 
of Gauss’ multiplication formula for the Hurwitz zeta function, we immediately 
obtain the following multiplication formula. For any m € N* and any x > 0, we 
have 


m—1 q 
(6 i) = = "LO )dnm)17 i cO (s, x), 


j=0 j=0 


Moreover, Corollary 8.33 provides the following limit for any x > 0 and any s < 1 


fey amag I Gm) _ _ P@ += ig 
aa mis asy 
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Also, for any s 4 1, we have 


q G) G) 
. _, 6% (s, mx) — ẸY (s,m) q!—T(q +1, (s — 1)lnx) 
lim > (UE a e 


m—>oo mi-s 
j=0 


Analogue of Wallis’s Product Formula When < 1, the form of the analogue of 
Wallis’s product formula strongly depends upon the value of s. If s > 1, then we 
have 
oo k-1 
(=) 
oa >, = (- Inky 


k=1 
i q 1\¢-4 
= cs) -2 E (5) cs), 
j=0 


where s +> 7(s) is Dirichlet’s eta function. Just as we did for the formulas (10.21) 
and (10.22), we can easily establish the following conversion formulas for s > 1 


q—1 1 q—k 
m) = D7 (9 (m5) cs), Gen, 

k=0 

q —k-1 
Bg_-k 1\4 
PO = Orr (05) Uk+1(S), qEN, 
where 
Hals) = FEP) = PE-O), qeN. 


10.9 The Catalan Number Function 


The Catalan number function is the restriction to R+ of the map x > Cx defined 


on (—5, 00) by 
g= 1 2x 
aS ga ae 


This function satisfies the equation 
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The additive version of this equation reads Af = g, where the function g is 
the logarithm of a rational function. We observe that such equations have been 
thoroughly investigated by Anastassiadis [7, p. 41] (see also Kuczma [57]). 

The equation above shows that the Catalan number function can be investigated 
using our results. Let us briefly study this function. 


ID Card The function C, is clearly a I-type function and we immediately derive 
the following basic information. 


g(x) | Membership | deg g Ega) 
n(4- $) cC™ADInk™ (o0 nC, 


Analogue of Bohr-Mollerup’s Theorem The function Cx can be characterized as 
follows. 


All solutions f : R} — R+ to the equation 


(x +2) f@+1) = 4x+2 fx) 
for which In f lies in K! are of the form f(x) = c Cy, where c > 0. 


Extended ID Card We have the following values: 


olg] olg] vig] 
$(3+ingt) |$(3+Inse) 6n) 
We also have the inequality 


25 39 3 
Iv(gll < get ge ee = 0.04 


and the following representations 


o f%  3t} = 5) 
yiei= f G4 D+)’ 


1 
otsl= | In C;41 dt. 
0 


Moreover, the analogue of Raabe’s formula is 


x+l 3 4 2 x+3 
f neds nto), geb 
r T (x + 2)*+? 
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Generalized Stirling’s and Related Formulas For any a > 0, we have 


Crta ya and C ee: a as x —> œ 
Cx * x3/2 ST i 


Also, the analogue of Burnside’s formula gives 


e2(4x)* 
In C; — In | ———————-- ] > 0 asx > oo. 


Ji + RH 


Restriction to the Natural Integers For any n € N* we have 


1 
Cn = n+1 Co 


Eulerian and Weierstrassian Forms For any x > 0, we have 


3 x 
7 42 oT (2- cs) 
~ 4x +2 2 3 žal 2 3 
ti ( - az) ( - ss) 


and 


[0,6] * 
x+2 a 1+5 3 
_ #F4 3 [| = ernie, 
X 
4x + 2 k=1 1 F 2k+1 


x 
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Chapter 11 ® 
Defining New Multiple log lr -Type gett 
Functions 


In the previous chapter, we tested our results on some multiple log l -type functions 
that are well-known special functions. It is clear, however, that there are many other 
multiple log l -type functions that are still to be introduced and investigated, simply 
as principal indefinite sums of standard functions. 

In this chapter, we introduce and investigate the following functions (we use the 
acronym PIS for “principal indefinite sum”) 


e The PIS of the digamma function. 
e The PIS of the Hurwitz zeta function. 
e The PIS of the generating function for the Gregory coefficients. 


The latter two examples are examined here in a broad way. A deeper investigation 
of these examples can be carried out simply by following all the steps and recipes 
given in Chap. 9. 


11.1 The PIS of the Digamma Function 


Let us see what our theory tells us when g(x) = W(x) is the digamma function. We 
first observe that g lies in C® N D! NK”. 
Using summation by parts, we can easily see that 


U(x) = (x— Iwo) —- 1). 
Moreover, from the identity Hy—1 = w(x) + y, we obtain immediately 


Dy Ay) = (x — 1)(H;-1 = 1). 
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This example may seem very basic at first glance, but since H, is the discrete 
analogue of the function In x, we expect an important analogy between Xy(x) and 
ÈX Inx = lnT (x), at least in terms of asymptotic behaviors. Actually, the analogue 
of Burnside’s formula shows that the function 


InT (: — 5) + Za — In(2zr)) 


is a very good approximation of © y (x). 
Interestingly, using (10.12) we can easily derive the following additional identity 


uy(x) = ZA- In@x)) +D mG, x >0, 


where G is the Barnes G-function (see Sect. 10.5). 
Project 11.1 Find a closed-form expression for the function ©, Y? (x). Using again 
summation by parts, we obtain 


Eya) = &@-Dw(x) -— Qx —D W(x) +2x -2-y. 


We also note that the function Y? (x) lies in C® VD! AK, just as does the function 
w(x). The investigation of this new function in the light of our results is left to the 
reader. © 


ID Card The following basic information about the functions y(x) and E y(x) 
follows trivially from the discussion above. 


g(x) Membership deg g Xg(x) 
w(x) |C@NDI NK? |o (x — D(x) — 1) 


Analogue of Bohr-Mollerup’s Theorem The function y(x) can be character- 
ized as follows. 


All eventually convex or concave solutions f: R4 — R to the equation 
fae+l— f@) = wa) 
are of the form f(x) = c + Uw(x), where c € R. 


Extended ID Card It is not difficult to see that 


1 
olg] = f Eyt +1)dt = Za —In@x)), 
0 
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Hence we have the values 


olg] | olg] yis] 
co |d- mn2r)) | $0 -— n27) +y) 


e Alternative representations of o [g] 


1 = 1 
ols] = -3Y - Z (ink - voz). 


k=1 


1 (0,6) 
olg] = -37 +f (v = z) w(t dr, 


o[g] = lim (+ — 5) y(n)— lnr (n)—n + 1). 


no 


e Alternative representations of y[g] 


o= f (vu -vo+ =) dt, 


ai= f (van -yo+ E )a. 


* Generalized Binet’s function. For any q € N* and any x > 0, 


q+1 E o1 E _ 1 
JEYO) = Box) — 50 — nx) — MP) + 5 Wa) 
q-2 
+$ Gj42(-1)/ BG + 1, x), 
j=0 


where (x, y) œ> B(x, y) is the beta function. 
e Analogue of Raabe’s formula 


x+1 
| Eyt dt = Zd- mOr) + In P(x), x>0. 


e Alternative characterization. The function f = “wy is the unique solution lying 
in C? N K! to the equation 


x+1 
f f@dt = Za —In(27)) + lInT (x), x >0. 
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Inequalities The following inequalities hold for any x > 0, any a > 0, and any 
ne N*. 


e Symmetrized generalized Wendel’s inequality (equality if a € {0, 1}) 
Zya +a) — Sya) —ayp(x)| < la- 1y & +a) - ya) 


la— 1] 
< [a] ——-. 


e Symmetrized generalized Wendel’s inequality (discrete version) 


-1 
IZv(x) — HIW < x= lynx) yn) < py a 


where 
FI = n+x- ymn- yan) alya). 


e Symmetrized Stirling’s formula-based inequalities 


Be (: + >) — Za — In(27)) — InT (x) 


= 


1 1 
Dya) — 50 —In@x)) — MnP) + 5 ¥@) 


1 1 1 
Sees) = pV) a ee) < mee 
xX 


e Generalized Gautschi’s inequality 


(a — [a]) W(x + [a]) < (a = [a]) (Zw) Œœ + fal) 
< (LW) +a) — (LW) + fal) 
< @— [a]) Yx + lal). 


Generalized Stirling’s and Related Formulas For any a > 0, we have the 
following limits and asymptotic equivalence as x — od, 


uw(x +a) — U(x) —aw(x) —> 0, uw(x +a) ~ In (x), 


Uw(x) — In (x) + sve) > Za — ln(27x)), 


Ey(x)— InP (: = >) za ia —In(27)). 
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Asymptotic Expansions For any q € N* we have the following expansion as x > 
ioe) 


1 1 B 
EYG) = 50- mOr) +Y > Yaa) + Oa). 
k=0 ` 


Setting q = 3 for instance, we get 


1 1 1 
Ly(x) = z — ln27x)) + lnr (x) — 5 w(x) + T wi(x) + Ox). 


Generalized Liu’s Formula For any x > 0, we have 


1 1 ori 1 
Ly(x) = snr) nha TO) (1-3) pyi +t)dt. 


Limit and Series Representations Let us briefly examine the main limit and series 
representations of Ny(x). The additional representations obtained by differentia- 
tion and integration are left to the reader. 


e Eulerian and Weierstrassian forms. We have 


ee) 


Ewa) = -x-y -Y (v@+h-vw-Z), 


k=1 
uy) = —(+y)x-— wv) - 5 (Wx +k) — Yk) —x Wik). 
k= 1 


e Analogue of Gauss’ limit. We have 
Iya) = &-D)wa)y+l+ lim (n+x- DWM) — va +n). 
Gregory’s Formula-Based Series Representation For any x > 0 we have 
Dy) = Za — In(27)) + InP(x) — : W(x) + 3 IGn42|B(n + 1, x). 
n=0 


Setting x = 1 in this identity yields the following analogue of Fontana-Mascheroni’s 
series 


IGal 1 1 1 
= epee pas 
LD ee, a ta Gil a ee 
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and the right-hand value is precisely the generalized Euler constant y [y] associated 
with the digamma function. We also observe that this latter identity was obtained by 
Kowalenko [52, p. 431]. 


Analogue of Gauss’ Multiplication Formula Since we do not have any simple 
expression for the function ©, (+), it seems difficult to find a usable multiplication 
formula here. We had the same difficulty in the investigation of the Barnes G- 
function (see Sect. 10.5). However, we can use Proposition 8.30 to derive the 
following convergence result. For any m € N* we have 


m—1 


Sev (H) -minr(2)+5u(Z) > Fai-me asx o 


m 
j=0 


Analogue of Wallis’s Product Formula The following analogue of Wallis’s 
formula was already found in Project 10.1 


2n 
Jim (- nan) +2 ("ve =y: 
k=1 


Generalized Webster’s Functional Equation For any m € N*, there is a unique 
eventually monotone solution f : R} — R to the equation 


m—1 


Dsi) = w(x) 
j=0 
namely 
f(x) = uy (: + ~) — Xy (x). 
m 


Analogue of Euler’s Series Representation of y We have (Xy)/(1) = —1 — y 
and 


EWP) = kyr) = Cee), k22. 


The Taylor series expansion of Uy (x + 1) about x = 0 is 


Beet) = (-l-y)x+ 0 iO, x< 1. 


k=2 
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Integrating both sides of this equation on (0, 1), we obtain 
[00] 
k 1 
Dev FO = 14 iy- nOr). 


Analogue of the Reflection Formula For any x € R \ Z, we have 


Ey +x) + UW —x) = 1— rx cot(rx). 


11.2 The PIS of the Hurwitz Zeta Function 


In this section we apply our theory to investigate the function 


x pix) EE Dte) 


for any fixed s € R \ {1}. 
Using summation by parts, we observe that if s 4 2 we have 


ba(s,x) = (x — 1) ¢(s, x) — ¢(s — 1, x) + o—]). 


If s = 2, then 


ġ&2(2, x) = Uw) = -I yw) tya) +y. 


To keep this investigation simple, here we focus on some selected results only and 
we restrict ourselves to the case when s > 2, for which the sequence n +> ¢(s, n) 
is summable. In this case, by (6.23) we obtain immediately the following surprising 
identity (see also Paris [83]) 


Dotek = ¿ls - 1). 
k=1 


We also have 


[sonar eae 
A TI 


S 


ID Card We can easily summarize the basic information as follows: 


g(x) Membership deg gs Eg, (x) 
t(s, x) C ADINA K® —1 t(s, x) 
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Analogue of Bohr-Mollerup’s Theorem The function f(s, x) can be character- 
ized as follows. 


All eventually monotone solutions fs: R} — R to the equation 
fs (x +1)- fs (x) = C(s,x) 
are of the form fs(x) = cs + 2(s, x), where cs € R. 


Extended ID Card We immediately have 


oo ee) 
oig] = Dies v- tis, dt = te 1) 
8s ’ i ’ 5 —1 . 
k=1 
Hence we have the values 


Glas] |olgs] vigs] 


œ |t- 1) |yig]= lgs] 


¢ Alternative representations of o [gs] = y [gs] 
1 oo 
o[gs] = [ ga(s,t+1)dt = i (Cs, Lt]) — ¢(s, t)) dt, 


1 eI 
ated=seo)+s | (5-t) co + net. 
2 1 2 
e Analogue of Raabe’s formula 


EOI gui 
S 


x+1 
/ gepa = g(s—1)--——, 


Inequalities and Asymptotic Analysis For any a > 0 and any x > 0, we have 


ISa(s,x +a) — f(s, x)| < [a] f(s, x), 


(s —1,x) 


ls, ti = D + "| < 6,2). 


In particular, we have 


fo(s,x) > f(s —1) as x —> oo. 
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Generalized Liu’s Formula For any x > 0 we have 


—1 1 
paer eee 
s— 1 2 


+s a (o-z) C(s+1,x+1t)dt. 
0 2 


Eulerian and Weierstrassian Forms For any x > 0, we have 


tals, x) = o(s-—1)— È t(s, x +k). 


k=0 


and this series converges uniformly on R+ and can be integrated and differentiated 
term by term. 


Gregory’s Formula-Based Series Representation For any x > 0 we have 


a ee a 
ged = te- p- Sa _ L Gan Att) 
= 1, foe) n : 
=¢(s-1)- ae -$ Gmail J OD (EG). 
n=0 k=0 


Setting x = 1 in this identity yields the analogue of Fontana-Mascheroni series 


[0,0] n 
k s—2 
D Gmail D OD GEG k+ D = — te- 1). 
n=0 k=0 
Analogue of Wallis’s Product Formula The analogue of Wallis’s formula is 


DODE, O = (2-2! )g(8) + 0- 2's 1) 


k=1 
= 1 
ae eee Ts 
de (s +5) 


This formula is actually obtained by combining Proposition 6.7 with the duplication 
formula for the Hurwitz zeta function 


2f(s,2x) = 2!-*¢(s,x)+2!-8¢ (sa $ =) , 
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On the other hand we also have (see Paris [83]) 

CO 

DYGD, k) = 1-2) e6), o> 1. 

k=1 
Combining this formula with the analogue of Wallis’s formula, we derive the 
following identity 


bm (s+ 5) = (27! =2 g(s) + (2°77! — 1) ¢(s — 1). 


Taylor Series Expansion We have 
(Se) = -GAEE +k-1), ken". 


The Taylor series expansion of ¢2(s, x + 1) about x = 0 is 


fo(s,x+1) = -X (ce +k- Dx", |x| < 1. 
k=1 


11.3 The PIS of the Generating Function for the Gregory 
Coefficients 


Let us investigate the function Lh, for any p € N*, where hp: R4 — R is defined 
by the equation 


xP 


heed) = xP li' (x + 1) for x > 0 


hy(x) = 


and li(x) is the logarithmic integral function defined for all positive real numbers 
x Æ 1 by the integral 


x 1 
liz) = f — dt. 
o Int 


Incidentally, when p = 1, this function reduces to the ordinary generating function 
for the sequence n > Gp. That is, 


[00] 
hæ) = $ Gx”, ‘lx/<1. 
n=0 
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More generally, hp(x) = x? ~'h1 (x) is the ordinary generating function for the 
right-shifted sequence n +> Gy_p+1, that is the sequence 


0,...,0, Go, Gi, Go,... 


with p — 1 leading 0’s. 
We also note that the function hp has the following integral representation 


1 
bla) = - (x + 1) ds. 
0 


This latter representation actually suggests introducing, for any p € N*, the function 
gp: R+ > R defined by the equation 


x(x + 1)?7! 
ln(x + 1) 


1 
gp) = f (œx +1)?! ds = for x > 0. 
0 


The conversion formulas between the h's and the gps are simply given by the 
following equations 


p 


gr = J E) uA), 


k=1 


P 
hœ = X EDHE ge). 


k=1 


In particular, we have gı = hy. 

Since the function gp has a nicer integral form than Ap, for the sake of simplicity 
we will investigate the function Ug, for any p € N*. By Proposition 5.7, the 
function Xf, can then be obtained by applying the operator & to both sides of 
the second conversion formula above. 


Remark 11.2 We observe that the function gp is also the ordinary generating 
function for the sequence n œ> wW,(p — 1), where Yn is the nth degree Bernoulli 
polynomial of the second kind (see Sect. 12.8). Q 


ID Card Itis not difficult to see that both gp and Ap lie in C% N DP N K” and 
hence also in KP. We also have deg gp = deg hp = p — 1. 

From the integral form of gp above, we can easily derive the following explicit 
form of Xg, (after replacing 1 — s with s in the integral) 


1 1 
Een) = f te-p Dds- | co-p.x+ Dds, 
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that is, 

1 

UEp(x) = p-f ¢(s—p,x+l)ds, 

0 

with 
1 
Tp = -14 f f(s — p)ds, 
0 


where ¢(s, x) is the Hurwitz zeta function. 
Remark 11.3 For any integer n > 2, the harmonic number function of order n is 
defined on (—1, œo) by 

xte HY = oH) -o@,x4+0), 


see, e.g., Srivastava and Choi [93, p. 266]. Extending this definition to noninteger 
orders by writing 


H®) = f(s) —C(s,x +1), séER\ {l}, 


we obtain the following very compact integral representation 
1 
Egp(x) = -1 +f HEP ds, x«>0. 
0 


© 


Analogue of Bohr-Mollerup’s Theorem Thus defined, Xh, is a logIT p-type 
function that lies in C® NDP! AK. This function can be characterized as follows. 


All solutions f : R4 —> R to the equation Af = hp that lie in KP are of the form 
P 
fx) = ep +Y 1)? E) Eo), 
k=1 
where Cp E R. 


Extended ID Card Let us compute the asymptotic constant associated with the 
function gp. We have 


1 1 pl 
| Ègp(t+1)dt = p-f / g(s — p,t+2)dtds 
0 0 JO 


1 9s+p 
m+f ds. 
0 S+Pp 


o[gp] 
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Using the change of variable u = 2°T?, we finally obtain 


olgp] = +f — dt = Tp + 1i(2?t!) — li(2?). 
op Int 


Now, we have 


x 1 s+ s+ 
1DSHP — 28+P 
J entrar = f Ca eee 
1 0 S+ p 


= li((x + PTD — li((x + 1)P) — 2? t!) + 112”) 
and hence the analogue of Raabe’s formula is 
x+1 
f Eg p(t)dt = Tp +li((x + 1)P+1) — li((x + 1)?), x >0. 
x 


Generalized Stirling’s and Related Formulas When p = 1 For any a > 0, we 
have the following limits and asymptotic equivalence as x — oo, 


X 
b3) =5 24. 0, 
gi(x +a) gi(x)—a inc + D > 
Xx 
E — li 1)?) + li 1) + ————— ; 
gi(x) — li(œ + 1)7) + lix + ES > u 
Dga +a) ~ li((x + Dô -— li& + 1). 
Upon differentiation, 
A 3 k+1 
DÈ TERA 0, Ditty 0, keN*, 
gı (x) PEESI > gi(x) > 
DX gi(x +a) 7 
ee Pe, Angee ay 


where 


1 
DXg\(x) = [ (s — 1) f(s,x+ Ids. 
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Limit and Series Representations When p = 1 The Eulerian and Weierstrassian 
forms are 


Zgi(x) = E E E E eae) 
k=1 
and 
zgi) = <4) seDTAO—> wero 20@). 
k=1 
where 


1 1 
D%Xg\(1) = [o-ne6.24 = -f s ¿(l1 — s)ds. 


Gregory’s Formula-Based Series Representation When p = 1 Proposition 8.11 
provides the following series representation: for any x > 0 we have 


[00] 

Dei(x) = u +l + 1)?) — (+1) Y Gn A” g(a) 
n=0 

x+k 
5 1 1)*) -1 1)— G 1 (7) ——. 
atiet -ie X n+l ee YO reat 

n=0 k=0 

Setting x = 1 in this identity, we obtain the following analogue of Fontana- 


Mascheroni’s series 


. . k+1 
o[gi] = 1 +14) —li(2) = E ln De D ESD 


Analogue of Gauss’ Multiplication Formula For any m € N* and any x > 0, we 
have 


m—1 ym-l 
Yee (s+ i) =m f Ye (s-paties L) as. 
Using the multiplication formula for the Hurwitz zeta function, we then obtain the 


following analogue of Gauss’ multiplication formula 


m—1 


1 
Yo tee (s+ 1) = mt- f m°? ¢(s — p,mx +m)ds. 
0 
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Now, using (8.15) we obtain 


P m—l1 ya j m j 
ool) = Sam (EE) Foam (2) 
j=0 j=l 


1 
= f m°? (¢(s — p,m + 1) — ¿(s — p, x +m))ds. 
0 


Corollary 8.33 then tells us that the sequences 


1 
mp 1 m5TP-! (¢(s — p, 2m) — ¿(s — p, mx +m)) ds 
0 


and 


1 
me f m= 6 = pmt D- £66 = pme +m) ds 
0 


converge to the integrals 


x x 
f g&p(t)dt and f g&pt)dt, 
1 0 


respectively. 
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Chapter 12 ® 
Further Examples Chente; 


The scope of applications of our theory is very wide since it applies to any function 
lying in the domain of the map &. In Chap. 10, we made a thorough study of some 
standard special functions. In Chap. 11, we defined and investigated new functions 
as principal indefinite sums of known functions. In the present chapter, we briefly 
discuss further examples that the reader may want to explore in more detail. 


12.1 The Multiple Gamma Functions 


The multiple gamma functions introduced in Sect. 5.2 can also be studied through 
the sequence of functions Go, G1, ..., defined by (see Srivastava and Choi [93, 


p. 56]) 
Gp(x) = Tp)", peN. 
Equivalently, we have Go(x) = x and 
ln G(x) = UInGp-1(x) for all p e N*. 
Clearly, the function In G p—1 (x) lies in C° ND? NK and we have deg(In oG p) = 


p. Moreover, this sequence of functions can naturally be extended to p = —1 by 
defining 


1 
Gi) =1+-. 
x 


© The Author(s) 2022 271 
J.-L. Marichal, N. Zenaidi, A Generalization of Bohr-Mollerup’s Theorem 

for Higher Order Convex Functions, Developments in Mathematics 70, 
https://doi.org/10.1007/978-3-030-95088-0_12 


272 12 Further Examples 


Just as for the gamma function and the Barnes G-function, we can derive the 
following asymptotic equivalence: for any a > 0, 


p 
Gp(x +a) ~ Ie w® as x > œo, 
j=0 
with equality ifa € {0, 1, ..., p}. We also have the following product representation 


1 S Gp-1(k) 


BE y gs E O E1O® 
TAT A Ge, Ce i(k) 


Gp(x) = 


and the recurrence formula 
X: 
lnGp(x) = — (x — 1)o[DlnoGp-1] +f XD ln Gp-1(t) dt. 
1 


For example, one can show that 


InG3(x) = ixa 1) (2x 5) + 1x0 -2D mOr) + (*!)n Pe) 
1 
= z7” — 3) W-2(x) + Y-3 (x) — x Y-3(1). 


This latter formula can also be established using the characterization of G3 as a 
3-convex solution to the equation Af (x) = In G2 (x). 


12.2 The Regularized Incomplete Gamma Function 


Consider the 2-variable function Q(x, s) = T(x, s)/T (x) on RŽ, where T(x, s) is 
the upper incomplete gamma function. Thus defined, the function Q(x, s) satisfies 
the difference equation 

—s 


és 5% 


Q(x +1,s)— Q(x,s) = Tad)’ 


For any s > 0, we define the function gs: R+ — R by 


7 e *s5* 
8s(x) = Tost)’ 
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This function lies in C® ND~!NK® and has the property that Xg,(x) = Q(x, s)— 
e *. We also note that the Eulerian form of Q(x, s) is 


[0,6] —s aX OO 
es ræt , 
eats (eh a a ee 
Qs) D8 +h) Tat) &4T@sken® 
nN lee) 
Spe Nene, 
r(x +1) 


k=0 


where x= = P(x + 1)/T (x + k + 1) for any k € N. 


12.3 The Error Function 


Recall that the Gauss error function erf(x) is defined by the equation 


2 x 
erf(x) = = | edt  forx>0. 


To study this function, we could for instance work with the function g(x) = 
Aerf(x). Instead, let us consider the function g: R+ — R defined by the equation 


ary) 
e for x > 0. 


2 
g(x) = Jr 


It clearly lies in C® N D7! N K%. Thus, the Eulerian form of Eg is given by the 
identity 


2 [0,6] 
Eg(x) = WA ey = eTo, 
k=0 


The generalized Stirling formula yields the following limit 


2 CO 
erf(x) + —= yee > 1 as x —> oo. 
it k=0 


Incidentally, the analogue of Legendre’s duplication formula provides the surprising 
identity 


OO 
Ye EHD? ga) gra g eT te ae EP Ey = O. 
k=0 
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12.4 The Exponential Integral 


Recall that the exponential integral E; (x) is defined by the equation 
(oe) et 
E\(x) = / yi for x > 0. 
x 
Similarly to the previous example, let us consider the function g: R+ — R defined 


by the equation 


e* 


for x > 0. 


g(x) = 
It lies in C° N D7! NK. Thus, the Eulerian form of £g is given by the identity 


© /p-(k+1) —(k+x) 
e e 
agx) = a -). 


The generalized Stirling formula easily provides the following convergence result 


> e-ta) 
E\(x) — > 0 asx —> oo. 
a k+x 


Moreover, the analogue of Raabe’s formula is 


x+1 
J Eg(t)dt = 1— ln(e — 1) — E(x), x>0. 


12.5 The Hyperfactorial Function 


The hyperfactorial function (or K -function) is the function K : R+ — R+ defined 
by the equation In K = Dg, where the function g(x) = x In x lies in CYA D? NAK. 
Since we also have 


g(x) = x + Apr) — Y-2(1), 
we immediately derive (see also Example 8.21) 


InK(x) = Dga) = B) + W202) —x y1) = @— 1) nT&) -— InG). 
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Actually, g also corresponds to the special case when (s,g) = (—1,1) of the 
function gs, investigated in Sect. 10.8. Thus, we also have 


Zg) = ¢'(=1, x) = ¢'(—1), 


where ¢/(—1) = b — In A. Finally, we note that the integer sequence n > K (n) is 
the sequence A002109 in the OEIS [90]. 


12.6 The Hurwitz-Lerch Transcendent 


The Hurwitz-Lerch transcendent ® (z, s, a) is a generalization of the Hurwitz zeta 
function defined as an analytic continuation of the series 


0O 
> dero” 
k=0 


when |z| < 1 anda €e C \ (—N) (see, e.g., Srivastava and Choi [93, p. 194]). It 
satisfies the difference equation 


O(z,s,a+1)—z '(z,5,a) = —z a. 
It follows that the modified function 
O(z,5,a) = — z" (z, s,a) 
satisfies the difference equation 
@(z,s,a+1)— (z, s,a) = z“a. 


Thus, for certain real values of z and s, the restriction to R4 of the map a => 
®(z, s, a) fits the assumptions of our theory. Its investigation is left to the reader. 


12.7 The Bernoulli Polynomials 


Recall that, for any n € N, the nth degree Bernoulli polynomial B, (x) is defined by 
the equation 


n 


B(x) = 5 (7) Bn“ x" forx €R, 
k=0 
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where By, is the kth Bernoulli number. This polynomial satisfies the difference 
equation 


Ba(x +1) — By(x) = nx", 


Thus, the function gn : R+ — R defined by the equation g,(x) = n x”! for x > 0 
lies in C% N D” N K% and has the property that 


Ugn(x) = B(x) — BrQ), 
that is, in view of (10.16) 
Len(x) = neé(1—n)—neé(1—n,x), ne N*. 


Thus, the nth degree Bernoulli polynomial can be characterized as follows. 


All solutions fa: R} — R to the equation f,(x + 1) — fax) = nx"—! that lie in K” are 
of the form fn(x) = cn + By(x), where cn € R. 


Using the generalized Webster functional equation (Theorem 8.71), we can also 
easily characterize the nth degree Euler polynomial En (x), which is defined by the 
equation 


We then obtain the following statement. 


All solutions fa: R} —> R to the equation fy(x +1) + fax) = 2x" that lie in K” are of 
the form fn(x) = cn + En(x), where cn E R. 


Finally, we also easily retrieve the multiplication formula: 


m-—l1 


x+j 1 
> & ( +i) = maT PrO) x>0. 
j=0 


12.8 The Bernoulli Polynomials of the Second Kind 


For any n € N, the nth degree Bernoulli polynomial of the second kind is defined 
by the equation 


x+1 
Wn(x) = J (') dt for x > 0. 
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In particular, we have w,(0) = Gp. Also, these polynomials satisfy the difference 
equation 


Wnr + 1) — Yni lx) = Wn(%). 


Thus, the function gn: R+ — R defined by the equation gy (x) = W(x) for x > 0 
lies in C® N D”+! N K% and has the property that 


Dgn) = Wn+i) — Wn4i (1). 


Thus, the Bernoulli polynomials of the second kind can be characterized as follows. 


All solutions fa: R} — R to the equation f,(x + 1) — fn(*) = Wy(x) that lie in K"+! are 
of the form fn(x) = cn + Wn+1(X), where cn E R. 
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Chapter 13 A 
Conclusion Check for 


Krull-Webster’s theory offered an elegant extension of Bohr-Mollerup’s theorem 
and has proved to be a very nice and useful contribution to the resolution of the 
difference equation Af = g on the real half-line R+. In this book, we have provided 
a significant generalization of Krull-Webster’s theory by considerably relaxing 
the asymptotic condition imposed on the function g, and we have demonstrated 
through various examples how this generalization provides a unified framework to 
investigate the properties of many functions. This framework has indeed enabled us 
to derive several general formulas that now constitute a powerful toolbox and even 
a genuine Swiss Army knife to investigate a large variety of functions. 

The key point of this generalization was the discovery of expression (1.4) 
for the sequence n > f’[g](x) for any p e N. We also observe that our 
uniqueness and existence results strongly rely on Lemma 2.7 together with identities 
(3.3) and (3.8). These results actually constitute the common core and even the 
fundamental cornerstone of all the subsequent formulas that we derived in this 
book. For instance, the generalized Stirling formula (6.21) has been obtained almost 
miraculously by merely integrating both sides of the inequality given in Lemma 2.7 
(see Remark 6.16). Similarly, Gregory’s summation formula (6.33) has been derived 
instantly by integrating both sides of identity (3.8), and we have shown how its 
remainder can be controlled using Lemma 2.7 again. 

Our results clearly shed light on the way many of the classical special functions, 
such as the polygamma functions and the higher order derivatives of the Hurwitz 
zeta function, can be systematically studied, sometimes by deriving identities and 
formulas almost mechanically. 

Beyond this systematization aspect, our theory has enabled us to introduce 
a number of new important and useful objects. For instance, the map © itself 
is a new concept that appears to be as fundamental as the basic antiderivative 
operation (cf. Definition 5.4). Both concepts are actually strongly related through, 
e.g., Propositions 6.19, 6.20, and 8.18. Other concepts such as the asymptotic 
constant and the generalized Binet function also appear to be new fundamental 
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objects that merit further study. For instance, it is remarkable that the asymptotic 
constant appears not only in the generalized Stirling formula (Theorem 6.13), but 
also in many other important formulas, such as the generalized Euler constant 
(Proposition 6.36), the Weierstrassian form (Theorem 8.7), the analogue of Raabe’s 
formula (Proposition 8.18), the analogue of Gauss’ multiplication formula (Propo- 
sition 8.28), the asymptotic expansion (Proposition 8.36), and the generalized Liu 
formula (Proposition 8.42). 

Our work has also revealed how important and natural are the higher order 
convexity properties. Although these properties seem to be still poorly used in math- 
ematical analysis, they actually constitute an essential and highly useful ingredient 
in the development of our theory and therefore also merit further investigation (see, 
e.g., Proposition 4.14 and Remark 4.15). 

In conclusion, the results that we have obtained as well as the new concepts that 
we have introduced and explored show that this area of investigation is very rich and 
intriguing. We have just skimmed the surface, and there are a lot of questions that 
emerge naturally. We now list some below. 


e Find a simple characterization of the domain of the map È (see Proposition 5.21 
and Conjecture 5.23). 

e Find necessary and sufficient conditions on the function g to ensure both the 
uniqueness and existence of solutions lying in X? to the equation Af = g (cf. 
Webster’s question in Appendix C). 

e Find a natural extension of the map È to a larger domain, e.g., a real linear space 
of functions that would include not only the current admissible functions but also 
every function that has an exponential growth. 

e Find a general method to determine a simple or compact expression for the 
asymptotic constant ø [g] associated with any function g lying in C? N dom(2) 
(cf. our discussion in Sect. 8.5). 

e Find general methods to determine analogues of Euler’s reflection formula (cf. 
our discussion on Herglotz’s trick in Sect. 8.9) and Gauss’ digamma theorem for 
any multiple log T-type function. 

e Find necessary and sufficient conditions on the function g for the function £g to 
be of class C° or even real analytic. 

e Find an extension of our theory to functions of a complex variable. On this 
issue, it is noteworthy that a very nice “complex” counterpart of Bohr-Mollerup’s 
characterization of the gamma function was established by Wielandt (see, e.g., 
Srinivasan [92] and Srivastava and Choi [93, p. 12] and the references therein). 

e Find an extension of our theory by replacing the equation Af = g with the more 
general first-order linear difference equation 


f(@+1)—af) = gx), 


where a is a given constant. Consider also linear difference equations of any 
order. Partial results along this line can be found, e.g., in John [49, Theorem C]. 
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Appendix A 
Higher Order Convexity Properties 


We establish a number of basic facts about higher order convexity and concavity 
properties with the aim of proving Lemma 2.6. 


Lemma 2.6 is a fundamental element of our theory. It can be derived from more 
general results established by Kuczma [61, Chapter 15]. However, this derivation 
is not immediate and actually requires considerable attention. In this appendix, we 
prove Lemma 2.6 almost from scratch and using elementary means only. 

Let 7 be an arbitrary nonempty open real interval. We first observe that for any 
functions f, g: I —> R and any system x9 < x} < --- < Xn of n+ 1 points in 7, 
we have 


(f + g)lxo, x1, .-., Xn] = flxo, x1, -. -, Xn] + glxo, x1, .- -, Xn]. 


Moreover, for any c € R, if the function h: J — c > R is defined by the equation 
h(x) = f(x +c) for x € I — c, then 


h[xo, x1, ..., Xn] = flxo +c, xı +c,..., Xn +c]. 


These properties are immediate consequences of identity (2.4). 
We now present a proposition and an immediate corollary. Let Ajn] denote the 
forward difference operator with step h. 


Proposition A.1 For anyn € N, any system xo < x1 <+++ < Xn ofn + 1 points in 
I, any function f: I —> R, and any h € R \ {0} such that x9 +h, x, +h € I, we 
have 


1 n 
g Auf [0 #1 «+ Xn] = XO flt0, -Xk Xk + h,- , Xn + A]. 
k=0 
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Proof Using a telescoping sum, we obtain 


1 1 
g Anlo, X15 Xn] = g So thxi th... in +h] — flo, #1, +++ Xn) 


1 n 


ee Piece ite +h,..., Xn +h) 
k=0 
— f[xo, ---, Xk, Xk+1 +h, -Xn +h). 
We then conclude the proof using the recurrence relation (2.3). o 


Corollary A.2 Let f lie in K} (D) for some p € N and let h € R \ {0}. If the 
function i Apa] f is defined on I, then it lies in Sa (J). 

We can now readily see that Lemma 2.6(b) is an immediate consequence of 
Corollary A.2 Gust take h = 1). 

The next result establishes Lemma 2.6(c). Let us first observe that a pointwise 
limit of functions lying in Kha ) also lies in Kha ). This fact can be proved 
straightforwardly using identity (2.4). 

Corollary A.3 If f: I — R is differentiable and lies in KE) for some p € N, 
then the derivative f' lies in ia (J). 

Proof It is clear that the derivative f” is the pointwise limit of the sequence n t> fn, 
where, for each n € N*, the function fn: J —> R is defined by the equation 


fn = NA inf forn € N*. 


We then conclude the proof using Corollary A.2. o 


We now have the following corollary, which follows from Proposition 2.1. It 
immediately establishes Lemma 2.6(d). 


Corollary A.4 If f: I — R is differentiable and f' lies in KETID) for some 
p EN, then f lies in K} (D). 


Proof This result is an immediate consequence of Proposition 2.1 (just use identity 
(2.7) with n = p + 1). Oo 


It remains to establish Lemma 2.6(a). To this end, we present the following 
technical lemma, which provides a test for differentiability of real functions on 7. 


Lemma A.5 Letn €N, leta,x1,...,X, ben + 1 pairwise distinct points in I and 
let f: I > R. If the limit 


lim fla,a+h,x1,...,Xn] 


h>0 


exists and is finite, then f is differentiable at a. 
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Proof This result can be easily proved by induction on n using the recurrence 
relation (2.3). To simplify the computations, let us consider the first two cases only. 
For n = 0, we have trivially 


: _ ee CPO RH fa) 
s a ae rr or 


and f is clearly differentiable at a if this limit exists and is finite. Forn = 1, we get 


fla,xi]— fla,a+h] 


fla,at+th,x\] = 
xı—a—h 


and hence 

lim fla,a +h] = fla, xı] — lim (xı — a — h) fla,a + h, xı] 

h>0 h-0 
and this limit is finite if so is the right-hand limit. The induction process is now 
clear. o 


We now have the following proposition. 


Proposition A.6 Jf f lies in KÈ} (I) for some integer p > 2, then f is differentiable 
on l. 


Proof Leta € I and let J be a compact subinterval of J whose interior contains a. 
Let Zp+1 denote the set of tuples of 7P +! whose components are pairwise distinct. 
By Lemma 2.5, the restriction of the map 


(Z0,.-+,Zp) œ fizo, -.., Zp] 


to Tp+1 is increasing in each place, hence this map is bounded on Zp+1 N JPH, 

Let x1,...,Xp—2 be p — 2 pairwise distinct points in J, and distinct from a, and 
let h1, h2 be sufficiently small distinct nonzero real numbers such that a +h1, a+ h2 
lie in J. Using (2.3), we get 


fla,a + h,a +h, x1, ...,Xp-2] 


fla, a + ha, x1, ...,Xp—2] — fla, a + hi, x1, ...,Xp-2] 
hi — h2 


Thus, there exists C; > 0 such that 


|fla,a +h,x1,..., xXp-2]— fla, a Mig x1,- -,Xp-2]| < Cy |h2 — hil. 
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It follows that for any sequence n +> hpn converging to zero, the sequence 
n > fla,a+hy,X1,...,Xp-2] 


is a Cauchy sequence whose limit does not depend on the sequence n +> hn. 
Therefore, the limit 


lim sath, x1,...,Xp— 
jim fla a xı Xp-2] 


exists and is finite. By Lemma A.5, f is differentiable at a. o 
We are now in a position to prove Lemma 2.6(a). 
Proposition A.7 If f lies in KEG) for some p € N, then f lies in CP (I). 


Proof We proceed by induction on p. The case when p = 0 is folklore and can 
be found, e.g., in Artin [11, Theorem 1.5]. Suppose that the result holds for some 
p € N and let us show that it still holds for p + 1. Let f lie in KEF CD). By 
Proposition A.6 and Corollary A.3, f is differentiable on J and f’ lies in or (J). 
Using our induction hypothesis, we see that f” lies in CP (I), and hence f lies in 
Crt), g 


Let us end this study with an interesting generalization of Lemma 2.5. It is an 
immediate corollary of the following proposition. 


Proposition A.8 Letn,m € N, let x0, ...,Xn—1, Y0, ---; Ym ben+m + | pairwise 
distinct points in I, let f : I > R, and let g: 1\ {xo, ...,Xn—1} —> R be defined by 
the equation 


g(x) = f[xo,.--,Xn-1, x] forx €1\ {xo,...,Xn—-1}- 
Then we have 
glyo, <--> Ym] = f[x0,---,Xn-1, YO, - -> Yml- 
Proof This result can be easily proved by induction on m for any fixed value of n, 
simply by using the recurrence relation (2.3). To simplify the computations, let us 


consider the first two cases only. For m = 0, we have trivially 


glyo] = g(yo) = flxo,...,Xn—1, yol. 
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For m = 1, we have 


801) = 800) _ fixo., Xn-1; y1] — flto, «+. xn-1, Yo] 


glyo, y1] = 
yı — Yo yı — Yo 
= flxo,---,Xn-1, Yo, Y1]. 
The induction process is now obvious. o 


Corollary A.9 Let j, p € N, with j < p, and let Lj}; denote the set of tuples of 
1/+! whose components are pairwise distinct. A function f : I —> R lies in KÈ (J) 
if and only if the restriction of the map 


(zo,-.-,Zj) œ fizo... zj] 


to Lj+1 is (p — j)-convex in each place. 


Appendix B 
On Krull-Webster’s Asymptotic 
Condition 


We show that our uniqueness and existence results fully generalize a recent attempt 
by Rassias and Trif [86] to solve the particular case when p = 2. 


Recall that the original asymptotic condition imposed by Krull and Webster on 
the function g is that, for each x > 0, 


g(xt+t)—g(t) > 0 ast > 00; 


see Eq. (1.2). Using our notation, this means that the function g lies in RL. 
Geometrically, this condition also means that the chord to the graph of g on any fixed 
length interval has an asymptotic zero slope. Only fixed length intervals whose left 
endpoints are integers are to be considered if the condition reduces to requiring that 
ge RÅ. The restriction of our uniqueness and existence results to the case when 
p = 1 shows that this condition can actually be relaxed into g € DL, which means 
that the chord to the graph of g on any interval of the form [n, n + 1], n € N*, has 
an asymptotic zero slope. The function g(x) = In x is a typical example that shows, 
just as does every function whose derivative vanishes at infinity, that those functions 
need not behave asymptotically like constant functions. 

It remains, however, that Krull-Webster’s asymptotic condition is rather restric- 
tive. As already mentioned in Chap. 1, this condition is not satisfied by the functions 
g(x) = xlnx and g(x) = lnT (x). To overcome this restriction, Rassias and Trif 
[86] proposed a modification of Webster’s results by considering solutions lying in 
K? and replacing the asymptotic condition with a more appropriate one. Specifically, 
they considered any function g: R} — R for which there exists a number a > 0 
such that 


lim g(x +t)—g(t)—xlnt = xlna, forall x > 0. (B.1) 
t>oo 
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It turns out that both functions g(x) = xlnx and g(x) = lnT(x) satisfy this 
alternative condition. However, the identity function g(x) = x does not. 

Let us now show that our asymptotic condition that g € De generalizes not only 
Rassias and Trif’s (B.1) but also many other similar conditions. 


Proposition B.1 Let gy: R+ — Rand suppose that g: R} — R has the property 
that, for each x > 0, 

g(x+t)—g(t)—xg(t) — 0 ast > Oo. 
Then g lies in Re C DÈ. In particular, RÈ contains all the functions that satisfy 
Rassias and Trif’s condition. 
Proof For any t > 0 and any g: R} — R, define the function pf [g]: [0, 00) > R 
by the equation 


Prig = g(x +t) -— g(t) — xolt) for x > 0. 


Let also Re be the set of functions g: Ry —> R with the property that, for each 
x >0, pr lgl(x) — Oast — oo. Then we immediately see that 


Piga = pr lgl(x) — xpf lel), 
which shows that Re Cc RÈ. Now, if g satisfies Rassias and Trif’s condition, then 
it lies in the set Uas oR , where ga (x) = In(ax), and hence it also lies in Re. oO 
Proposition B.1 can be generalized to RA for any value of p > 2 as follows. 


Proposition B.2 Let p > 2 be an integer, let p1,..., @p-1: R+ —> R, and suppose 
that g: R+ — R has the property that, for each x > 0, 


pol 
g(x +t) — g(t)- Oo) g(t) > 0 as t > oo. 
j=1 
Then g lies in RE C Dhr 
Proof For any t > 0 and any g: Ry — R, define the function pf [g]: [0, 00) > R 
by the equation 


p-1 
pris) = ga tt) -80-) (3) 90. 


j=l 
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Define also the functions we Tel, EER dad Fa [0, co) — R recursively by the 
equations yf’ [g] = of [g] and 


Jt J J ; ; 
PE = y- GY IO, j=.. pd. 
Then, it is not difficult to see that 


j—1 


yP Iw = Pw — >> EAO — gi) 


i=l 


[e]. Thus, if the function g: R+ — R has the property 


and hence we? Tg] = pP 
PI gl(x) > 0 as t > œ, then it lies in RE. o 


that, for each x > 0, o; 


Appendix C 
On a Question Raised by Webster 


We discuss conditions on the function g to ensure both the uniqueness (up to an 
additive constant) and existence of solutions to the equation Af = g that lie in KP. 


A natural question raised by Webster [98, p. 606], and that we now extend to any 
value of p € N, is the following. 
Find necessary and sufficient conditions on the function g: R} — R to ensure both the 


uniqueness (up to an additive constant) and existence of solutions lying in KE. (resp. K? ) 
to the equation Af = g. 


Lemma 2.6(b) shows that a necessary condition for this to occur is that g € KPT! 


(resp. g € K? m: Also, our uniqueness and existence results show that a sufficient 
condition is that g € DP AK? (resp. g € DP NK). It is tempting to believe that this 
latter condition is also necessary. The following two examples support this idea. 


(a) Both functions 


lnr (x) and lnr (x) + 1n (1 + 5 sin(27°x)) 


are solutions to the equation Af = g that lie in K°, where g(x) = lnx does 
not lie in D? U K? (see Example 3.2). 
(b) Both functions 


2* and 2* + sin(27x) 


are solutions to the equation Af = g that lie in KX. for any p € N, where 
g(x) = 2* does not lie in D? UK?. 


Nevertheless, the following proposition shows that in general the condition above is 
not necessary. 
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Proposition C.1 There exists a function f € C? N K? such that 


(a) Af does not lie in D? U K?, and 
(b) for any function g € K? satisfying Ag = Af we have that f — ¢ is constant. 


Proof Let f € K? be the function whose graph is the polygonal line through the 
points (4n, 4n) and (4n +2, 4n +4) for all n € N. Thus the sequence n > Af (n) is 
the 4-periodic sequence 2, 0, 0, 2, 2, 0, 0, 2, . . . and hence condition (a) holds. Now, 
let yọ € K? be such that Ag = Af. Clearly, we must have g € Ko. For the sake 
of a contradiction, suppose that the 1-periodic function œ = f — ¢ is not constant. 
That is, there exist 0 < x < y < 1 such that w(x) 4 w(y). There are two exclusive 
cases to consider. 


(a) Suppose that w(x) < w(y). For large integer n, we then have 

0 < p(y +4n+2)- g(x +4n +2) = w(x) —- aly) < 0. 
(b) Suppose that w(x) > w(y). For large integer n, we then have 

0 < ox +4n+3)—- (y +4n+2) = a(y)-—a(x) < 0. 


In both cases we reach a contradiction, and hence condition (b) holds. o 


We note that the function f arising from Proposition C.1 is such that g = Af 
does not lie in D°UK°. The following proposition shows that if the equation Af = g 
has a unique solution (up to an additive constant) and if g € K? for some p € N, 
then necessarily g € DP N K? (see also Corollary 4.18). 


Proposition C.2 Let g: Ry — R and p € N, and suppose that the sequence 
n œ> AP g(n) is eventually decreasing. Suppose also that there exists a unique (up 
to an additive constant) function f € KÈ satisfying the equation Af = g. Then g 
lies in D. 


Proof For the sake of a contradiction, suppose that the assumptions are satisfied 
and that the sequence n œ> A? g(n) does not approach zero. Since this sequence is 
eventually nonnegative (because we eventually have AP g = A?+! f > 0), it must 
converge to a value C > 0. It follows that the function g(x) = g(x) —C G) lies in 
DP N K? and hence X& lies in Kis Now, for any 0 < t < C/(27)P”, the functions 


f(x) = Ea) +C(, 4), 


p(x) = Lex) +C (p71) + T sin(nx), 


lie in KÈ by Lemma 2.6(d); indeed, we have 


DPHC( 71) + T sinQrx)) > C—1t(Q2m)? > 0. 
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Moreover, these functions are solutions to the equation Af = g and satisfy p(1) = 
fC). This contradicts the uniqueness assumption. o 


Remark C.3 We observe that if f and ọ are solutions to Af = g, then for any 
x > 0 and any p € N*, we have A? f(x) > 0 if and only if AP g(x) > 0. Indeed, 
suppose on the contrary that A? f (x) > 0 and AP g(x) < 0 for some x > 0. Then 


0 < AP f) = AP le) = APo(x) < 0, 


a contradiction. © 


Thus, Webster’s question still remains a very interesting open problem whose 
solution would certainly shed light on the theory developed in this book. 

Regarding uniqueness issues only, the following two results (John [49]) are also 
worth mentioning. Generalizations of these results to higher convexity properties 
would be welcome. 


Proposition C.4 (See [49]) Let g: R+ — R have the property that 


inf g(x) = 0. 


xeERy 


Then there is at most one (up to an additive constant) solution f to the equation 
Af = g that is increasing. 


Proposition C.5 (See [49]) Let g: R+ — R have the property that 
g(x) 


lim inf —— = 0. 
X>0O Xx 


Then there is at most one (up to an additive constant) solution f to the equation 
Af = g that is convex. 


Appendix D 
Asymptotic Behaviors and Bracketing 


We show that by considering higher and higher values of p in Corollary 6.12 we 
obtain closer and closer bounds for the generalized Binet function J?+![Xg]. 


We have seen in Example 6.15 that the inequalities 


1 1 
1\ 2 Tr 1\? 
x J 2m e~* x*~2 x 


hold for any x > O and that tighter inequalities can also be obtained by using 
different values of the integer p > 1 in Corollary 6.12. In this appendix we show 
that and how this feature applies in general to multiple log T-type functions. 

Let g lie in C? N DP N KP, where p = 1 + deg p. By Corollary 6.12, for any 
x > 0 such that g is p-convex or p-concave on [x, oo) we have the inequalities 


-Gp |A| < PUI) < Gp |480). 
Let us now show how tighter inequalities can be obtained. For any r € N, 


define the functions œ [£g]: R+ — R and 6, [£e]: R} — R respectively by 
the equations 


p+r 
a [Eg] E) = —Gp4r [Aew] D> GA! ga), 
j=ptl 
ptr 
BLEI = Gpr AP ew] D> Gjat ga), 
j=p+1 
for x > 0. 
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We immediately see that the equality 


a,[Zg](x) = B-[Xg]@) 


holds if and only if AP™ g(x) = 0. Moreover, by Corollary 6.12, if g € K?*" and 
if x > 0 is so that g is (p + r)-convex or (p + r)-concave on [x, 00), then the 
following inequalities hold: 


a [Zgl(x) < JPEE) < BLDgl(x). 
The following proposition shows that these inequalities get tighter and tighter as the 
value of r increases. 
Proposition D.1 Let g lie in C? N DP A KPt"*! for some r e N, where p = 
1 + degg. Let x > 0 be so that 8|ix o) lies in 
KPH (Lx, 00)) N KPEE! (Ex, 00)). 


Then, we have 


ar[Ugl(x) < oyilXgl@) < Br+ilXsl@) < [28]. 


These inequalities are strict if A?" g(x + 1) £0. 


Proof We already know that the central inequality holds. Now, using Corol- 
lary 4.19, we can assume that g is (p + r)-convex and (p + r + 1)-concave on 
[x, 00); the other case can be dealt with similarly. By Lemma 2.5, it follows that 
APT g < O and A?*"*!g > 0 on [x, 00). Let us show that the first inequality 
holds; the third one can be established similarly. 

We have two exclusive cases to consider. 


e If Gp4r+1 < 0, then 


Ar arLEgl(x) = -Opry (APH g) + Art gC) 


= —Gptrt 1 APT g(x + 1). 
° If Gp4r41 > O, then 
Ara [Ega = -Gpr AP ga+)+G pery (AP gO) — APH ga). 


In both cases, we can see that A; œ [£e](x) > 0. Moreover, we have A; œ [£ g](x) 
> Oif APT’ g(x +1) £0. oO 
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It is natural to wonder how the inequalities in Proposition D.1 behave as 
r —y œ. The following proposition, which is a reformulation of Proposition 8.11, 
answers this question and provides a series representation for J?*![Xg]. 


Proposition D.2 Let g lie in C? ND? NK®, where p = 1+degg. Let x > 0 be so 
that for every integer q > p the function g is q-convex or q-concave on [x, œ). 
Suppose also that the sequence q +» A%g(x) is bounded. Then the following 
assertions hold. 


(a) The sequence q +> Bg[Xg](x) — ag[Xg](x) converges to zero. 
(b) The sequence n +> G,A"~!g(x) is summable. 
(c) We have 


x oo 
XUg(x) = oje] +f g(t)dt — > Gj AJ g(x). 
j=l 
Equivalently, 


JPY gx) = — D> GjAl'g@). 
j=p+1 


Appendix E 
Generalized Webster’s Inequality 


Webster [98] provided bounds for ee [Xg](a) in the special case when p = 1. We 
generalize Webster’s bounds to any integer p € N and use integration to provide 
new bounds for J?+![Xg](x) that are tighter than those given in Theorem 6.11. 


As we mentioned in Sect. 6.4, one can show that if g lies in D! N K! and if 
x > Qanda > Q are so that g is concave on [x + a, oo), then the following double 
inequality holds 


La] 
Yi ge +h) + la} — gœ +a) —ag(x) < pi[Zgl(a) 
k=0 
La] 
< Do s@+h—eet+a)t {a} eet lal + 1)-— aga). 
k=0 


This result was proved in the multiplicative notation by Webster [98, Eq. (6.4)] to 
establish the limit (6.4) in the case when p = 1. In the following proposition, we 
generalize this inequality to any value of p € N. We call it the generalized Webster 
inequality. 


Proposition E.1 (Generalized Webster’s Inequality) Let f: R} —> R and 
g: R4 > R be functions such that Af = g on Rx. Let also x > O anda > 0. The 
following assertions hold. 
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(a) If f is monotone on [x + a, œ), then 


La] 
0 < t(olfl@+ee+a)-) eat) < + e@tlal +), 
k=0 


where + stands for 1 or —1 according to whether f lies in K? or K?. 
(b) If f is p-convex or p-concave on [x + a, œ) for some p € N*, then 


02 tepada o aali eD 


< + ep41(la}) s Pes taj4ilgl({a} — 1), 


where €p+1({a}) = 0, ifa € N, and €pi1({a}) = (—1)?, otherwise, and + 
stands for 1 or —1 according to whether f lies in K} or K? . Moreover, we 
have 


pe aada) = P Ifa + g@ +a) 


p P la] 
+E (Q-G)) ate -— L(G) Daler +b. 
j=l j=0 k=0 


Proof Let us first prove assertion (a). Using monotonicity of f, we get 


tf@+laJ+1) < + f@+a+l < + f@+ la] +2), 
or equivalently, using (3.2), 
la] 


e(f0) + Voge +K) <a +a) +ga +a) 


k=0 


la]+1 


+(f@)+ Ð ax +h). 


k=0 


IA 


This proves assertion (a). Let us now prove assertion (b). The first inequality 
immediately follows from Lemma 2.7. To see that the second inequality holds, we 
first observe that 
{a}2H fix + la]+1,...,x+la]+p,x+a,x+a+ l1] 
= ({a} — p) {a} fix + la] +1,...,x + la] +p,x+a+1] 
— {a} ({a}— DZ fix + la] +1,...,x + la] + p,x +a] (by (2.3)) 
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= ({a} — P) ees jay pil FIM) — {a} ee jajpilflda}— Oy (2.12) 
= {a} P aI- D- pera lflta) (by 4.3) 
= {a} oP ay pilglda} D= p(@) A? fF + lal +) 

-= P Pe aailflda}) — (by (1.7) 


= {a} PP aailgla}—D— pert Lida by (1.7) 


Now, since f is p-convex or p-concave on [x + a, oo), we have 


O< + epyi(fa} {a2 fix + la] +1,...,x +la]+p,x+a,x+a+1], 


and hence 


{a 
0 < = spri llah (EL oP, gs silelad ~~ oP ht iL f1a)). 
This proves the second inequality. Finally, using (1.7) and then (3.2) we obtain 


prt ajsilf Mal) — of Lf l(a) 


p p 
=fwtirh=} (M/A fa@t+lal+D—-f@+at+ A OAT 
j=0 j=0 
P , P la) 
=g +a)+% (©) = (S)) Afw- Do () Yo aiga +h. 
j=l j=0 k=0 
This completes the proof. o 


The generalized Webster inequality applies to multiple log T-type functions 
simply by taking f = Xg in Proposition E.1, provided that g lies in DP N KP for 
some p € N. This inequality then provides bounds for the quantity p? = [Xg](a). 

We now show how narrow bounds for J PHIS g] (x) can be derived by “inte- 
grating” the generalized Webster inequality. We also show that these new bounds 
are narrower than the generalized Stirling’s formula-based inequalities given in 
Theorem 6.11 and Corollary 6.12. 

Let us begin with the special case when p = 0. Thus, let g lie inC°ND°NK° and 
let x > 0 be so that g is monotone on [x, oo). Corollary 6.12 provides the following 
bounds for J! [Xg](x) 


—|g(x)| < JEg) < gŒ). 
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The following proposition provides a finer approximation of J'[Xg](x), where the 
absolute error is bounded at x by |g(x + 1)|. 


Proposition E.2 Let g lie in C? A D? A K? and let x > 0 be so that g is monotone 
on |x, oo). Then we have 


1 
o< +(e - f gx +n)dr) < £(-1)J'[Zg](x) 
0 


1 
< (e+e +0- f gx + dr) < +(x), 


where + stands for 1 or —1 according to whether Xg lies in K? or K}? . 


Proof Negating g is necessary, we can assume that it lies in K? , which means 
that Xg lies in KÌ. This immediately establishes the first and the last inequalities. 
The two inner inequalities can then be obtained by integrating the expressions in 
assertion (a) of Proposition E.1 ona € (0, 1). oO 


Example E.3 Let us apply Proposition E.2 to g(x) = L, For any x > 0, we have 
the following inequalities 


1 1 1 1 
lnx— — < ln(x + 1)-— - —- — < y(x) < ln(x+1)—--— < lnx. 
x x x+l x 


The inner approximation has an absolute error that is bounded at any x > 0 by the 
quantity 


x+1° 


Let us now assume that p > 1. Thus, let g lie in C? N DP N K? for some p € N* 
and let x > 0 be so that g is p-convex or p-concave on [x, 00). Then we have seen 
in Theorem 6.11 that the following inequalities hold 


0 < £(-1)?s?*![Deh(x) < +£(-1)?t! B?igl(x), 


where + stands for 1 or — 1 according to whether g lies in K} or in KË, and 
1 
BP[g](x) = f era g(a +1) — AP! g(x) dt 
0 


1 
=f (3) APT! g(x + t)dt — (—1)? Gp AP! g(x). 
0 
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In the following proposition, we give finer bounds for J?+![Xg](x). To this end, 
we introduce the quantity 


1 1 
APIO = JP ely + — [teh [elt — Vad. 
P JO 


It is not difficult to see that this quantity can be rewritten as follows 
1 f! i . 
AP g(x) = JP tg |x) + a tg(a +Odt- -9 jG) AP 'g@ +1). 
0 , 
j=l 
Indeed, using (1.7) we clearly have 
1 1 p-l a1 
i to? [gl(t—ldt = f tgx +t) dt— ~ | (‘5') dt A/ g(x +1) 
0 0 — JO i 
j=0 


where 


1 1 
[0a = uso f opa = unam 


We also observe that A! [g] = B! [g]. 
Proposition E.4 Let g lie in C? N DP NK? for some p € N* and let x > 0 be so 
that g is p-convex or p-concave on |x, œ). Then, we have 
O< e e < EG 
< +(-1)?*" A?[gl(x) < + (-1)?t" BP[g]&), 


where + stands for 1 or —1 according to whether g lies in K? orin K? . 


Proof Recall that if g lies in K} (resp. K? ), then Xg lies in K? (resp. K}). The first 
inequality is then clear. The second and third inequalities are obtained by integrating 
the expressions in assertion (b) of Proposition E.1 on a € (0, 1). To establish the 
fourth inequality, we first prove the following claim. 


Claim For any g € R+ —> R, any p € N*, any x > 0, and any 0 < t < 1, we have 


(5AE +1) — A?! g(x) + oP Tel(t) — = ellise o. 
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Proof of the Claim Using (1.7), it is easy to see that the claimed identity holds 
when p = 1, in which case the right-hand side is identically zero. Hence, we can 
assume that p > 2. Using (2.3), we then obtain 


p=1 
a Yo gb tjon xtpl, xti.. +t ji 
j=l 
1 peti PO 
aes (sie t+jtl,....xtp—lxtt,....x+t4+J] 


j=l 
-glx +j... x +p- 1l,x+t,...,x+t+j-—1]), 
where the latter sum telescopes to 
elx +t,...,x+t+p-—1]-—elx+1,...,x+p—1,x +t]. 
Thus, using (2.12) we see that the right-hand side of the claimed identity reduces to 


(Ia tee +n -—? P lgt- 1) 


Now, subtracting the left-hand side of the claimed identity from this latter expres- 
sion, we get 


pH 


eP lglg -— 1) + = -nlg Me = 1) — oP Tel) + (7) Areo). 


Using identities (1.7), (3.5), and the trivial identity + ee = (G ), it follows that the 
latter expression becomes 


p—2 
=A gE S) (Jaso — D0 (G5) Ale@ + D+ (5) A? 18). 
j=0 j=0 


Substituting g(x) + Ag(x) for g(x + 1) in this latter expression, we obtain 


p-2 
- (({) AP ga) + (1) APga)) + (\ AP ete) + (yf) AP Heee) + (a! x) 


j=0 


p-2 p-2 
g (= (ae +d (aew) + (7) aP. 


j=0 j=0 
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Collecting terms, this latter expression reduces to 


(E 1) AP“! g(x) — (parted () = P) o- (hates 


p-l 
= (p2) AP" BEE 1) aiga- Y (Aga) = 0. 
j=l j=l 
This completes the proof of the claim. o 


Let us now establish the fourth inequality. Negating g if necessary, we can 
assume that it lies in X? . Using the claim, we have immediately that 


p—-l at pl 
[n 
BP[g\(x)—A’[glkx) = >> Slt he etpo Lath. x+t+j]dt, 
j=l 


where the divided difference of g has p + 1 arguments and is therefore nonnegative 
since g is (p — 1)-convex by Corollary 4.19. This completes the proof. o 


Example E.5 (The Gamma Function) Let us apply Proposition E.4 to the function 
g(x) = Inx with p = 1 (recall here that A![g] = B![g]). We obtain the following 
inequalities for x > 0 


1 1 1 2 1 3 
0 < ~Qx4+1)Inj{1+—)]-1 < Jx) < =@4+1)*Inflt+—-]- —. 
2 x 2 x 4 


x 
2 


This provides an approximation of Binet’s function J (x) with an absolute error that 
is bounded at any x > 0 by 


that is, x — ga + O(x~3) as x > oo. In the multiplicative notation, we obtain 
1\*t3 T(x) “3 1 \ 24+? 
tse (14t) < — ~ <e7?? (+i 2) , 
x / 27 e~* x“? 


thus retrieving (6.28). In turn, these inequalities provide an approximation of the 
log-gamma function with the same absolute error. Q 


308 E Generalized Webster’s Inequality 


Example E.6 (The Barnes G-Function, see Sect. 10.5) Let us apply Proposition E.4 
to the function g(x) = lnT (x) with p = 2. After some calculus we obtain the 
following inequalities for x > 0 


1 1 1 1 
< InT — — — | Inx — — ln ( 1+ — ]) — = In(2 
0< Inr(x)+x (: 5) nx DD a( +2) 5 n(27r) 


IA 


1 1 1 1 
—In G(x) + y2) — 5 InP) + lnx + — Ginn) —2n A 


A 


1 1 1 
< 520) + Fn) Ga +6r— nx a+ 


1 1 
- 32x +3) nr) - >In A 


IA 


1 1 1 
— (x + 1)?(2x +5)In( 1+ —) — — (12x? + 48x + 49). 
12 x) 72 


Here, the absolute error is bounded by Te — mea + O (x7?) as x > oo. © 


Remark E.7 (Bounds for the Generalized Euler Constant) If g lies in C0VD? NK? 
for p = 1 + degg and if g is p-convex or p-concave on [1, oo), then (6.45) and 
(6.46) provide bounds for the generalized Euler constant (see Definition 6.34) 


yig] = —J?*"[dg](1). 


Finer bounds can now be obtained as follows. Under the assumptions of Proposi- 
tion E.4, we have 


+(—-1)P IPHI) < £(-1)?*'ylg] < + (-1)? A? ig). 


For instance, when g(x) = ln T (x), we obtain 


1 Tig l < y[lnoT] [l me ih a 

— —ln2 — -lnx n = n — — -ln A — —In(2z). 
12 oo eS ee a 8 

Thus, y[lnor] * 0.045 lies in the interval [0.023, 0.062], with amplitude < 

0.039. 6 


Searching for Finer Approximations We now end this appendix with an interest- 
ing observation about the approximations of J? HE g](x) (or equivalently Xg(x)) 
given in Propositions E.2 and E.4. 

For any p € N and any g € C° N DP N KP, define the function eP [g]: R} > R 
by the equation 


le&œ + 1), if p =0, 


eP[gl(x) = 
[AP [g] œ) — JPH w, if p > 1. 
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Let us show that, if g is p-convex or p-concave on [x, oo), then the function £” [g] 
decreases to zero on [x, 00). This is clear if p = 0, so we can assume that p > 1. We 
know from Theorem 6.11 that the function |B?[g]| vanishes at infinity, and hence 
so does the function £” [g] by Proposition E.4. On the other hand, using (2.12) we 
see that 


1 t ý 
Eglo) = | f L o ight — at 
0 P 


1 PHL 
—— gix +1,...,x+p,x+t]dt 
0 P 


$ 


and this function is monotone by Lemma 2.5. 

In terms of approximations of X g(x) given in Propositions E.2 and E.4, this 
observation shows that, for any m € N, the approximation of Xg(x + m) is finer 
than that of Xg (x) and it is actually finer and finer as m increases. 

Thus, finer approximations of Xg(x) can be obtained using the following 
procedure. 


Step 1. Replace x with x + m in Propositions E.2 and E.4. 
Step 2. Use the substitution (cf. (5.3)) 


m—1 


Ega +m) = Ega) + D> ge +h) 
k=0 


in the expression of JPY el +m). 


Note that we already used this trick when we investigated the generalized 
Gautschi inequality (see Remark 8.69). 


Example E.8 (The Gamma Function) Let m € N. Replacing x with x + m in the 
following approximation of the gamma function (see Example E.5) 


=i jiet P(x) -33 1\ 20+D? 
gips 6 a l 
A 2r e-* x*-2 4 


and then using the substitution 


r(x +m) = (x +m -— T(x) 
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we finally obtain 


xtm+4 — yy 
e (1+ 1 ) : (x+m -— DZT (x) 
Vie (x + m)? 


+m _ 3 1 zortm+1)? 
: (: + ) 
x+m 


This double inequality provides an approximations of the log-gamma function with 


an absolute error that is bounded by rer — TEEN + O (x7?) as x > œ. © 


A 
san) 
fi 
= 


Appendix F 
On the Differentiability of Xg 


We establish Proposition 7.3, which states that, for every p € N, there exists a 
function g lying inC?*! A DP N K? for which Eg does not lie inC?*!. 


To establish Proposition 7.3, we first show that it is enough to consider the special 
case when p = 0. Suppose that there exists a function g: R} —> R lying in C! N 
D? N K? such that Eg does not lie in C1. By Proposition 4.12, its antiderivative 


G(x) = f soar 
1 


clearly lies in C? N D! N K!. By Proposition 8.20, we also have 
DuG(x) = Xg(x) —o[g], x >0. 


Since we assumed that Xg does not lie in C!, it follows that £G cannot lie in C?. 
Iterating this process, we obtain that the statement is true for any p € N. 

We now construct a function g lying in C! N D? N K? (and even in C°) and such 
that the function £g does not lie in C!. 

Consider first the function VW: R — R defined by 


1 i i i 
veo = [l tee) 
i otherwise, 

where 

1 m ( 1 ja 

= S ex = a 

a —1/2 p 1 4x2 
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Thus defined, Y is a bump function that is of class C°° with the compact support 
supp(W) = [-4: s|. 
For every m € N*, define the function Ym : R —> R by the equation 
Wn(x) = Y2"(x—m)) forx ER. 


We clearly have that 


supp(Ym) = [m - zp m + z|: (F.1) 
1 
R, Win(x) dx = zm’ and Yn (m) =a. 
Now, define the functions Y: Ry > Rand g: Ry > R by 


To) = } Yn). 
m=1 
and 


x 


g(x) = -14 f Wt) dt. 
0 


Then, we can easily see that the function g lies in C N D? N Kh and hence the 


function Dg exists and lies in C? N D! NA KÌ. 
We now have the following claim, which establishes Proposition 7.3. 


Claim For any m € N*, the function Xg is not differentiable at m. More precisely, 
we have 


. ug(m+h)— Ug(m) 
lim ————>——- = 
h>0 h 


—OC. 


Proof Since g lies inC™ and satisfies the equation Xg(x + 1) = Ug(x) + g(x), it 
is enough to prove the claim for m = 1. For any h > 0, we have 


l Eelt- Ee(1)) = Eel +h) = ae k 
z S80 +h) — E801) = z Eg +h) = Tp Del +h) — g(k)) 
=—-) alk, k +h]. 


k=l 
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Now, for any k € N* the function g is increasing and concave on [k, k + 5) (because 
. iar i = : ; : 

its derivative g lik, k= Yzlik, kd) ÍS nonnegative and decreasing). We then see 
that the function 


he gik,k+h] 
is nonnegative and continuously decreases (by Lemma 2.5) on [0, 5) with maximum 


value g[k, k] = g’(k) = Wx(k) = a. It follows that, for any integers 1 < k < m, 
there exists O < ôk,m < 5 such that 


< glk.k+h] <œ forallh € (0, êkm). 


NIQ 


Thus, for any m € N*, there exists 


O < hn < min ôkm, 
k=1,...,m 


such that 
a 
z = Blk kt hm] <a k=1, m 
Thus, we have 
1 lo) m a 
a st hm) = -X glk,k+hm] < — Dj alk k thm] < —m5. 
g k=1 k=1 


which shows that the function Xg cannot be right-differentiable at 1. 
Now, since the function 


1 [0,6] 
h œ> z Egl +h) = =A EA 


is increasing on [0, $), we can easily see that 
li : Eg(1 +h) 
im — = —O. 
hoot h s 


Similarly, we obtain the same limit when h > 07. o 


Thus, we have shown that Xg is a continuous and decreasing function that is not 
differentiable at each positive integer. Let us now establish the interesting fact that 
Èg is of class C% on Ry \ N. 


Claim The function Èg is of class C% on Ry \ N. 
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Proof Since g lies in C” and satisfies the equation Ug(x + 1) = XUg(x)+ g(x), it is 
enough to show that Dg is of class C% on (0, 1), or equivalently, on every compact 
interval [a, b], wihO<a<b<1. 

By the existence Theorem 3.6, the sequence n t> FI g], with 


n—1 n—1 
frlgl) = X -Y g@+h, 
k=1 k=0 


converges uniformly to Xg on [a,b]. Let us now show that the sequence n t> 
Df [g], with 


n—1 


DAPI = -X Ya +k), 


k=0 


converges uniformly on [a, b]. In view of identity (F.1), it is then clear that there 
exists ko € N* for which 


supp(Y;,) N [a +k, b+k] NM supp(Yk+ı) = Ø for every k > ko. 


Thus, for any integer k > ko and any x € [a, b], we have W(x +k) = 0. Therefore, 
we have 


ko-1 


Dfpighx) = —)\Wa+h, xe [a,b], n> ko. 
k=0 


It follows that the sequence n œ> D ip) [g]|{a,p] is eventually constant and hence 
uniformly convergent on [a, b]. Using the classical result on uniform convergence 
and differentiation, we obtain that Xg is of class C 1 on [a,b]. An immediate 
adaptation of this proof shows that Xg is of class C% on [a, b]. Oo 


Appendix G 
Analogues of Properties of the Gamma 
Function 


e Analogue of Bohr-Mollerup’s theorem. Theorems 1.5 and 3.1 
e Analogue of Burnside’s formula. Section 6.5 

e Analogue of Euler’s infinite product (Eulerian form). Section 8.1 
e Analogue of Euler’s reflection formula. Section 8.9 

e Analogue of Euler’s series representation of y . Equation (7.4) 
e Analogue of Fontana-Mascheroni’s series. Section 8.4 

e Analogue of Gauss’ digamma theorem. Section 8.10 

e Analogue of Gauss’ limit. Theorems 1.5 and 3.1 

e Analogue of Gauss’ multiplication formula. Section 8.6 

e Analogue of Gautschi’s inequality. Section 8.11 

e Analogue of Legendre’s duplication formula. Section 8.6 

e Analogue of Raabe’s formula. Section 8.5 

e Analogue of Wallis’s product formula. Section 8.8 

e Analogue of Weierstrass’ infinite product (Weierstrassian form). Section 8.2 
e Generalized Binet’s function. Section 6.3 

e Generalized Euler’s constant. Section 6.8 

e Generalized Liu’s formula. Section 8.7 

e Generalized Stirling’s constant. Definition 6.17 

e Generalized Stirling’s formula. Sections 6.4 and 8.7 

e Generalized Webster’s functional equation. Section 8.12 

e Generalized Webster’s inequality. Appendix E 

e Generalized Wendel’s inequality. Section 6.1 


© The Author(s) 2022 315 
J.-L. Marichal, N. Zenaidi, A Generalization of Bohr-Mollerup’s Theorem 

for Higher Order Convex Functions, Developments in Mathematics 70, 
https://doi.org/10.1007/978-3-030-95088-0 


References 


18. 


. V. S. Adamchik. The multiple gamma function and its application to computation of series. 
Ramanujan J., 9(3):271—288, 2005. 

. V. S. Adamchik. Contributions to the theory of the Barnes function. Int. J. Math. Comput. 
Sci., 9(1):11-30, 2014. 

. M. Aigner and G. M. Ziegler. Proofs from the Book. Sixth edition. Springer, Berlin, 2018. 

. H. Alzer and J. Matkowski. A convexity property and a new characterization of Euler’s 
gamma function. Arch. Math. (Basel), 100(2):131—137, 2013 

. J. Anastassiadis. Remarques sur quelques équations fonctionnelles. (French). C. R. Acad. Sci. 
Paris, 250:2663-2665, 1960. 

. J. Anastassiadis. Sur les solutions de l’ équation fonctionnelle f(x+1) = ¢ (x) f (x). (French). 
C. R. Acad. Sci. Paris, 253:2446-2447, 1961. 

. J. Anastassiadis. Définition des fonctions eulériennes par des équations fonctionnelles. 
(French). Mémor. Sci. Math., Fasc. 156 Gauthier-Villars & Cie, Editeur-Imprimeur, Paris, 
1964. 

. T. M. Apostol. An elementary view of Euler’s summation formula. Amer Math Monthly, 
106(5):409-418, 1999. 

. M. Ardjomande. Sur l'équation fonctionnelle f(x + 1) — f(x) = (x). (French). Enseign. 
Math. II, 13:287-304, 1968. 

. E. Artin. Einführung in die Theorie der Gammafunktion. Teubner, Leipzig, Germany, 1931. 

. E. Artin. The gamma function. Dover Books on Mathematics. Dover Publications Inc., 
New York, 2015. 

. J. M. Ash, A. Berele, and S. Catoiu. Plausible and genuine extensions of l’ Hospital’s rule. 
Math. Mag. 85(1):52-60, 2012. 

. R. Askey. The g-gamma and q-beta functions. Applicable Anal., 8(2):125-141, 1978/79. 

. E. W. Barnes. The genesis of the double gamma functions. Proc. Lond. Math. Soc., 31:358- 
381, 1899. 

. E. W. Barnes. The theory of the double gamma function. Lond. Phil. Trans. (A), 196:265-387, 
1901. 

. E. W. Barnes. On the theory of the multiple gamma function. Trans. Cambridge Philos. Soc., 
19:374-425, 1904. 

. I. S. Berezin and N. P. Shidkov. Computing methods. Vols. I, II. Pergamon Press, London, 

1965. 

B. C. Berndt. Chapter 8 of Ramanujan’s second notebook. J. Reine Angew. Math., 338:1-55, 

1983. 


© The Author(s) 2022 317 
J.-L. Marichal, N. Zenaidi, A Generalization of Bohr-Mollerup’s Theorem 

for Higher Order Convex Functions, Developments in Mathematics 70, 
https://doi.org/10.1007/978-3-030-95088-0 


318 


20 


21. 


22. 


23. 


24. 


25. 


26. 


27. 
28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43 


References 


. IL. V. Blagouchine. A theorem for the closed-form evaluation of the first generalized Stieltjes 
constant at rational arguments and some related summations. J. Number Theory, 148: 537- 
592, 2015. 

. I. V. Blagouchine. Expansions of generalized Euler’s constants into the series of polynomials 

in x~? and into the formal enveloping series with rational coefficients only. J. Number Theory, 
158: 365-396, 2016. 

I. V. Blagouchine. A note on some recent results for the Bernoulli numbers of the second 

kind. J. Integer Seq., 20(3), Art. 17.3.8, 2017. 

I. V. Blagouchine and M.-A. Coppo. A note on some constants related to the zeta-function 

and their relationship with the Gregory coefficients. Em Ramanujan J., 47(2):457-473, 2018. 

H. Bohr and J. Mollerup. Laerebog i matematisk analyse. (Danish). Vol. HI. pp. 149-164. 

Copenhagen, 1922. 

N. Bourbaki. ‘Éléments de mathématique, Book IV, Chap. VII, La fonction gamma,” 

Hermann et Cie, Paris, 1951. 

W. E. Briggs and S. Chowla. The power series coefficients of ¢ (s). Amer. Math. Monthly, 

62:323-325, 1955. 

T. Burić. Improvements of asymptotic approximation formulas for the factorial function. 

Appl. Anal. Discrete Math., 13(3):895-904, 2019. 

W. Burnside. A rapidly convergent series for log N!. Messenger Math., 46:157-159, 1917. 

C.-P. Chen and J.-Y. Liu. Inequalities and asymptotic expansions for the gamma function. J. 

Number Theory, 149:313-326, 2015. 

C.-P. Chen and L. Lin. Inequalities and asymptotic expansions for the gamma function related 

to Mortici’s formula. J. Number Theory, 162:578-588, 2016. 

H. Cohen and E. Friedman. Raabe’s formula for p-adic gamma and zeta functions. Ann. Inst. 

Fourier (Grenoble), 58(1):363—376, 2008. 

A. Cuyt, V. B. Vigdis, B. Verdonk, H. Waadeland, and W. B. Jones. Handbook of continued 

fractions for special functions. With contributions by F. Backeljauw and C. Bonan-Hamada. 

Springer, New York, 2008. 

C. de Boor. A practical guide to splines. Revised edition. Applied Mathematical Sciences, 

27. Springer-Verlag, New York, 2001. 

A. Dinghas. Zur Theorie der Gammafunktion. (German). Math.-Phys. Semesterber., 6:245— 

252, 1958/1959. 

J. Dufresnoy and Ch. Pisot. Sur la relation fonctionnelle f(x + 1) — f(x) = g(x). (French). 

Bull. Soc. Math. Belg., 15: 259-270, 1963. 

M. El Bachraoui. Short proofs for g-Raabe formula and integrals for Jacobi theta functions. 

J. Number Theory, 173:614—620, 2017. 

L. Feng and W. Wang. A continued product approximation for the gamma function. Integral 

Transforms Spec. Funct., 24(10):83 1-839, 2013. 

S. R. Finch. Mathematical constants. Encyclopedia of Mathematics and its Applications 94. 

Cambridge University Press, Cambridge, UK, 2003. 

W. Gautschi. Some elementary inequalities relating to the gamma and incomplete gamma 

function. J. Math. and Phys., 38:77-81, 1959/60. 

A. O. Gel’fond. Calculus of finite differences. Translated from the Russian. International 

Monographs on Advanced Mathematics and Physics. Hindustan Publishing Corp., Delhi, 
1971. 

R. W. Gosper. Decision procedure for indefinite hypergeometric summation. Proc. Nat. Acad. 

Sci. U.S.A., 75(1):40-42, 1978. 

R. L. Graham, D. E. Knuth, and O. Patashnik. Concrete mathematics: a foundation for 

computer science. 2nd edition. Addison-Wesley Longman Publishing Co., Boston, MA, USA, 
1994. 

D. Gronau. Normal solutions of difference equations, Euler’s functions and spirals. Aeq. 

Math., 68:230—247, 2004. 

. D. Gronau. The spiral of Theodorus. Amer. Math. Monthly, 111(3):230-237, 2004. 


References 319 


44 


45 


46. 


47. 
48. 


49. 
50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 
60. 


6l. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


. D. Gronau and J. Matkowski. Geometrical convexity and generalizations of the Bohr- 
Mollerup theorem on the gamma function. Math. Pannon., 4(2):153-160, 1993. 

. D. Gronau and J. Matkowski. Geometrically convex solutions of certain difference equations 

and generalized Bohr-Mollerup type theorems. Results Math., 26(3-4):290-297, 1994. 

K. Guan. Geometrically convex solutions of a generalized gamma functional equation. 

Aequationes Math., 89(4):1003-1013, 2015. 

G. H. Hardy. Note on Dr. Vacca’s series for y. Quart. J. Pure Appl. Math., 43:215-216, 1912. 

M. Himmel and J. Matkowski. Directional convexity and characterizations of beta and gamma 

functions. J. Convex Anal., 25(3):927-938, 2018. 

F. John. Special solutions of certain difference equations. Acta Math., 71:175-189, 1939. 

Ch. Jordan. Calculus of finite differences. 3rd Edition. Chelsea Publishing Company, New 

York, 1965. 

H.-H. Kairies. Uber die logarithmische Ableitung der Gammafunktion. (German). Math. 

Ann., 184:157-162, 1970. 

V. Kowalenko. Properties and applications of the reciprocal logarithm numbers. Acta Appl. 

Math., 109(2):413-437, 2010. 

D. E. Knuth. The Art of computer programming. Volume 1: Fundamental algorithms. 3rd 

edition. Addison-Wesley, Bonn, Germany, 1997. 

W. Krull. Bemerkungen zur Differenzengleichung g(x + 1) — g(x) = g(x). (German). Math. 

Nachr., 1:365-376, 1948. 

W. Krull. Bemerkungen zur Differenzengleichung g(x + 1) — g(x) = g(x). II. (German). 

Math. Nachr., 2:251-262, 1949. 

M. Kuczma. O równaniu funkcyjnym g(x + 1) — g(x) = (x). Zeszyty Naukowe Uniw. 

Jagiell, Mat.-Fiz.-Chem., 4:27-38, 1958 

M. Kuczma. Remarques sur quelques théorèmes de J. Anastassiadis. (French). Bull. Sci. 

Math. (2), 84:98-102, 1960. 

M. Kuczma. Sur une équation aux différences finies et une caractérisation fonctionnelle des 

polynômes. (French). Fund. Math., 55:77-86, 1964. 

M. Kuczma. Remark on a difference equation. Prace Mat., 9:1-8, 1965. 

M. Kuczma. Functional equations in a single variable. Monografie Matematyczne, Tom 46. 

Państwowe Wydawnictwo Naukowe, Warsaw, 1968. 

M. Kuczma. An introduction to the theory of functional equations and inequalities. Cauchy’s 

equation and Jensen’s inequality. 2nd edition. Birkhäuser Verlag AG, Basel, Switzerland, 

2009. 

V. Lampret. The Euler-Maclaurin and Taylor formulas: twin, elementary derivations. Math. 

Mag., 74(2):109-122, 2001. 

J. J. Y. Liang and J. Todd. The Stieltjes constants. J. Res. Nat. Bur. Standards Sect. B, 

76B:161-178, 1972. 

Z. Liu. A new version of the Stirling formula. Tamsui Oxf. J. Math. Sci., 23(4):389-392, 

2007. 

D. Lu, X. Liu, and T. Qu. Continued fraction approximations and inequalities for the gamma 

function by Burnside. Ramanujan J., 42(2):491-500, 2017. 

J.-L. Marichal. On indefinite sums weighted by periodic sequences. Results Math., 74(3), 

Paper No. 95, 15 pp., 2019. 

C. Mariconda and A. Tonolo. Discrete calculus. Methods for counting. Unitext, 103. Springer, 

2016. 

J. Matkowski. Some characterizations of the Euler gamma function. Rocky Mountain J. 

Math., 45(4):1225-1231, 2015. 

J. Matkowski. Characterization of the Euler gamma function with the aid of an arbitrary 

mean. Publ. Math. Debrecen, 93(1-2):163—170, 2018. 

A. E. Mayer. Konvexe Lösung der Funktionalgleichung 1/f(x+1) = xf (x). (German). Acta 

Math., 70(1):57-62, 1939. 

M. Merkle and M. M. Ribeiro Merkle. Krull’s theory for the double gamma function. Appl. 

Math. Comput., 218(3):935—943, 2011. 


320 


72 


73 


74. 
Je 


76. 


TI 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 
91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 
100. 


101. 


References 


. D. Merlini, R. Sprugnoli, M. C. Verri. The Cauchy numbers. Discrete Mathematics, 
306:1906-1920, 2006. 

. L. M. Milne-Thomson The calculus of finite differences. Macmillan and Co. LTD, London, 
1951. 

D. S. Moak. The g-gamma function for q > 1. Aequationes Math., 20(2-3):278-285, 1980. 

C. Mortici. A class of integral approximations for the factorial function. Comput. Math. 

Appl., 59(6):2053-2058, 2010. 

C. Mortici. On Gospers formula for the gamma function. J. Math. Inequal., 5(4):611-613, 

2011. 

C. Mortici. On the monotonicity and convexity of the remainder of the Stirling formula. Appl. 

Math. Lett., 24(6):869-871, 2011. 

C. Mortici. New sharp bounds for gamma and digamma functions. An. Stiinf. Univ. Al. I. 

Cuza Iasi. Mat. (N.S.), 51(1):57—60, 2011. 

M.-E. Muldoon. Some monotonicity properties and characterizations of the gamma function. 

Aeq. Math., 18(1-2):54-63, 1978. 

Z. Nan-Yue and K. S. Williams. Some results on the generalized Stieltjes constants. Analysis, 
14(2-3):147-162, 1994. 

Y. Nievergelt. The concept of elasticity in economics. SIAM Review, 25(2):261-265, 1983. 

N. E. Nörlund. Vorlesungen über Differenzenrechnung. Springer-Verlag, Berlin, 1924. 

R. B. Paris. A note on some infinite sums of Hurwitz zeta functions. Working note 

(arXiv:2104.00957v2), 2021. 

T. Popoviciu. Sur quelques propriétés des fonctions d’une ou de deux variables réelles. 

Thèses de l’entre-deux-guerres, no. 146 (1933). 96 p. (http://www.numdam.org) 

A. Quarteroni, R. Sacco, and F. Saleri. Numerical mathematics. 2nd Edition. TAM 37. 

Springer, Berlin, Germany, 2010. 

T. M. Rassias and T. Trif. Log-convex solutions of the second order to the functional equation 

f@+ 1) = g(x) f(x). J. Math. Anal. Appl., 331:1440-1451, 2007. 

A. W. Roberts and D. E. Varberg. Convex functions. Pure and Applied Mathematics, Vol. 57. 

Academic Press, New York-London, 1973. 

H.-W. Rohde. Bemerkung zur Funktionalgleichung f(s + 1) = ®(s) f(s). (German). Rend. 

Circ. Mat. Palermo, 14(2):43-60, 1965. 

Z. Sasvari. An elementary proof of Binet’s formula for the gamma function. Amer Math. 

Monthly, 106(2):156-158, 1999. 

N. J. A. Sloane (editor). The on-line encyclopedia of integer sequences. http://www.oeis.org 

J. L. Spouge. Computation of the gamma, digamma, and trigamma functions. SIAM J. Numer. 

Anal., 31(3):931-944, 1994. 

G. K. Srinivasan. The gamma function: an eclectic tour. Amer. Math. Monthly, 114(4):297- 

315, 2007. 

H. M. Srivastava and J. Choi. Zeta and q-zeta functions and associated series and integrals. 

Elsevier, Inc., Amsterdam, 2012. 

J. Stoer and R. Bulirsch. Introduction to numerical analysis. 3rd Edition. TAM 12. Springer- 

Verlag, New York, USA, 2010. 

H. P. Thielman. On the convex solution of a certain functional equation. Bull. Amer. Math. 

Soc., 47:118-120, 1941. 

E. C. Titchmarsh. The theory of functions. Second edition. Oxford University Press, Oxford, 
1939. 

R. Webster. On the Bohr-Mollerup-Artin characterization of the gamma function. Rev. Anal. 

Numer. Théor. Approx., 26(1-2):249-258, 1997. 

R. Webster. Log-convex solutions to the functional equation f(x + 1) = g(x) f(x): T-type 

functions. J. Math. Anal. Appl., 209:605-623, 1997. 

J. G. Wendel. Note on the gamma function. Amer. Math. Monthly, 55:563-564, 1948. 

A. Xu, Y. Hu, and P. Tang. Asymptotic expansions for the gamma function. J. Number 

Theory, 169:134-143, 2016. 

Z.-H. Yang and J.-F. Tian. On Burnside type approximation for the gamma function. Rev. R. 

Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM, 113(3):2665—2677, 2019. 


Index 


Symbols 

T-type function, 4 

T p-type function, 4, 52 
p-concavity, 3, 15,71, 162 
p-convexity, 3, 15,71, 162 
q-gamma function, 210-217 


A 

Asymptotic constant, 63, 63—64, 68, 69, 73, 
$7, 119, 122, 126, 135, 139, 165 

Asymptotic degree, 45, 50, 163 

Asymptotic expansion, 131-139, 171 


B 
Barnes’s G-function, 5, 30, 74, 143, 163, 
218-228, 256, 272, 308 
Bernoulli numbers, 7, 84, 134 
Bernoulli polynomials, 84, 137, 163, 275 
of the second kind, 265, 276 
Binet’s function, 65, 66, 82, 118, 134, 307 
generalized, 65, 65—66, 71, 78, 88, 97, 166, 
297 
Bohr-Mollerup theorem, 1, 22, 23, 30, 110, 
180 
analogue, 164 
Burnside’s formula, 73 
analogue, 73-75, 171 


C 
Catalan number function, 252—254 


© The Author(s) 2022 


D 
Digamma function, 5, 9, 29, 99, 138, 143, 147, 
149, 188-194, 200, 205 
Dirichlet representation, 189 
Gauss’ digamma theorem, 152 
analogue, 152-153 
Gauss representation, 189 
principal indefinite sum, 255-261 
Dirichlet’s eta function, 206, 236, 245, 252 
Dirichlet test for convergence of improper 
integrals, 136 
Divided difference, 13-15, 17, 307 


E 
Elevator method, 103, 104, 106, 149, 174, 185, 
207, 224, 226 
Eulerian form, 112, 111-113, 172, 173 
of the gamma function, 112 
Euler-Maclaurin summation formula, 84 
Euler polynomials, 276 
Euler’s constant, 5, 10, 35, 73, 87, 88, 119, 
123, 141, 193 
generalized, 86, 85-89, 167, 260, 308 
integral form, 88, 167 
in terms of the asymptotic constant, 88, 
167 
Euler’s reflection formula, 143 
analogue, 143—152 
Euler’s series representation of y, 101 
analogue, 101, 176 
Existence theorem, 3, 25 
alternative form, 27 
when g(n) is summable, 28 


J.-L. Marichal, N. Zenaidi, A Generalization of Bohr-Mollerup’s Theorem 
for Higher Order Convex Functions, Developments in Mathematics 70, 


https://doi.org/10.1007/978-3-030-95088-0 


322 


Exponential integral, 274 


F 
Fontana-Mascheroni’s series, 119, 192 
analogue, 119—122, 174 


G 
Gamma function, 179-188 
Gauss error function, 273 
Gauss’ limit, 4 
analogue, 4, 111, 173 
Gauss’ multiplication formula, 126 
analogue, 126, 125-130, 175 
Gautschi’s inequality, 154 
generalized, 153—156, 170 
Glaisher-Kinkelin’s constant, 5, 102, 108 
Gregory coefficients, 7, 65, 134, 264 
Gregory’s summation formula, 78 
general form, 83 
geometric interpretation, 80 
as a quadrature formula, 79, 81 


H 

Harmonic number function, 9, 141, 188—194 
of order 2, 141 
of order n, 266 

Higher order convexity and concavity, 15-17, 

283-287 

Hurwitz-Lerch transcendent, 275 

Hurwitz zeta function, 6, 94, 228-237 
higher order derivatives, 247—252 
principal indefinite sum, 261-264 

Hyperfactorial function, 162, 274 


I 

Interpolating polynomial, 14, 18, 33, 41, 80, 
167 

Interpolation error, 14, 18 


J 


Jacobi theta function, 163 


L 
Legendre’s duplication formula, 126, 149 
Liu’s formula, 136 
generalized, 136, 172 
Logarithmic integral function, 264 
Log T p-type function, 4, 52 


Index 


M 

Multiple log I-type function, 4, 52, 52, 162 
integration, 53-55 

Multiple T-type function, 4, 52 

Multiple gamma function, 51, 271 


N 


Newton interpolation formula, 14, 18 


P 
Polygamma functions, 9, 30, 103, 108, 
195-209 
Polylogarithm function, 153, 212, 246 
Principal indefinite sum, 46, 162 
of the digamma function, 255-261 
of the generalized Binet function, 88 
of the generating function for the Gregory 
coefficients, 264—269 
of the Hurwitz zeta function, 261—264 


R 
Raabe’s formula, 64, 122 
analogue, 122, 122-125, 166 
Regularized incomplete gamma function, 272 
Riemann zeta function, 7, 96, 228 


S 
Stieltjes constants, 238 

generalized Stieltjes constants, 50, 237—246 
Stirling’s constant, 72 

generalized, 72, 151, 165 
Stirling’s formula, 59 

generalized, 68, 66-73, 86, 123, 170 

a variant, 135 

improvements, 71 

Stolz-Cesaro theorem, 55 


T 
Trigamma function, 29 


U 

Uniqueness theorem, 3, 22 
alternative forms, 27, 109 
when g() is summable, 28 


Index 


W 

Wallis’s product formula, 140 
analogue, 140, 139-143, 175 

Webster’s functional equation, 157 
generalized, 157-159 

Webster’s inequality, 72, 301 
generalized, 301-310 


323 


Weierstrassian form, 114, 115, 113—117, 172, 
173 
of the gamma function, 113 
Wendel’s inequality, 60 
generalized, 61, 60-63, 168 
discrete version, 62 


